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PREFACE 


Among the several objectives of a second course in mechanics 
of materials the three that merit special attention are (a) to 
guide the student in a critical analysis of the knowledge obtained 
in {he first course, (b) to extend the boundaries of his factual 
information, and (c) to assist him in developing that under- 
standing of the field which will most effectively enable him to 
apply and to extend his knowledge in the future. 

This book is directed toward these objectives. The derivations 
of the standard formulas of mechanics of materials are analyzed 
with particular reference to the limiting assumptions involved in 
their development. Exceptions to the assumptions are con- 
sidered, to give the student sonie perspective concerning the 
importance of the various limitations and a means of evaluating 
stresses in members for which some of the assumptions are 
violated, thereby extending his fund of factual information. 
Throughout the text emphasis is placed upon the three funda- 
mental tools of stress analysis — statics, geometry, and the 
properties of the material— for these tools are among the most 
powerful ones at the disposal of the analyst or designer. Their 
limitations are indicated, and attention is directed toward the 
more advanced and involved tools of the theory of elasticity and 
the theory of elastic stability. Because of the effectiveness of 
problems as teaching aids, an extensive list of problems of a wide 
range of difficulty is included. 

In compiling the material contained in the text, the author has 
made extensive use of the Avorks of Cross, Seely, Timoshenko, and 
a number of others who have published in this and allied fields. 
To them grateful acknowledgment is given. The footnote refer- 
ences are not intended to be inclusive but rather to be indicative 
of sources and to provide a starting place for the reader who 
wishes to pursue some topic further. 

Photographs were made available through the courtesy of the 
Society for Experimental Stress Analysis and Messrs. C. P. 
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O’Haven and J. F. Harding, and through the courtesy of John 
Wiley & Sons, Inc., and Prof. M. M. Frocht. 

The author is indebted to his colleagues and former students 
for valuable suggestions made during the use of preliminary 
editions of the material contained herein, and to Joyce Day 
Fisher, Frances Murphy, Betty Grimes, and Pat Harrington for 
their assistance in the preparation and proof reading of the 
manuscript. 

Glenn Murphy. 

Ames, Iowa, 

August j 1946. 
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ADVANCED MECHANICS 
OF MATERIALS 


CHAPTER I 

RELATIONSHIP OF MATERIALS TO DESIGN 

1 . Structural Design Problem. — The general problem of 
designing a structural member or a machine part to carry load 
without failure may be resolved into several component problems. 

1. The determination of the general shape or form of the 
member. 

2. The evaluation of the loads that the member will be expected 
to carry during its useful life. 

3. The selection of a suitable material and determination of 
maximum allowable stresses. 

4. The expression of the maximum stress (or other criterion of 
condition) in terms of the loads and dimensions. 

5. The adjustment of the dimensions to meet strength, space, 
and fabrication requirements. 

Definite, logical procedures based upon natural laws have been 
developed for the solution of each of the component problems, but 
in general the problems are interdependent, the complete solution 
of any one involving consideration of the others. Hence, the 
judgment and experience of the designer contribute greatly to the 
evolution of a satisfactory design. 

The function of the member and its appearance, as well as its 
necessary thermal, electrical, chemical, and acoustical character- 
istics, must be considered during the designing operation. The 
availability of the material and cost of the final product are 
important considerations. The member must have sufficient 
hardness and stiffness to function properly. In addition, the 
strength of the member must be adequate but should not be 
excessive because excessive strength usually means wasted 

1 



2 


ADVANCED MECHANICS OF MATERIALS [Chap. I 


material and unnecessary weight. The determination of the 
adequate strength involves a consideration of the relation- 
ships among load, stress, and dimensions, which topic is known as 
mechanics of materials. '' Elementary mechanics of materials 
usually includes a study of axially loaded members, thin-walled 
pressure vessels, straight shafts and beams of constant cross 
section, and columns. However, many members and machine 
parts are subjected to biaxial or triaxial stress or are of more 
complex shape than those considered in a first course in mechanics 
of materials. The determination of the stresses in some of the 
more commonly used of these complex members is the function 
of advanced mechanics of materials. 

As a step preliminary to the actual determination of stress-load 
relationships, it is desirable to consider the adequacy of stress, or 
any other pertinent characteristic of the material, in predicting 
mechanical failure and in establishing criteria of safety or satis- 
factory performance. 

2. Significance of Stress. — The relationship between the load 
and the corresponding stresses in a structural member is con- 
sidered to be important because design procedures in engineering 
have developed around the idea that the stress,^ or intensity of 
loading, developed within a material is a highly significant 
quantity. 2 Values of so-called ‘^allowable working stresses’^ are 
stipulated for various materials, often rather arbitrarily, by 
specification or by building code, and the designer manipulates 
the size, shape, and arrangement of the members to keep the 
maximum stress below, but usually as close as possible to, the 
allowable working stress. 

Justification for the use of an allowable working stress as a 
basis of design is usually founded on the observation that, within 
limits, standard specimens of a given class of material will fail 
within a relatively small range of values of stress when tested 
under standard conditions. The allowable working stress is then 
obtained by dividing the stress at failure by an arbitrary number 

^ The term “stress” will be used throughout to denote intensity of loading 
measured as force per unit area (usually p.s.i.). In structural engineering 
practice the term “stress” is also used to denote the total axial force trans- 
mitted by a member. 

* The use of stress as a criterion of condition probably dates back to early 
builders who observed that the load-carrying capacity of a tensile or short 
compressive member is proportional to its cross-sectional area. 
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ranging from slightly more than 1 to over 20, depending upon the 
material and conditions of usage. The arbitrary number, or 
factor of safety, is introduce^ to allow for (1) uncertainties of 
loading, (2) approximations in the stress calculations, and (3) 
uncertainties in the characteristics of the material as actually 
used. 

Thus, the allowable working stress upon which the design is 
based depends upon . 

1. The relative hazards and uncertainties that are involved 
in the use of the given material in the given type of construction. 

2. The magnitude of the stress that the material is capable of 
developing before failure. 

The term failure may denote any one of several conditions. 

3. Significance of Failure. — In the broad sense of the word a 
material is said to have failed when it no longer functions properly 
in its intended use. Improper functioning is relative — action 
that niay be considered satisfactory in one use may be entirely 
unsatisfactory in another use. A close-fitting machine part may 
be entirely unsatisfactory if its length changes more than 0.001 in. 
under load, while a cable used in a hoist may elongate several 
inches without being considered unfit for use. In practically all 
structural members a value of limiting distortion for satisfactory 
service may be established. Then the member must be so 
designed that failure will not occur as a result of either excessive 
distortion of the member or cracking or rupture of the material 
selected. It is evident, therefore, that the strain developed 
within the material is highly significant in predicting failure of 
the member. 

4. T3rpes of Failure. — Qualitatively there are four types of fail- 
ure, each manifested by a specific type of excessive deformation. 
They are 

1. Excessive elastic deformation. 

2. Slip. 

3. Fracture. 

4. Creep. 

1. Excessive elastic deformation involves no change in the 
properties of the material and, consequently, no damage to the 
material. The failure is fundamentally one of design . There may 
be ample material to carry the load without collapse but insuffi- 
cient material to prevent objectionable displacements. For 
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example, a light rope bridge across a deep canyon may be amply 
strong to carry the required loads, but it may be quite unpleasant 
to use, especially in a high wind. Another example is the ‘‘knee- 
action^^ spring which, when first installed on one of the popular 
makes of automobiles, was so flexible that it was impossible to 
lift the front wheels with an ordinary jack. 

When a member fails owing to excessive elastic deformation, 
the design may be improved by using a different material, by 
using more material, or by reproportioning the member to use the 
material more effectively in increasing the rigidity of the member. 

2. Slip denotes failure by inelastic, or plastic, action. Most 
materials have the characteristic of returning to their original 
dimensions after a cycle of loading and unloading if the strain 
developed during loading is relatively small. The material is 
then said to be elastic. However, if a sufficient amount of strain 
is developed during loading, the material will not resume its 
original dimensions upon unloading, but will exhibit a more or 
less permanent change in dimensions, which is an indication of 
inelastic, or plastic, action. The change in dimensions may be 
sufficient, particularly in the case of close-fitting machine parts, to 
render the part unfit for further use, even though the part has not 
“broken’^ or separated into two pieces. 

In metals, at least, the permanent strain is the cumulative 
result of a large number of displacements on parallel planes of 
weakness within individual crystals. The atomic readjustments 
effected by the inelastic action accompany even a very small load 
on the member. Practically, inelastic action is not considered to 
have begun until an appreciable portion of the member becomes 
plastic, or until sufficient inelastic deformation has occurred to 
render the member unfit for further use. 

3. Fracture denotes complete separation of the material into 
two or more portions, thereby rendering the original part unfit 
for further use. Materials requiring relatively large axial 
deformations (0.20 or more) to cause fracture are often called 
“ductile materials'^; those which fracture at a comparatively low 
axial strain (0.0001 to 0.0040) are called “brittle materials."^ 

4. Creep denotes a continuing deformation over a period of 
time in a material subjected to a constant load. Creep is dis- 

^ A ductile material is relatively strong in tension compared with shear, 
while a brittle material is comparatively weak in tension. 
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tinguished fepm slip in that the deformation accompaniying the 
latter does not continue for more than a few minutes under con- 
stant load. The tendency of a material to creep usually increases 
with an increase in pressure (stress) or temperature. Structural 
steel at ordinary temperature does not creep at stresses below 
about 60,000 or 60,000 p.s.i. but will creep at low stresses at tem- 
peratures near the melting point. Lead creeps at room tempera- 

Ti me 


■ si 

r'a^-S+ottic load 




(i>)-Dynawic load 

Fig. 1. — Static and dynamic loads. 

ture under very low stresses. The mechanical behavior of a 
material showing creep may be likened to the slow flow of a 
viscous liquid. 

6. T3q)es of Loading. — Investigations have shown consistently 
that the magnitude of the load required to cause failure of a 
member of specified dimensions and a specified material depends 
upon the manner and frequency of the application of the load. 
A member that will safely carry a given load if it is applied slowly 
may fail if the same magnitude of load is applied suddenly or 
applied a large number of times. There are three principal types 
of loading. 

1. Steady or etatic loads are those which remain on the member 
without fluctuation or which are applied sufficiently slowly that 
the stresses and deflections are gradually built up to their maxi- 
mum values. For example, a load applied slowly at the end 
of the cantilever beam of Fig. la will cause a deflection di as 
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indicated, which remains constant as long as the load remains 
on the beam, unless slip, creep, or fracture occurs. Dead loads 
due to the weight of the structure are static loads. 

2. Impact or dynamic loads are those which are applied with 
sufficient rapidity to cause a fluctuating stress and deflection 
in the member. If they are not sufficiently great to produce 
fracture immediately, they usually induce vibration in the mem- 
ber, resulting in stresses much greater than those produced by a 
load of the same magnitude slowly applied. For example, a load 
dropped on the end of a cantilever beam, as indicated in Fig. 16, 
constitutes an impact load. Even though the load has the same 
weight as that applied in Fig. la, it will cause the beam to deflect 
a maximum distance d^^ which is greater than di. The increased 
deflection, which is accompanied by an increased strain, may 
be sufficiently great to cause failure of the beam. If not, vibra- 
tion will be set up in the beam, and continued vibration may 
result in failure of the material. 

A static load is usually evaluated in pounds, but a dynamic 
load, such as that due to a weight dropped on a beam, may be 
evaluated in either of two ways. 

а. The dynamic load may be evaluated in terms of the amount 
of energy (inch-pounds or foot-pounds) that the member 
must absorb in stopping the load or bringing it to equilib- 
rium. To determine whether or not the dynamic load will 
cause failure the maximum concentration of energy absorbed 
by the member is compared with the maximum amount of 
energy that a unit volume of the material will absorb with- 
out failure. 

б. The dynamic load may be evaluated in terms of an equivalent 
static load or static load that would have the same effect 
upon the member. The ratio of the equivalent static load 
to the magnitude of the dynamic load (usually the weight of 
the dynamic load) is known as the ‘Toad factor.^^ The load 
factor may be determined algebraically or experimentally. 

3. Repeated loads are loads that are applied a large number of 
times. Recoil springs, connecting rods, and crankshafts are 
examples^of members subjected to repeated loading. A repeated 
load may be applied with or without impact. This type of load- 
ing must be considered separately from static loading because a 
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load that would not even cause inelastic action if applied once 
may result in fracture if applied many times. A single applica- 
tion of load will invariably cause some localized inelastic action 
even though the member as a whole is considered to be acting 
elastically. If the member is metal, the embrittling effect of the 
inelastic action, or cold working, makes the material more 
sensitive to stress concentration, and further application of the 
load may cause a crack to form. Continued application of the 
load extends the crack until it finally progresses entirely across 
the member. Failure by a progressive cracking is also char- 
acteristic of nonmetallic materials subjected to repeated loading 
even though the strain hardening is not a factor. 

6. Criteria of Failure. — ^Although failure is definitely a phe- 
nomenon of excessive strain rather than stress, it is customary to 
use stresses as indexes of the nearness of a material or a member 
to failure. While the use of stresses as indexes is traditional, it 
offers no fundamental advantage over the use of strains since the 
interrelationships among load, stress, and strain must all be taken 
into account in design. 


Table I, — Properties Measuring Resistance to Failure* 


Type of 

Type of loading 

failure 

Steady 

Impact 

Repeated 

Fracture 

Ultimate strength, 
Su, p.s.i. 
or 

percentage elonga- 
tion, 6u 

Modulus of tough- 
ness, Uu , in. -lb. per 
cu. in. 

~ /(^U; Cu) 

Endurance limit, S^, 
p.s.i. 

Slip 

Elastic strength. Spy 
p.s.i. 
or 

elasticity, tp 

Modulus of resili- 
ence, Up , in .-lb. per 
cu. in. 

Up ** }^ Sp€p 



Creep limit, Sery p.s.i. 




* Adapted from ‘Troperties of Engineering Materials," International Textbook Company, 
Scranton, Pa., 1039. 


The criteria commonly used to indicate the resistance of a 
material to failure under the various combinations of loadings and 
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types of failure are indicated in Table I. The criteria are 
stresses, strains, or combinations of stresses and strains. 

The properties as defined and evaluated from tensile or com- 
pressive test data of a specimen of the material are as follows: 

1. Ultimate strength is the maximum load that the specimen is 
capable of developing under axial loading divided by the original 
cross-sectional area. It is the ordinate of the highest point on a 
stress-strain diagram for the material. It does not usually 
represent the maximum unit stress developed within the material 
since the stress is, in general, not uniformly distributed and since 
the area resisting the maximum load is less than the original 
area. The ultimate tensile strength of both ductile and brittle 
materials is usually regarded as being significant, while the ulti- 
mate compressive strength of a ductile material is largely depend- 
ent upon the amount of plastic deformation that may occur. 
Shearing stresses are not uniformly distributed across the cross 
section of a test specimen subjected to cross shear, so shearing 
tests are used only in a few special cases such as in evaluating the 
shearing strength of timber parallel to the grain. The shearing 
resistance of a metal is most accurately evaluated from a tor- 
sional test of a thin-walled specimen of the material. 

The maximum load-carrying capacity of a material in torsion 
or bending may be evaluated by the modulus of rupture, which is 
defined as the maximum stress computed using the torsion 
{S == Tc/J) or beam {S = Mc/1) formula. The modulus of 
rupture is not an actual stress since the formulas are not valid 
above the proportional limit, but it gives a satisfactory basis 
for the comparison of different materials provided that the test 
specimens of the materials are geometrically similar. 

2. Percentage elongation is the unit strain at fracture under 
axial tensile loading. Since the magnitude of the percentage 
elongation is dependent upon the gage length, standard lengths of 
2 or 8 in. are used. 

The percentage elongation is commonly used as an index of the 
amount of plastic strain to which the material may be subjected 
without failure and as an index of the capacity of the material for 
being bent;^ twisted, or otherwise deformed without failure 
during fabrication. 

3. Modulus of toughness is the maximum amount of energy 
load per unit volume that the material will withstand. It may 
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be evaluated approximately as the area under the entire stress- 
strain diagram. 

4. Endurance limit is the maximum stress to which a material 
may be subjected an infinite (or 600 X 10® for some materials) 
number of times without failure. It cannot be determined from 
the stress-strain diagram. The endurance limit is usually 
evaluated for completely reversed stress, t.e., equal maximum 
stresses in tension and compression. However, machine parts 
may be subjected to fluctuating stresses that do not vary from 
compression to an equal value in tension. Such stresses are 
usually considered to be the resultant of an average stress Sa and 
a completely reversed stress Sr as indicated in Fig. 2a. The 



Fig. 2. — Analysis of fluctuating stresses. {Test data for aluminum alloy 17S-T 
from Structural Aluminum Handbook,'* Aluminum Company of America, 1940.) 


magnitude of the maximum Sr that may be superimposed on a 
given Sa must be determined by test. The test results may be 
plotted in the form indicated in Fig. 26, which shows results 
for the aluminum alloy 17S-T. Values of Sr are plotted as 
ordinates against values of Sa as abscissae. The intersection 
of the curve with the vertical axis denotes the endurance limit for 
completely reversed stress, in this case axial tension and com- 
pression. A similar diagram could be drawn for fluctuating 
stresses in flexure or in torsion. 

Points near the vertical axis (for small values of Sa) correspond 
to failure by progressive fracture, or “ fatigue,” while points to the 
right may correspond to failure by slip or by fracture. Two 
limiting curves may be developed for a material; one, extending 
from the endurance limit on the vertical axis to the elastic 
strength on the horizontal axis and corresponding to failure by 
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fatigue or by slip; the other, extending from the endurance limit 
to the ultimate strength and corresponding to failure by fatigue 
or by fracture. 

Several theories have been evolved in an attempt to obtain a 
direct relationship between the limiting values of Sa and Sr and 
standard properties of the material such as the endurance limit 
Se, the ultimate tensile strength Suy and the elastic strength in 
tension Sp. Among these, the three to which most frequent 
reference is made are the generalized Goodman theory expressed 
as^ 


the Gerber theory 


= 1 _ ^ 



and the straight-line theory, expressed by the Soderbergh formula 


^ = 1 
Se Sp 


The three formulas are plotted to the same axes in Fig. 2b for 
comparison with the test data. It is evident that for this 
material the Goodman theory is the best. The Gerber theory 
gives results on the unsafe side, and the Soderberg theory is 
ultraconservative. Test results indicate that, in general, the 
modified Goodman theory is satisfactory for ductile materials in 
tension. For brittle materials in tension or torsion, the Soder- 
berg formula gives results in best agreement with test data. 
Ductile materials in torsion and either ductile or brittle metals in 
which the steady stress is compression may have a repeated stress 
equal to the endurance limit Se superimposed upon the steady 
stress without damage so long as the steady stress is below the 
elastic strength. All evidence indicates that if accurate data 
for a material are lacking the Soderberg theory may be expected 
to yield safe results. 

5. Elastic strength may be evaluated from the stress-strain 
diagram as 

^ Smith, O., The Effect of Range of Stress on the Fatigue Strength 

of Metals, Univ. Illinois Eng, Expt. Sta. Bull. 334, 1942. 

* Soderberg, C. R., Working Stresses, Trans, Am. Soc, Mech. Engrs.^ 
Vol. 66, p. 131, 1933. 
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а. Proportional limit — ^the unit stress at the upper end of the 
straight-line portion of the stress-strain diagram. 

б. Yield strength — ^the maximum unit stress to which a mate- 
rial may be subjected without having more than a specified 
(often 0.002) residual strain upon the removal of the load. 

c. Yield point — ^the unit stress at which there is an increase in 
strain with no increase in stress. Mild steel is the only 
important engineering material that has a yield point. 

d. Johnson^s apparent elastic limit, proof stress, and several 
others of less importance. 

6. Elasticity is the unit strain at the elastic limit or at the pro- 
portional limit and measures the limiting strain that may be 
developed without an appreciable amount of slip occurring. 

7. Modulus of resilience is the maximum amount of energy load 
per unit volume that the material will absorb without inelastic 
action. It may be evaluated as the area under the straight-line 
portion of the stress-strain diagram. 

8. Creep limit is the maximum unit stress that the material will 
withstand at a specified temperature without the rate of creep 
exceeding a specified amount. A maximum rate of 0.01 in 
100,000 hr. is sometimes specified for machine parts. The creep 
limit cannot be evaluated from the stress-strain diagram. 

7. Factor of Safety. — The factor of safety of a structural 
element is defined as the strength of a material divided by the 
maximum computed unit stress in the element. When energy 
loads are involved, the factor of safety may be expressed as the 
strength of the material divided by the maximum concentration 
of energy per unit volume. The term ^‘factor of safety'^ is a 
misnomer, since in no sense does it mean that the structural 
element could safely carry that many times the given load without 
failure. In most cases (1) the loadings used in computing the 
stresses are only estimated, (2) the stress calculations involve 
assumptions and approximations that are not necessarily valid, 
and (3) the properties of the material actually used in the struc- 
tural element are seldom known but are assumed to be equal to 
those in a similar piece of the material that has been tested. For 
those reasons, the term ‘‘factor of safety’^ really denotes a 
“factor of ignorance.^’ 

In aeronautical engineering practice the “limit loads’’ or 
maximum loads that are anticipated during maneuvers are 
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multiplied by the factor of safety (usually 1.5) to obtain the 
‘‘design loads.^’ The criterion used for evaluating the “safety^' 
of the member is the so-called “margin of safety/' defined as 

MS— ultimate strength of material __ ^ 
maximum stress due to design load 

8. Stiffness. — Since the criterion of proper functioning of a 
structural element is primarily geometrical — i.e., related to the 
deformation or distortion of the piece in use — it is necessary to 
define measures of stiffness to assist in comparing the behavior of 
different materials and in predicting the change in dimensions 
of a structural element under given conditions. While several 
such measures have been defined, three are needed most frequently. 

1. Modulus of Elasticity , — The modulus of elasticity, or 
Young's modulus, is defined as the ratio of the change in axial 
stress to the corresponding change in axial strain for axial loading 
below the proportional limit. It is therefore equal to the slope 
of the stress-strain diagram. 

Similarly, the modulus of elasticity in shear (modulus of 
rigidity) is equal to the ratio of the change in the unit shearing 
stress to the corresponding change in the unit shearing strain 
under a condition of pure shear below the proportional limit. 

2. Poisson^ s Ratio, — Poisson's ratio is the ratio of the lateral 
strain to the axial strain under a condition of axial loading below 
the proportional limit. It serves as a measure of lateral stiffness. 

3. Coefficient of Thermal Expansion , — The coefficient of thermal 
expansion is the unit strain produced by a 1° temperature change. 
It is an inverse measure of resistance to deformation under ther- 
mal loading. 

9. Other Properties. — The importance of the strength proper- 
ties in relationship to design may easily be overemphasized. 
Obviously, the member or machine part must have sufficient 
strength to prevent failure during its life, but the primary 
objective of design is to proportion a member of suitable material 
that can be fabricated and assembled readily and that will do the 
job for which it is intended, all at the lowest possible cost. In 
other words, stress analysis is only a tool, but a very important 
tool, which jihe engineer utilizes in the process of design. 

Some of the more important properties with which the designer 
may be concerned are listed in Table III. Their significance is 
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self-evident. Numerical values are given for a few of them for 
some representative materials, but many of the important 
qualities such as workability, appearance, and resistance to 
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Fig. 3. — Typical stress-strain diagrams for metals in tension. 



Fig. 4. — Typical stress-strain diagrams for materials loaded in compression — 
medium strength concrete; small clear timber specimens. 

corrosion have no numerical measure, and, in addition, many, 
such as chemical characteristics, are dependent upon environ- 
mental factors. 

Values of strength properties are given in Table II and may be 
evaluated from Figs. 3 and 4 for a few of the more common 
materials. 







Table II. — Average Values op Properties op a Few Materials 
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Abt. 9] RELATIONSHIP OF MATERIALS TO DESIGN 
Table III. — Pbopebties Otheb than Stbength 



Stiffness: 

Modulus of elas- 
ticity (p.s.i. X 

10«) 29.0 

Modulus of rigidity 

(p.s.i. X 10«) 11.0 

Poisson’s ratio 0.30 

Weight: 

Specific weight, p.c.f. 490 

Specific gravity 7.85 

Workability: 

Ductility, % elong. 

2 in 35 

Malleability 

Plasticity 

Machinability 

Weldability 

Hardness: 

Percentage wear 

Rockwell no — 5 (C] 

Brinell no. (kg. per 

sq. mm.) 128 

Thermal character- 
istics: 

Specific heat (B.t.u. 
per lb. per degree 

F.) 

Thermal conductiv- 
ity (B.t.u. per hr. 
per ft. per sq. ft. 

per deg. F.) 26 

Coefficient of linear 
expansion (per 
degree F. X lO”*) 6.50 

Electrical character- 
istics: 

Conductivity ( % 

I.A.C.S.) 

Acoustical character- 
istics: 

Coefficient of ab- 
sorption 

Coefficient of refiec- 

tion 

Vibration character- 
istics : 

Damping capacity 

Chemical character- 
istics: 

Electrolytic action. . 
Resistance to cor- 
rosion 


Brass, 

Mag- 


(30% 

nesium 

Copper, 

Zn) 

alloy, 

soft 

hard 

C74-S 



10.5 15.0 6.5 

3.9 5.6 2.4 

0.33 0.33 0.34 

173 532 112 

2.77 8.53 1.79 


0.089 0.249 

68 70 48 : 

12.2 11.1 16.0 

30.0 27.6 14.4 
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PROBLEMS 

1 . Name the factors that should be taken into consideration in selecting 
a suitable shape of cross section for the connecting rod of an automobile 
engine. 

2 . How are the magnitudes and distributions of loading established for 
each of the following units? 

a. Floor beam in a building. 

5. Rudder of an airplane. 

c. Locomotive draw bar. 

3. A weight W dropping through a free distance h is snubbed by a steel 
rod of length L and diameter d. Determine the equivalent static load for the 
rod, assuming that it absorbs one-half of the total energy. 

4 . Determine the equivalent static load for a weight dropped on the end 
of a cantilever beam. 

6. Determine the load factor for the wings of an airplane coming out of a 
dive at 700 m.p.h. on a 2,000-ft. radius. 

6. Tabulate values of the ultimate strength, proportional limit, yield 
strength for an offset of 0.002, and modulus of elasticity for the materials 
indicated on the stress-strain diagrams of Fig. 3. 

7. An annealed aluminum rod with an effective length of 18 in. is to carry 
a slowly applied axial tensile load of 8,000 lb. Determine the minimum 
required cross-sectional area of the rod if it is not to fail by 

a. Slip at ordinary temperature. 

5. Fracture at ordinary temperature. 

c. Creep at 360°C. 

8. Compare the resistance of annealed aluminum and duralumin (17S-T) 
to failure by 

a. Sftip under static load. 

5. Fracture under impact load. 

9. Compare the impact resistance with respect to failure (a) by slip, and 
(b) by fracture of Douglas fir in compression with that of structural steel in 
tension. 

10 . A Douglas fir beam of constant cross section is to support a uniform 
load of 480 lb. per ft. on a 12-ft. span. The fiber stress is not to exceed 
800 p.s.i., and the deflection is not to exceed Hqq of the span. Determine 
a suitable cross section for the beam. 

11 . A Douglas fir beam is to carry a concentrated load of 1,000 lb. at the 
center of a 12-ft. span. The depth of the beam is to be one-half of its width. 
Determine the minimum depth and width for each of the following conditions: 

a. The maximum deflection is not to exceed in. 

b. The maximum flexural stress is not to exceed the proportional limit. 

c. The maximum shearing stress is not to exceed 400 p.s.i. 
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d. The maximum flexural stress is not to exceed one-half of the modulus 
of rupture. 

12. A machine part is to carry an axial load that fluctuates from 10,000 lb. 
tension to 4,000 lb. compression 120 times per minute. If the part is to be 
made of aluminum alloy 17S-T, determine the minimum permissible cross- 
sectional area. 

13. A stainless-steel member is to carry a load that fluctuates from 20,000 
lb. tension to 4,000 lb. tension. Specify a working stress for the member if 
other factors indicate a factor of safety of 2.00 to be desirable. 

14. A member made of magnesium alloy C74S carries a load that produces 
a tensile stress of 2,000 p.s.i. What maximum magnitude of reversed stress 
may be superimposed on the steady stress without causing failure? 

16. The following maximum allowable stresses are stipulated by the 
Wisconsin State Building Code (1934). Determine the approximate 
nominal factor of safety with respect to failure by (a) slip, (6) fracture. 

a. Structural steel in tension — 18,000 p.s.i. 

h, Douglas fir in compression parallel to the grain — 800 p.s.i. 

c. Oak in compression parallel to the grain — 1,000 p.s.i. 

16. A structural-steel tie rod with an effective length of 14 ft. is to carry a 
total static load of 12,000 lb. 

а. Determine the required area if the rod is to have a factor of safety of 
2.5 with respect to failure by slip. 

б. If the minimum permissible stock diameter (multiples of Ke in.) is 
used, how much will the rod elongate when loaded? 

17. Solve Probs. 16a and 166 if the rod is to withstand an impact load of 

12.000 in.-lb. 

18. The allowable working stress for a certain structural-steel member is 

18.000 p.s.i. Determine the nominal minimum factor of safety with respect 
to failure by 

а. Slip under a steady load. 

б. Fracture under a steady load. 

c. Shp under an impact load. 

d. Fracture under an impact load. 

19. A round structural-steel rod, for which the allowable working stress is 

18,000 p.s.i., is to carry a static axial tensile load of 10,000 lb. If the 
diameters of available rods are in multiples of in. determine ' 

а. The most economical size of rod. 

б. The nominal factor of safety with respect to failure by slip. 

c. The factor of safety with respect to failure by slip. 

d. If the allowable working stress were 17,000 p.s.i., what would the factor 
of safety become? 

e. If the allowable working stress were 19,000 p.s.i., what would the factor 
of safety become? 
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20 . A by structural-steel strap is to be subjected to a static 

axial tensile load with a factor of safety of 2.00. Determine the magnitude 
of the maximum permissible load if an 18-in. length of the strap is not to 
elongate more than 

а. 0.010 in. 

б. 0.020 in. 

c. 0.030 in. 

21 . The limit load for a certain K6-in.-diameter-24S-T rivet is 600 lb. 
Determine the margin of safety. 

22 . If the minimum permissible margin of safety is 0.05 determine the 
maximum permissible limit load which an 84-in. length of 24S-T tubing will 
carry 

a. In axial tension. 

5. In axial compression. 

The outside diameter is 1.000 in., and the wall thickness is 0.035 in. 

23 . A structural-steel tension member with an effective length of 15 in. 
was designed to carry a static load with a factor of safety of 2.00 with respect 
to failure by slip. After installation it was found that vibration caused a 
repeated change of ±0.0075 in. in length (in addition to the stretch due 
to the static load) of the member. Determine the actual factor of safety 
with respect to failure by slip. 

24 . A duralumin rod with an effective length of 10 in. is used as a machine 
part to support a slowly applied axial tensile load of 4,000 lb. 

a. Determine the minimum required diameter of the rod if it is to have a 
factor of safety of 2.50 with respect to failure by slip. 

6. Assume that the rod has the diameter determined in a and that subse- 
quent wear of the machine causes the 4,000-lb. load to drop through a 
distance of 0.01 m. as it is appUed to the rod. What will the factor 
of safety be? 

26 . A steel rod 12 in. long and 1 in. in diameter is turned down to a J^-in. 
diameter for one-half of its length. Compare its resistance to failure by 
slip under axial load with that of a J^-in.-diameter-rod 12 in. long if the 
load is 

а. Static. 

б. Dynamic. 

c. Repeated. 

Neglect stress concentration in the rod. 



CHAPTER II 

STRESSES AND STRAINS AT A POINT 


10. General Problem.— As has been indicated, the maximiun 
load that a structural element of given dimensions can carry 
without failure is limited by the magnitude of the strain that is 
developed in the material. Traditionally, the limiting unit 



Fig. 6. — Interrelationships among some factors involved in design. 

strain is expressed in terms of the corresponding limiting unit 
stress because the stress may be evaluated in terms of the load 
by means of the equations of equilibrium (or the equations of 
motion if the member is experiencing an acceleration) after the 
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stress distribution is known. However, the distribution of stress 
throughout a member cannot be expressed completely until 
something is known about the geometrical behavior of the 
member or how it deforms under the load.^ 

Interrelationships among the various factors involved in the 
general design procedure are indicated in Fig. 5. Usually the 
shape or general outline of the member is established by its 
function, and the loads to which it will be subjected can be 
estimated. . The problem is then one of determining the requisite 
size. However, the size cannot be determined directly from the 
loads and shape but can be evaluated only after consideration 
of the total stresses and displacements, and the unit stresses and 
unit strains, relationships among which are found with the aid of 
staticSy geometry, and the properties of the material. 

As the first step in establishing a design procedure there will be 
developed (1) the statical relationships among the stresses on 
various planes at a point, (2) the geometrical relationships among 
the strains in different directions at a point, and (3) the relation- 
ships between stress and strain as governed by the properties 
of the material. Then the relationships among load, stress, 
displacement, and size may be set up for various typical shapes 
of members and typical systems of applied forces. 

Stresses at a Point 

11. General Relationships. — In a fluid at rest the stress 
situation at a given point can be expressed completely by a single 
number, the unit pressure, since the pressure or compressive 
stress has the same magnitude on all planes through the point. 
However, in a solid at rest the state of stress at a given point 
cannot be described fully by a single number because the stress, 
in general, is not the same on all planes passing through the point. 
Additional information is required to give an adequate description 
of the state of stress at the point. 

Fortunately it is not necessary to state the magnitude of the 
stress on every plane through the point in order to describe com- 
pletely the stress situation. In fact, if the stresses on three 
orthogonal planes through the point are known, the stress on any 
plane may^be determined by using the equations of equilibrium. 
Stress is a vector quantity. Hence, in order to describe the 
1 If plastic action is involved, time also may become an important factor. 
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stress acting on any plane through a point, both the magnitude 
and the direction of the stress must be specified. For pon- 
venience, the force acting on a given plane at a point is usually 
resolved into a normal component and one or more shearing 
components, from which the corresponding normal and shearing 
stresses may be computed. 

For example, the three forces Fi, Fi, and F^ acting on the three 
sides of the element in Fig. 6a may each be resolved into a normal 
and two shearing components as indicated in Fig. 66. Each 



Fig. 6. — Normal and shearing components of forces. 


component is distinguished by a standardized notation that 
indicates direction by means of subscripts. The normal forces 
are designated as iV'*, Nyj and Ng, in which the subscript denotes 
the coordinate axis to which the force is parallel. The shearing 
forces are designated by the letter Q with two subscript letters. 
The first letter of the subscript denotes the direction of the shear- 
ing force, and the second letter indicates the plane in which the 
force lies. For example, Q^y denotes a shearing force in the x 
direction lying in a plane perpendicular to the y axis, while Q,* 
denotes a shearing force in the z direction lying in a plane per- 
pendicular to the X axis. The same system applies to the 
stresses. Sy indicates^ a normal stress in the y direction (acting 
on a plane perpendicular to the y axis), while Sgg is used to indi- 
cate a shearing stress in the x direction and lying in a plane 
perpendicular to the z axis. 

The relationships among the stresses on various planes passing 
through a point may be determined by applying the equations of 

1 Some writers use the Greek small sigma to denote normal stress, as <Ty, 
and small tau to denote shearing stress, as rx». The symbol / with appropri- 
ate subscripts is frequently used to denote stress. 
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equilibrium to a free-body diagram of an element of the material 
at the point. 

For the condition of biaxial stress* the most convenient free- 
body diagram is a triangular wedge as indicated in Fig. 7a. The 



Fio, 7. — Free-body diagram and stress diagram for biaxial-stress condition. 


three orthogonal planes used for reference are those formed by 
the X, y, and z axes. The normal and shearing stresses on those 
planes are assumed to be known. Since it is a biaxial stress 
situation, the axes may be selected so that 

Nz ~ Qxx “ Qzx “ Qyz ~ Qzy — 0 

The other forces are assumed to be positive when acting in the 
directions shown. That is, tensile forces (and stresses) are 
positive, compressive forces (and stresses) are negative, and the 
sign convention for shearing forces (and stresses) is identical 
with the one used to designate vertical shear in a beam. The 
tz plane is selected arbitrarily, the angle that it makes with the xz 

^ If the components of stress parallel to one of the three coordinate axes 
are zero, the stress situation is said to be biaxial. If the normal stresses 
and the components of shearing stress parallel to any two of the coordinate 
axes are zero, the stress situation is axial, while if none of the normal stresses 
is zero, a triaxial stress situation exists. The biaxial condition is of the most 
importance to the engineer, since it is the common condition on the surface 
of a member, where stresses are a maximum. 
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plane bemg designated as 0, and the forces acting on it are 
assumed to be unknown. The n direction is normal to the 
tz plane. If the equation of equilibrium is written in the n 
direction, there results 

Nn — Nx&ia $ + Qjfx cos 6 + Nj, cos 6 + Qzy sin B (1) 

For convenience, let dy dz — a, dx dz = 6, and dt dz = c. If 
these areas are small, so that the stress is constant over the area, 
Eq. (1) may be rewritten in terms of the stresses as 

SnC = S^a sin 0 + cos 0 + Syb cos 6 + S^yb sin $ (2) 

or 

Sn = Sx sin^ 6 + Syx sin 6 cos 6 + Sy cos^ B 

+ Sxv 9 cos 6 (3) 

However 

Sxy “ Syx 

Hence 

Sn == Sx sin^ 6 + Sy cos^ 6 + Sxy sin 26 (4) 

In a like manner, the shearing stress on the tz plane may be found 
by writing the equation of equilibrium in the t direction 

Stn = Sx sin ^ cos ^ — Sy sin 0 cos 0 Sxyicos^ 6 — sin* 6) (6) 

= sin 20 + cos 20 (5a) 

Equations (4) and (5) are based upon the assumptions that the 
weight and other body forces acting on the material are negligible 
and that the material is in equilibrium, without regard to elastic 
or plastic condition. The equations are valid so long as the 
material can develop the stresses. If the material is a fluid at 
rest, it cannot develop shearing stresses and Eq. (5a) 3 delds 

8. = Sy (5b) 

Then Eq. (4) reduces to 

Sn = S. (4a) 

Hence 

S„ = S, = Sy (4b) 

which is the mathematical statement of Pascal's law. Considera- 
tion of the free-body diagram of Fig. 7a shows that the stresses 
Sn and Stn as given by Eqs. (4) and (5a) are independent of any 
normal stresses on the xy plane. They are also independent of 
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shearing stresses on the xy plane {Sxz and Sy») provided that the 
magnitude of the shearing stress does not vary with 2 , if a 
condition of plane stress exists. 

If the normal stresses in the x and y directions are zero, i.c., if 
the material is subjected to pure shear on the xz and yz planes, 
Eq. (4) reduces to 

Sn = Sxu sin 2$ (4c) 

and Eq. (5a) yields 

Stn = Sxv cos 29 (5c) 

Then 

Sn = Stn tan 29 (4(i) 

12. Principal Stresses. — The evaluation of the maximum 
normal stress is of considerable practical importance. The 
direction of the plane on which the normal stress becomes a 
maximum or minimum may be determined by differentiating 
Eq. (4) with respect to 9 and equating the derivative to 0. 


= 2/S* sin ^ cos ^ — 2Sy sin 6 cos 9 + 2Sxy cos 20 = 0 (6) 

from which 

tan 26 = (7) 

Equation (7) defines two planes, at right angles to each other. 
The normal stress is a maximum on one of the planes and a 
minimum on the other. From Eq. (7) 


sin 29 == 
and 

cos 29 = 


— 2Sxv 4 " 2Sxv 

± V(-S. - S„r + 451, “ ViS. - + 4^' 

(/S . - Sy) ^ ±(>Sx - Sy ) 

± V(^x - s,y + V{s. - s,y + isi. 


( 8 ) 

( 9 ) 


If Eqs. (8) and (9) are used to evaluate the functions of 20, Eq. 
(5a) becomes 


C? _ ±(Sx- SyX-Sxy) , ±Sxy(Sx-Sy) .... 

a/C-S. - + 45^ ^ - -Sv)^ + 4-S^ ^ ^ 

Therefore, the shearing stress is equal to zero on the plane on 
which the normal stress is a maximum (or minimum). In a 
similar manner it may be shown that no shear exists on a third 
plane that is normal to the two planes defined by Eq. (7). 



Art. 13] STRESSES AND STRAINS AT A POINT 26 

The maximiim and minimum normal stresses may be calculated 
from Eqs. (4), (8), and (9). 

Sn = ± (11) 

The stresses calculated from Eq. (11) are known as ^‘principal 
stresses.” They are the maximum (and the minimum) normal 
stresses that occur on any plane (perpendicular to the xy plane) 
through the point and are developed on the planes on which there 
is no shearing stress. The directions of the principal stresses will 
he designated as the u and v directions, and the angle that the 
u direction makes with the x direction will be designated as Bxu> 

Principal stresses are important because they represent the 
maximum and minimum values of stress that exist at a point and 
also because they afford one of the most convenient ways of com- 
pletely describing the stress situation at a point. If the principal 
stresses are known, the stresses on all other planes through the 
point may be determined. 

13. Maximum Shearing Stresses. — The direction of the planes 
on which the shearing stress is a maximum may be found by 
differentiating Eq. (5a) and equating the derivative to zero. 

-^ = (S, - Sy) COS 20 - 25^ sin = 0 (12a) 

from which 

tan 20 = (12*») 

Equation (125) defines a pair of planes that make angles of 
45 deg. with those defined by Eq. (7). Hence, the maximum 
shearing stresses occur on planes at 45 deg. with the planes on 
which the principal stresses act. The axes formed by the inter- 
sections of the xy plane with the planes on which the shearing 
stresses are maximum (or minimum) will be designated as the 
i and j axes. 

The magnitude of the maximum shearing stress Sa may be 
found by substituting the functions of 26, which may be deter- 
mined from Eq. (126) into Eq. (6a). 


+ S%, (13a) 


Sii = Vis, - Syr + 451, = ± 
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Equation (13a) shows that the two maximum shearing stresses 
are equal in magnitude. Hence, Sa = as may be verified 
from the equilibrium of an elementary cube with sides in the i 
and j directions. 

Furthermore, the maximum shearing stress is equal to the 
second term in the expression for the principal stress, Eq. (11). 
Therefore Eq. (11) may be written as 

Su,v = HiS. + Sy) ± Sii (11a) 

Illustrative Problem, — At a point on the vertical side of a beam Sx =* 1,200 
p.s.i. tension, Sy « 600 p.s.i. compression, and the shearing stress is 800 
p.s.i. due to a positive vertical shear. Determine the principal stresses and 
the maximum shearing stress. 

Solution. — Since the point under consideration is on the surface of the 
beam, a biaxial stress situation prevails. The axes may be taken as in 
Fig, 7. Then Sx and Sxy are positive, and Sy is negative. From Eq. (136) 
the maximum shearing stress is 

Sii = H V(i^'T^6boy2~+ 4(800)2 
== 1,204 p.s.i. 

The principal stresses are, from Eq. (Ua), 

Su.v * H (1,200 - 600) ± 1,204 

from which 

Su = 1,504 p.s.i. 

Sv = —904 p.s.i. 

The angle $ between the x axis and the directions of the principal stresses is, 
from Eq. (7), 

•“ “ - iT^rsoo - 

e = -20^49' or +69ni' 

Since 6 is multiple-valued, one of these angles is 6xu or the angle 
that the u axis makes with the x axis, and the other angle is Oxv 
The u direction and the v direction were assigned arbitrarily when 
the stresses were evaluated, and the angles 6xu and dxv are identi- 
fied most readily by inspection as indicated in Fig. 8. If the 
original block, Fig. 8a, is cut along the line OA (at an angle of 
69 ^ 11 ' with the x direction), the free-body diagram of one portion 
of it is as represented in Fig. 8b. Five forces AT*, Nyy Qyx, Qxv, and 
Nj are adting on the block, and the directions of the first four are 
known. By inspection it is evident that the resultant of Nx and 
Qxy is a force to the right that must be balanced by the horizontal 
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component of the force on the inclined face. Hence, the stress 
acting on the inclined face is tension and, therefore, Sv. It 
follows that the u axis is perpendicular to OA and that 

0:cu = -20°49'. 

This result may be checked by means of the free body shown in 
Fig. 8c, the inclined face of which make^ an angle of — 20®49' 
with the X axis. In this diagram the vertical forces AT' and 



Fig. 8. — Identification of directions of principal stresses and maximum shearing 

stresses. 


add to give a downward force that must be balanced by com- 
pression on the inclined face. Since the compressive stress was 
arbitrarily called Svj the v direction must be at right angles to 
OB, and = +69°11'. Hence, the principal stresses act in the 
directions indicated in Fig. 8d, and the u and v axes are as shown 
in Fig. 86. 

In a like manner the sense of the maximum shearing stresses 
(which are at 45 deg. with the principal stresses) may be found 
from a free-body diagram, Fig. 8/, cut along the plane OJ at 
45 deg. with the direction of the principal stresses. The j com- 
ponents of Nu and Nv add. Therefore, the force Qa must be to 
the left to hold the block in equilibrium. The maximum shearing 
stresses will be as indicated in Fig. 8g, 

14. Graphical Evaluation of Principal Stresses. — The principal 
stresses and maximum shearing stress may also be determined 
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from the normal and shearing stresses on orthogonal planes by a 
graphical construction known as the ^‘stress circle/^ The con- 
struction is outlined in Fig, 96 for a point at which the stresses 
are as shown in Fig. 9a, which is identical to the situation in Fig. 
7. From an origin 0, Fig. 96, one normal stress S* is laid off to 
scale as the vector OX, and the other normal stress is laid off along 
the same line as OY, Tensile stresses are plotted to the right 
and compressive stresses to the left. At X and Y the perpen- 



diculars XM and YN are erected, their lengths being to 
scale. The vector XM is laid off downward if the shearing stress 
on the right hand side of the differential element is downward as 
shown in Fig. 9a. With C, the intersection of OX and MAT, as a 
center a circle is drawn through M and N, The points X' and 
F' are determined as the intersection of the circle with the line 
OX or its extension. The magnitudes of the principal stresses 
are given as the distances OX' and OF' while the maximum 
shearing stress is equal to the radius of the circle. The angle 
XF'M is 0XU or the angle between the x direction and the direction 
of the principal stress OX'. The angle d^v is the angle XY'N, 
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The validity of the construction is evident from the following 
relationships: 


ox -OY 8^- 8^ 

2 2 

(14a) 

CM = VCX^ + MX^ = 2 


CX' - OC + Cilf - + 8l„ 

(146) 

OY' - OC - CM + ~ + 8% 

(14c) 

, -MX -8^ 

tan 20 - 

(14d) 

A slightly different graphical construction, which may also be 
used for the evaluation of the principal stresses from a pair of 
normal stresses and the accompanying shearing stress, is shown 
in Fig. 10. 



From the origin 0 the normal stresses aS« and Sy, which are 
acting as shown in Fig. 10a, are laid off vectorially as OX and XY 
respectively. With C, the mid-point of OF, as a center and OC 
as a radius the circle is drawn through 0 and F. From point X 
the shearing stress Sxy is plotted perpendicular to OF as XM. 
The diameter DOME is dra^vn through C and M. 
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Then one principal stress is equal to DM, the other is equal to 
MJS?, and the angle which the planes of the principal stresses 
make with the x and y direction, may be obtained from the angle 
ECY, which is 2d. 

From the construction it is evident that 
DM ^ DC + CM = DC + VCX^ + X M^ 

^ ^ (160) 

ME ^CE- CM = ~ + SI (166) 

It is also evident that CM is the maximum shearing stress and 

tan 26 = (15c) 

The signs of the principal stresses may be determined by 
inspection. 

In addition to being evaluated algebraically or graphically 
from two normal stresses and a shearing stress, principal stresses 
may be evaluated from measured strains as outlined in Art. 26. 

16. Evaluation of Other Stresses from Principal Stresses. — 
Once the principal stresses at a point are known, the stresses 
acting on any plane at the point may be evaluated from a free- 
body diagram of a triangular wedge at the point or from Eqs. (4) 
and (5), which were developed from such a wedge. If Su and Sv 
are the principal stresses at a point, the shearing stress Suv is 
equal to zero, and the normal stress Sn on any plane that makes 
an angle Out with the uw plane and is perpendicular to the uv plane 
may be evaluated by substituting Su and Sv into Eq. (4), which 
reduces to 

Sn = Su sin^ But + Sv cos^ But (16) 

Equation (16) may also be written in the form 

-S„ = cos (16a) 

The normal stress St acting on a plane at right angles to the 
stress de^ed in Eq (14a) may be evaluated by replacing 
with 0un or Out + 90 deg. and is 

St = Su cos* Out + Sv sin® Out 


(166) 
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or 

= — 2 * 2 — 

The shearing stress Stn acting on the pair of inclined planes is 
from Eq. (5a) 

S,„ = sin 2e„i (17) 

It will be noted that if Eq. (16a) is added to Eq. (166) there 
results 

Sn + Si =^^Su + Sv (18) 

That is, the algebraic sum of the normal stresses on any pair of 
mutually perpendicular planes through a point is a constant, 
independent of the angles that the planes make with the coordi- 
nate axes. 

The direction of the maximum shearing stress with reference 
to the direction of the principal stresses may be found by differ- 
entiating Eq. (17) with respect to ffue and equating the derivative 
to zero. 

^ = (Su- -s.) cos 20ut = 0 (19) 

Equation (19) is satisfied for the special case in which 

Su = Sv (19a) 

If the principal stresses are equal, Eq. (17) indicates that 
Stn = 0. That is, no shearing stresses are developed on any 
plane at the point. This corresponds to the condition of hydro- 
static pressure. Equation (19) is also satisfied if 

cos 20ut = 0 
or 

= 46°, 135°, • • • (2n - 1) j (196) 

which indicates that the maximum shearing stresses are developed 
on planes that are at 46 deg. with the planes on which the principal 
stresses act. This is in agreement with the results obtained in 
Art. 13. The magnitude of the maximum shearing stress on any 
of the planes perpendicular to the uv plane may be found from 
Eq, (17) as well as from Eq. (136) 

a a 

Otn(max) — H 


(20a) 
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However, Sa is not necessarily the maximum shearing stress at 
the point. For certain combinations of Su, Sv, and Sw (the third 
principal stress, perpendicular to Su and Sv) the maximum shear- 
ing stress may occur on planes that make angles of 45 deg. with 
the uv plane. It is evident that either of two other shearing 
stresses, Ski or Smp, may be critical. 

Sh = (206) 

and 

(20c) 

For example, if the principal stresses at a point are Su = 10,000 
p.s.i., Sv = 4,000 p.s.i., and Sti, = 0 as indicated in Fig. 11a the 



(c) (cL) 

Fig. 11. — Maximum shearing stresses. 


maximum shearing stress on any plane perpendicular to the uv 
plane is Su = 3,000 p.s.i. as shown in Fig. 116. A shearing stress 
Ski = 2,000 p.s.i. as shown in Fig. 11c, is the maximum on any 
plane perpendicular to the vw plane, while the maximum on any 
plane perpendicular to the uw plane is Smp = 5,000 p.s.i. as 
shown in Fig. lid. The stress Smp is the maximum shearing 
stress on any plane through the point. 
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16 . Graphical Solution by the Mohr Circle. — convenient 
graphical detemxination of the stresses on any plane when the 
principal biaxial stresses are known is that of the Mohr circle^ 
and is indicated in Fig. 12. From an origin 0 one of the principal 
stresses Su is laid off as a horizontal vector (to some convenient 
scale) OAj and the other principal stress Sv is laid off horizontally 
from the same origin as OB. Tensile stresses are plotted to the 



right and compressive stresses to the left. With C, the mid-point 
between A and B, as a center a circle is drawn through A and B, 
To determine the stresses on a plane that makes an angle 6 with 
the u direction a diameter DCE^ making an angle 2d with the 
u direction, is drawn through C. Lines EF and DG are drawn 
from D and E perpendicular to OA. 

From the geometry of Fig. 12 it is evident that 

00 = ~ cos 29 (21) 

2i It 

Therefore, from the similarity of Eqs. (21) and (16a), it is 

^ Mohr, 0., Zivilingenieurj p. 113, 1882. 

Mohr, O., ^^Technische Mechanik,'* 2d ed., 1914. 
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apparent that the normal stress on a plane that makes an angle 9 
with the u direction is determined as the distance OG. Similarly, 
the distance OF indicates the normal stress on a plane that makes 
an angle of 90 deg. with the stress given by the distance OG. 

It is also evident from Fig. 12 that 

EF ==GD = sin 29 (22) 

Therefore, from Eq. (17), the shearing stress on a plane that 
makes an angle 9 with the u direction is determined as the 
distance EF. 



Complete information concerning the state of stress on any 
plane through the point is available from the Mohr circle. 

The construction of Fig. 12 parallels that of Fig. 9. 

17. The Mohr-Land Circle. — ^An alternate graphical solution 
known as “the Mohr-Land circle” is also available for use in 
determining biaxial stresses on any plane from given principal 
stresses. The construction is indicated in Fig. 13. 

From iiie origin 0 the principal stress is laid off as a vector 
OX and the other principal stress 8, as the vector XY. With 
the mid-point of OY as a center C a circle of radius CO is drawn. 
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To detenuine the stresses on a plane making an angle d with the 
u direction the diameter DCE is drawn making an angle 20 with 
CY, and the line XF is drawn from X perpendicular to DCE. 

The magnitude of the normal stress that acts on the plane 
making an angle 9 with the u direction is given by FE, and the 
shearing stress that acts on that plane is given by XF. The 
normal stress on a perpendicular plane is given by the distance DF. 

From the construction of the circle it is evident that 




iSu + 8v 

2 


(23) 


CF = CX cos 20 = {OX - OC) cos 29 

(a Su "h 

= 1 (S„ 2 — ) 

= ~ - cos 20 (24) 

It 

FE=‘CE - CF ^ cos 20 (25a) 

DF = DC + CF = ^ cos 20 (256) 

Equations (25a) and (256) agree with Eqs. (16a) and (16c); 
hence, EF and DF give the pair of normal stresses. Also 

XF = CX sin 29 = sin 29 (26) 


which agrees with Eq. (17). Therefore, the shearing stress is 
given by XF. 

The Mohr-Land construction gives visual evidence of the 
relationships indicated in Eq. (18) — ^that the sum of the ortho- 
gonal normal stresses at a point is a constant, in this case the 
diameter of the circle. 

The Mohr-Land construction is essentially the reverse of that 
outlined in Fig. 10 for determining principal stresses. 

18. Triaxial Stresses at a Point. — If the point under consider- 
ation is subjected to stresses in three directions, three principal 
stresses )S„, Sv, and Sv, and their directions are required to define 
the state of stress. If the principal stresses are not known, three 
normal stress components {St, Sy, and St) and three sets of shear- 
ing stresses {Sty = Syt, Syt = Sty, and Stt = -S«) are required. 
The stresses on any plane may be evaluated in terms of the 
orthogonal stress components by use of the equations of equilib- 
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rium applied to a tetrahedron, three sides of which are the planes 
on which the known stresses act, and the fourth side of which 
is the plane on which the stresses are to be determined. The 
normal stress on the fourth plane may be evaluated in terms of 
the stress components on the three orthogonal planes formed 
by the Xj and z axes as 

Sn = rf/S* + r|/Sy + ASz + 2 x 1 X 28 ^ + 2r2rzSyz + 2nri8zx (27) 

in which ri, and rs are the cosines of the angles between the 
direction of the stress Sn and the x, y, and z axes respectively. 

It may also be shown that 

SL = r\r\{Su - S.y + rlr\{S. - + r|rf(S. - S^Y (28) 

in which the r terms are the cosines of the angles between the 
normal to the plane on which the shearing stress acts and the 
directions of the principal stresses. As before, the shearing 
stress is zero on the planes on which the principal stresses act. 

Equations (27) and (28) reduce to the equivalent of Eqs. (4) 
and (5a) for the condition of biaxial stress. Graphical methods 
have been developed for the evaluation of triaxial stresses.^ 

In general, the triaxial stress condition is less important than 
the biaxial condition because for most structural members such 
as beams, columns, and torsional members the maximum stresses 
occur at an outside edge or a surface where a biaxial stress condi- 
tion exists. 

19. Stress Trajectories and Isoclinics. — The algebraic and 
graphical techniques that have been described permit the evalu- 
ation of principal stresses at any given point on the surface of a 
member if two normal stresses and the accompanying shearing 
stress are known. In many cases it is desirable to have a picture 
of the variation of principal stresses throughout the member. 
Such a picture may be prepared by calculating the principal 
stresses at a number of points and plotting stress contours or lines 
that pass through points of equal principal stress. A set of stress 
contours for a short cantilever beam of rectangular cross section 

^ Mohr, O., “ Abhandlungen aus dem Gebiete der technischen Mechanik,*’ 
2d ed., p. 192, Berlin, 1914. 

Foppl, a, '^Technische Mechanik,'' Vol. 5, 2d ed., p. 13, Leipzig, 1918. 

FOppl, a., and L. Foppl, *^Drang and Zwang,’* p. 11, Oldenbourg, 
Munchen, 1920. 

Westergaard, H. M., Z. ang. Math. Mech.^ Vol. 4, p. 520, 1924. 
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carrying a concentrated load at the end is indicated in Fig. 14a. 
Stress concentration at the load point is neglected in th i s sketch. 

Similarly a set of lines, each connecting points having identical 
directions of principal stress, may be drawn as shown in Fig. 146. 
These lines are called “isoclinics.” The directions of the principal 



Fig. 14. — Stress contours, isocUnics, and stress trajectories. 


stresses may also be indicated by stress trajectories or lines so 
drawn that their tangents at every point are in the direction 
of the principal stress. It is evident that the stress trajectories 
for a member consist of two sets of orthogonal lines. Stress 
trajectories for the beam are shown in Fig. 14c. 

In indicating the direction of the principal stresses, stress 
trajectories also indicate the direction of maximum weakness 
in the member, which may be an important factor in design. 
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For example, if the beam of Fig. 14 were made of concrete, which 
is weak in tension, failure perpendicular to the solid set of 
trajectories would be expected, and to be most effective, reinforce- 
ment should be placed in the direction of the trajectories. 
Similarly, if the beam were metal, with a thin web, the trajectories 
in the compression area of the beam would indicate the directions 
in which stiffeners should be placed to prevent buckling of the 
web. 

Isoclinics and stress trajectories may also be obtained experi- 
mentally from photoelastic studies as described in Chap. 10. It 
is evident that stress trajectories are analogous to the streamlines 
of fluid flow. 


Strains at a Point 

20. General Considerations. — The relationships among the 
stresses acting on various planes through a point were built up 
using the equations of equilibrium as applied to a free-body 
diagram of a differential block at the point. In a somewhat 
similar manner the relationships among the strains in different 
directions at a point will be developed on the basis of the geo- 
metrical relationships involved in the distortion of the differential 
block at the point. 

In developing the stress relationships a differential block was 
used so that the stress could be assumed uniformly distributed 
over the sides of the block. In developing the strain relation- 
ships a differential block is used so that the strains in parallel 
directions may be assumed constant throughout the block. Then 
the sides of the block will remain plane and the edges remain 
straight lines. 

Since the biaxial stress condition, or condition existing at the 
surface of a member, was considered to be the most important, the 
analysis of strains will also be made for a point on the surface of 
a member, although the techniques employed may be extended 
to the consideration of interior points as well. 

The sides of the differential block are assumed to remain plane; 
the intersections of the sides with the plane of the surface remain 
straight lines. Hence, the movement of any side may be resolved 
into a movement of translation and a movement of rotation, and 
the relative motion of two opposite or adjacent sides may be 
resolved into components of translation and rotation. The rela- 
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tive translation of two opposite sides constitutes normal^ or (moZ, 
Btraim while the relative rotation of two adjacent sides constitutes 
shearing strain. For example, if a rectangle OABC, Fig. I6a, is 
scribed on the surface of a member, it will be displaced to some 
position such as O'A'5'C' when the member is strained. Since 
the block is a differential block, the strain is uniform in parallel 
directions throughout the block, and the rectangle becomes a 
parallelogram. However, strains are measured by the relative 
displacements of two sides rather than the absolute displacement 



Fig. 15. — Distortion of a rectangle due to strain. 


of one point or side; hence, point 0 may be assumed to remain 
fixed, and the two blocks may be superimposed as shown in Fig. 
156. In addition, the side OA may be assumed fixed in direction, 
and the strained block superimposed on the unstrained block as 
indicated in Fig. 15c. The movement of the side AB to A'B' 
consists of a translation A A' and a rotation through the angle a. 
The translation of AA' relative to the opposite side constitutes 
the normal, or axial, strain, and the rotation is a shearing strain. 

The unit axial strain €x is equal, by definition, to the displace- 
ment A A' divided by the length OA over which it occurs. The 
unit shearing strain, by definition, is the displacement (at 
right angles to the reference length A'B'') divided by the length 
A'B" over which the displacement occurs. The unit shearing 
strain is designated as 7 *y, and it is evident that y^y = tan a. 

It is apparent that the displacements of the two pairs of oppo-" 
site sides are independent; hence €* and Cy are independent. 
However, the relative angular displacement of any pair of 
adjacent sides is the same, so 7 *y could be measured at any 
corner of the block, but is independent of both and 6y. 
The strains as indicated in Fig. 15 are assumed to be positive 
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since they correspond to the strains that would be expected to 
accompany positive normal and shearing stresses, Fig. 7. 

21. Evaluation of Normal Strain. — The normal strain devel- 
oped in the t direction at an angle 6 with the x direction is 
dependent upon €*, €y, and y^y. It may be evaluated by con- 
sidering the geometry, of a differential triangle with sides in the 
X, y, and t directions as indicated in Fig. 16a. The triangle is 
one-half of the basic differential rectangle, stressed as indicated 



Fig. 16. — Distortion of a block subjected to normal and shearing strains. 

in Fig. 166 so that the strains e^, and jxy are all positive. 
If the corner 0 is assumed to remain fixed and the lower edge OA 
to remain along the x axis, point A will be displaced to A', a 
distance of €« dxj in which €* is the resultant unit strain in the 
X direction. Point B will be displaced to B", a distance 

yxyiX ^v) dy 

from B\ by the action of the shearing stresses. Thus, the side 
OB in the t direction is changed in length to OB". 

The resultant normal unit strain in the t direction is €«, and 
if the original length of the side OB is designated as dt, the new 
length OB" is dt + et dt. 

From the right triangle ODB" 

(OB^y = (ony + (DB^y 

[dt(l + edV = [dx(l + €.) - 7*.(1 + €,) dyy + [dya + eyW 
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or 


(1 + €ty = [(1 + €*) cos d - y^(l + ey) sin 

+ (1 + sin® 6 


since 


Then 


dx = dt cos 6 
dy — dt sin d 


(1 -f- €«)® = (1 -|- €a:)® COS® 6 — 2'ya^(l “j~ €a;)(l -f- €y) sin 6 COS 6 

+ (1 + €;p)® sin® 0 


which reduces to 


1 + 2€i = 2ex cos® ^ + 1 — 2yxy sin 6 cos d + 2€y sin® 6 

if differentials of higher order are dropped. 

Then 

€t = €x COS® S + €y sin® 6 — y^y sin 6 cos 6 (29) 

= €x cos® S + €y sin® 6 — }iyxy sin 26 (29a) 

Similarly, the unit strain in the n direction, which is normal to 
the t direction, may be determined as 

€n = e* sin® 6 + ey cos® 6 + ^iy^y sin 26 (29b) 

in which 6 is the angle which the t plane, or the plane perpendicu- 
lar to en, makes with the x axis. Equation (29b) is similar in 
form to Eq. (4) for stresses. 

The sum of Eqs. (29a) and (296) gives 

€« + €n = €x + ey (30) 

indicating that the sum of the orthogonal strains at a point is 
constant, regardless of the orientation of the pair in the plane. 
Equation (29a) may also be written in the form 

e, = cos ^ sin 20 (29c) 

22. Principal Strains. — The directions of the principal strains, 
or maximum (and minimum) normal strains, may be found by 
differentiating Eq. (29a) with respect to 6 and equating the 
derivative to zero, which gives 

tan 20 = (31) 

Cx — €v 
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The principal strain, therefore, is found to be 

± ■ ^ 32 ) 

Since the angle 2B as given in Eq. (31) is multiple valued, and 
since the subscripts u and v may be assigned arbitrarily in Eq. 
(32), there remains the problem of identifying each of the 
principal strains with the proper direction. This may be done 



(6J 


Fio. 17. — Sketches to identify axes of principal strains. 

conveniently with the aid of a sketch as shown in Fig. 17. For 
example, assume c* = +0.2, €y = —0.1, yxv = +0.8. Then 
from Eq. (32) €u,v = 0.050 ± 0.427. Arbitrarily, let 

€« = +0.477, 

6. - -0.377. From Eq. (31), 0 = -34^43' or +66^17'. In 
Fig. 17a one of the principal directions, 56°17', is sketched with 
reference to the x axis. From a point B on the diagonal axis 
perpendiculars are dropped to the x and y axes, forming the 
block OABC having a diagonal in one of the principal directions. 
If the given strains are applied to the block, it will take the 
position OA'B'C\ By inspection, the new diagonal OB' is 
shorter than the original OB; hence, the direction OB is the 
direction of the compressive strain, or the v direction. This 
conclusion may be checked by a similar sketch using the other 
axis as the diagonal of the block as shown in Fig. 176. In this 
block the diagonal OE lengthens, so OE is the direction of the 
maximum tensile strain, or the u direction. 
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23. Shearing Strains. — The shearing strains that are developed 
in different directions on the surface of a member may likewise 
be evaluated in terms of the strains in two orthogonal directions. 
The relationship between any shearing strain ynt in the plane 
and the shearing strain yx„ will be developed first. This may be 
done by considering the geometry of a strained element such as 
the rectangular section OABC in Fig. 18. The sides OA and 
OC are in the directions of the known shearing strain y^y and the 
diagonal OB is taken in the t direction. The n direction is 
identified by dropping a perpendicular CD from C to OB. If 



one side (BC) of the element is slid mth respect to the opposite 
side in such a way that the two sides remain parallel and at the 
same distance apart (the condition of shearing strain but no 
normal strain), the element takes the shape OAB'C, and shearing 
strains are developed throughout it. 

Point D is taken as one comer of an element inclined at an 
angle 0 with the x axis. When the element is strained, the 
point D moves parallel to the x axis to Z)', on the new diagonal 
OB'. The side DC moves to D'C' and is no longer perpendicular 
to the diagonal but makes an angle with it. 

The change in angle at the comer of the block D is a measure 
of the shearing strain y^t occurring at an angle 0 with the x axis. 

Ynt = tan (90® — /3) (33) 

SB cot S (33o) 

= cot (ai + a*) 
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From Fig. 18 


tan ai 


OC _ OB sin 6 _ OB sin 6 

CB' CB — BB' OB cos B — OB sin B tan a 


' sin B 

cos B — sin ^ tan a 


(34ffl) 


^ _ DE _ DE 

tan a* - tan a - EE' 

^ m 

DE tan d + OC tan a — OD sin 6 tan a 

= 1 
tan d + tan a 


cos 6 

sin 6 + cos 6 tan a 

Then from Eqs. (33a), (34a), and (34&) 
1 — tan Qfi tan (X 2 
" tan Qfi + tan a 2 


(346) 


However 


= tan a cos 26 — tan^ a sin 26 


(34c) 


tan a = y^yy 

Hence, Eq. (34c) reduces to 

Jnt =,yxv COS 26 - }4yly sin 26 (35) 

= yxu cos 26 (35a) 

when yaiy is small. 

It is evident that the maximum shearing strain developed in the 
element is y^ and that the shearing strain at 45 deg. with the 
X and y axes is zero. 

Equation (35a) gives the value of the shearing strain developed 
in any direction due to an applied shearing strain y^. Shearing 
strains are also developed when an element is subjected to normal 
strains. Their magnitudes may be determined by again con- 
sidering the geometry of a deformed rectangular element. 

If the original rectangular differential element OABC is 
subjected to the axial strains €* and €y, it will deform to the 
rectangle OA'B'C' as indicated in Fig. 19. The axes are selected 
as before ii\ Fig. 18. The point D on the diagonal will move to 
£)', and the sliearing strain ynt of the element that makes an angle 
$ with the X axis may be expressed by Eq. (33) as before. From 
Fig. 18 
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tan ai = 
tan a 2 = 

Then 


OC' __ (1 + €y) dy _ (1 “f* €y) tan 6 
(1 -}“ €*) dx 1 “f- €x 

EC _ (1 + €y) dy cos^ B __ (1 + €y) 

ED^ (1 + €x) dx sin^ 6 (1 + e*) tan $ 


tan /3 = 


cot = 


(tan 6 + cot 6) 

(1 -f- €x) 

1 — (1 + 

(1 + 

1 “f“ €y €x “f“ Cj/C® 

(2c* + 6^ — 2€y — el) sin 6 cos ^ 
[2(€* — €y ) + — el] sin 6 cos g 

1 ^ €* “f" 4“ €a;€y 


(зба) 

(збб) 

(36c) 

(36c/) 

(36c) 



Fig. 19. — Shearing strain resulting from normal strains. 


However, el and eg may be dropped from the numerator and 
€*, €yj and €*6y are usually small in comparison with unity in the 
denominator, so 

Jnt = (€® — €y) sin 26 

The shearing strains in all directions are equal to zero when 
€* = €y. For example, no shearing strain is produced by a 
temperature change in an isotropic material if the material is 
not restrained. If c* and €y are not equal, the maximum shearing 
strain occurs at an angle of 45 deg. with the x and y axes. 

If the original element is subjected to both normal and shearing 
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strains in the x and y directions, the resultant shearing strain 
at an angle 0 with the x direction may be found by adding the 
results of Eqs. (36o) and (37). 

• ynt = («* — «») sin 20 + yxy cos 20 (38) 

Equation (38) is similar in general form to Eq. (6a) for shearing 
stresses. 

The direction of the maximum shearing strain may be deter- 
mined by differentiating Eq. (38) with respect to 0 and equating 
the derivative to zero. 


= 2(«, — ty) cos 20 — 2yty sin 2^ = 0 (39) 

du 

from which 

tan 20 = (39o) 

A comparison of Eq. (39a) with Eq. (31) shows that the maxi- 
mum shearing strain occurs at an angle of 45 deg. with the 
principal strain. 

The magnitude of the maximum shearing strain ya may be 
determined by substituting in Eq. (38) values of sin 20 and cos 20 
which may be determined from Eq. (39a). Equation (38) then 
reduces to 

yu = V(«» - «»)* + y%, (40) 

The sbaaring strain in the directions of the maximum normal 
strains may be found by substituting the values of the angle 
from Eq. (31) in Eq. (38). 


(fx *»)( 7«v) 

V («* - + ylu 


V(e. - «!,)* + yJ, 


That is, there is no shearing strain in the direction of the 
principal strains. Therefore, the state of strain on the surface 
of a member may be described completely by the magnitudes 
and directions of the principal strains just as the state of stress 
may be described completely by the magnitudes and directions 
of the principal stresses. 

If «„ and are used to designate the values of the principal 
strains, the normal strain in a direction making an angle 0ut 
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with the u axis is, from Eq. (29), 

et = cos But + sin Out (42a) 

= !hJ+L!s + ~ ^ cos (426) 

and the shearing strain on planes making an angle 6iu with the 
direction of the principal strains is, from Eq. (37), 

7 ne = 2(€u — €„) sin But cos But (42c) 

= (cu — €v) sin 2But (42d) 

From either Eq. (40) or from Eq. (42d) it is evident that the 
maximum shearing strain on the surface of a member is 

ya ~ €t> (43) 


This result is similar to that given in Eq. (20), which shows 
that the maximum shearing stress is equal to one-half the differ- 
ence of the principal stresses. 

24. Evaluation of Principal Strains. — ^As 
is indicated in Eq. (32) the principal strains 
may be evaluated from two orthogonal 
normal strains and the accompanying 
shearing strain. However, from the prac- 
tical standpoint a means of evaluating the 
principal strains at a point from normal 
strains alone at the point is essential be- ^^®;tr^n 7 ?o?Eq^ 4 r 
cause strain-measuring equipment has 
been designed to measure normal rather than shearing strains.^ 

From the mathematical standpoint it is relatively easy to 
evaluate the principal strains in terms of three normal strains 
at the point instead of two normal strains and a shearing strain. 
The three normal strains may be designated as €i, € 2 , and ca and 
may be assumed to be oriented as indicated in Fig. 20, with a 
and jS denoting the angles^ that €2 and €3 make wdth ei. 

^ The measurement of a shearing strain involves the measurement of the 
change in angle between two reference lines, whereas the measurement of 
a normal strain requires only the determination of the change in distance 
between two reference points. 

* From the laboratory standpoint, best results are obtained when the 
angles a and B are 60 and 120 deg. Frequently, strains are measured on 
four intersecting gage lines at the point giving one “check*' reading. The 
analysis of this special situation is outlined in Art. 29. 




48 ADVANCED MECHANICS OF MATERIALS [Chap. II 

If the X direction is taken as the direction of €i, two equations 
patterned after Eq. (29) may be written expressing €2 and €3 in 
terms of the three known quantities e®, a, and and the two 
unknown strains €y (at right angles to €») and 7 x 1 /. 

€2 = Cx cos^ a + €y sin^ a — 7 xv sin a cos a (44a) 

€s = Ca? cos® P + sin® — jxy sin p cos /? (446) 

The resulting equations may be solved simultaneously for ty 
and 7 x 1 /, after which the principal strains may be evaluated by 
Eqs. (30) and (32). An illustrative problem using this method is 
given in Art. 32. 

Another procedure is to assume that the strain ei makes an 
angle 6 with the direction of one of the principal strains (as yet 
unknown). Three equations of the type of Eq. (426) may be 
written. 

^ - e .) 2d (46o) 

+ ^ ~ cos 2B cos 2 a - ~ sin 20 sin 2 a 

2 2 2 

(456) 

— cos 2B cos 2^ - - 20 sin 20 

(45c) 

Since the quantities ei, € 2 , € 3 , a, and 0 are known, the three 
equations may be solved simultaneously for the three unknowns 
€„, €vf and 0 . The angle 0 is the angle that gage line 1 makes 
with the principal strains. The principal strains may be identi- 
fied with their directions by inspection. 

Several mechanical and electrical devices have been developed 
to determine automatically the directions and magnitudes of the 
principal strains from readings on a rosette at a point. ^ 

1 Murray, W. M., An Adjunct to the Strain Rosette, Proc. Soc. Exptl. 
Stress Analysis, Vol. 1, No. 1, pp. 128^-133, 1943. 

Hoskins, E. E., and R. C. Oleson, An Electrical Computer for the 
Evaluation of Strain Rosette Data, Proc. Soc. Exptl. Stress Analysis, Vol. 2, 
No. 1, pp. 67-77, 1944. 

Meier, J. H., and W. R. Mehaffey, Electronic Computing Apparatus 
for Rectangular and Equiangular Strain Rosettes, Proc. Soc. Exptl. Stress 
Analysis, Vol. 2, No. 1, pp. 78-105, 1944. 

Murray, W. M., Machine Solution of the Strain Rosette Equations, Proc, 
Soc. Exptl. Stress Analysis, Vol. 2, No. 1, pp. 106-112, 1944. 


€1 = 

€2 = 

€3 = 
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26. Strain-measuring Equipment. — Recognition of the impor- 
tance of obtaining measurements of strain in structural members 
and machine parts under load has led to the development of a 
number of strain-measuring devices. Since the strains involved 
in the majority of structural materials are small within the 
working range (usually less than 0.002), some means of mag- 
nifying the change in distance between the reference points 
must be used. Among the techniques that have been developed^ 



(aj-Huqgenberc)er tensometer ^^^Mirror extensometer 


Fig. 21. — Examples of strain-measuring devices. 

are (a) mechanical-lever systems, (6) optical levers, (c) electrical 
systems, (d) direct magnification by a microscope, and {e) use 
of a model constructed of a material having a lower modulus of 
elasticity. 

1. Mechanical-lever Systems , — ^The standard strain gages 
such as the Berry and T^ttemore make use of the mechanical 
magnification embodied in a dial indicator but are restricted to 
relatively long (2 in. or more) gage lengths. The Huggenberger 
tensometer^ is a light-weight instrument with a or 1-in. gage 

^ Probably the most sensitive device available is the interferometer, 
which is sensitive to a change in a distance equal to one-half the wave length 
of light. The instrument is described by Houstoun in “ A Treatise on Light” 
7th ed., 1938. 

2 Voss, R. W., Characteristics of the Huggenberger Tensometer, Proc, 
Am, Soc. Testing Materials, Part 2, Vol. 34, p. 862, 1934. 
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length and a multiplication ratio of approximately 1,200. The 
principle upon which it is based is evident in Fig. 21a. 

2. Optical Levers , — beam of light is used as the magnifying 
lever in the Martens mirror extensometer^ indicated in Fig. 216 
and in the Tuckerman optical strain gage.^ 

3. Electrical Systems . — Several strain gages have been devel- 
oped utilizing the fact that the electrical resistance of a wire is 
dependent upon the stress in the wire. One example of this 
type is the popular SR-4 Bonded Metalectric strain gage, which 
may be cemented to the surface of the member. The change 
in gage length is indicated by a sensitive galvanometer in a 
Wheatstone bridge circuit. Since the gage weighs only a few 
grams, it is well adapted for measuring strain in rapidly moving 
parts such as propeller blades. A range of sensitivities and 
types, including rosettes, is available. 

4. Magnification by a Microscope . — In the de Forest scratch 
extensometer, which is a light-weight instrument cemented in 
place, a stylus scratches a permanent record of the strain on a 
target, which can later be examined under a microscope. 

A process known as the photogrid process'^ has been devel- 
oped^ for photographing an accurate grid of closely spaced 
lines on the surface of a member. The load is applied to the 
member and the grid examined by a cathometer or under a 
microscope, or photographed and enlarged. Both axial and 
shearing strains may be evaluated by comparing the size and 
shape of the distorted grid with the original. Figure 22 shows 
photographs of a photogrid tensile specimen containing a pair of 
semicircular notches. The unequal distribution of strain across 
the reduced section is clearly visible in the bottom photograph. 

^ Martens, A., ‘^Handbook of Testing Materials,” trans. by G. C. 
Henning. 

* Tuckerman, L. B., Optical Strain Gages and Extensometers, Proc. 
Am. Soc. Testing MateriaUj Part 2, Vol. 23, p. 602, 1923. 

« Cornell, K., Photogrid Printing, Am. Phot., November, 1942. 

Brewer, G. A., and R. B. Glassco, Determination of Strain Distribution 
by the Photogrid Process, J. Aeronavi. Science^ Vol. 9, pp. 1-7, November, 
1941. 

Brewer, G. A., Measurement of Strain in the Plastic Range, Proc. Soc. 
Exptl. Stre^ Analysis, Vol. 1, No. 2, pp. 105-115, 1944. 

O^Haven, C. P., and J. F. Harding, Studies of Plastic Flow Problems by 
Photogrid Methods, Proc. Soc, Exptl, Stress Analysis, Vol. 2, No. 2, p. 59, 
1945. 
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The method has also been applied to the evaluation of plastic 
and residual strains. Studies of strains induced in metal by 
rolling have been made by- simply scribing a grid on the surface 
of the material before rolling and examining the grid after 
rolling.^ 

5. Flexible Model . — ^An indication of the strains induced in a 
member may be obtained by marking a series of lines on the 
surface of a model made of rubber, or other material having a 




a 




b 



(a) Before straining. 

(&) After start of plastic strain. 

(c) Near failure. 

Fig. 22. — Strains in a notched bar indicated by photogrid process. {From 
Studies of Plastic Flow Problems by Photogrid Methods^ C. P, 0^ Haven and J . F. 
Harding^ Proc. Soc. ExptL Stress Analysis, Vol. 2, No. 2, 1945.) 

low modulus of elasticity, and noting the distortion of the 
original squares or rectangles when the member is loaded. 

26. Graphical Evaluation of Principal Strains. — Under some 
conditions a graphical procedure for the evaluation of principal 
strains may be advantageous. Several graphical methods have 
been developed for the special cases of strains measured along 
gage lines that make angles of 45 or 60 deg. with each other, ^ 

1 Mac Gregor, C. W., and L. F. Coffin, Jr., The Distribution of Strains 
in the Rolling Process^ Trans, Am. Soc. Mech. Engrs.f Vol. 65, p. A-13, 1943. 

2 Wise, J. A., Circles of Strain, J. Aeronaut. Science, Vol. 7, pp. 438-440, 
August, 1940. CoNTiNi, R., A Graphic Solution for Strains and Stresses 
from Strain Rosette Data, J. Aeronaut. Science, Vol. 12, p. 47, January, 
1945. 

Hill, H. N., A Semi-graphical Method for Analyzing Strains Measured 
on Three or Four Gage Lines Intersecting at 45°, Nat. Advisory Comm, 
Aeronaut. Tech. Note 709, May, 1939. Osgood, W. R., and R. G. Sturm, 
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and general graphical methods have been described by Wester- 
gaard and by Hansen. ‘ A more convenient graphical method 
for strains,* which involves the construction of the Mohr circle, 
is as follows. 



Fig. 23. — Construction ot Mohr circle for strains. 


The strains €i, € 2 , and €3 are assumed to be measured along gage 
lines oriented with respect to each other as shown in Fig. 23a. 
From an origin 0' the three strains are laid off to scale as O'-l', 
0'-2', and 0'-3' respectively. Tensile strains are laid off to the 
right and compressive strains to the left of O'. The lines O'OO', 
I'll', 2'22' and 3'33' are drawn through O', 1', 2', and 3' per- 
pendicular to O'-l' as shown in Fig. 236. From an arbitrary 


The Determination of Stresses from Strains on Three Intersecting Gage 
Lines and Its Application to Actual Tests, Bur, Standards J. Research 
Paper No. 659, 1933. 

1 Westergaard, H. M., Anwendung der Statik auf die Ausgleichungsrech- 
nung. 

Hansen, H. M., Discussion of paper entitled ‘‘An Adjunct to the Strain 
Rosette,'^ Proc. Soc. Exptl. Stress Analysis, Vol. 1, No. 1, p. 138, 1943. 

* MuRPifir, Glenn, A Graphical Method for the Evaluation of Principal 
Strains from Normal Strains, J, Applied Mech., Vol. 12, No. 4, p. A-209, 
1946. 
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point D on the line 2'22' lines making angles of a and 0 with 
2'22' are drawn to intersect I'll' and 3'33' in points A and C 
respectively. The intersection of the perpendicular bisectors 
of AD and CD determines a point F. With as a center a circle 
having a radius FA = FC = FD is drawn. This is the Mohr 
circle for strains. The intersection of a horizontal line through 
the center F with the line O'OO' locates 0, the new origin for the 
Mohr circle, and the intersection of the circle with OF locates 
points G and H. 

The two principal strains are equal to OG and OH^ and the 
maximum shearing strain is equal to GH, the diameter of the 
circle. The angle that gage line 1 makes with the direction of 
the principal strain is the angle GHA or one-half of the angle GFA, 

To prove the validity of the construction, point B is located 
as the intersection of the circle and the line 2'22'. Since the 
arc AB in the circle of Fig. 236 is common to both triangles ADB 
and AFB with point F at the center and D on the circumference 
of the circle, the angle AFB is equal to 2a. Similarly the angle 
BFC is equal to 20. 

An equation of the type of Eq. (426) may be written for each 
of the strains. For example 

cos 20 (426) 

From the construction it is evident that 
Of = 

FA = ^ — = radius of the circle 

The horizontal projection of the radius FA on the diameter is 
F\ = cos 20 

Therefore 

ei = Of + fl = 01 

which checks the original construction. 

Similarly 

** = cos 2(0 + a) 

= Of + f 2 = 02 
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and 

«. = cos 2(0 + a + /?) 

= Oi^ + F3 = 03 
The diameter of the circle is GH 

GH =^00- OH 

= 6u — €» 

= 7*7 

from Eq. (43). 

PROBLEMS 

26. In the derivation of Eq. (4) the condition Sxy “ Syx was used. Prove 
that the relationship is valid. 

27. Is Eq. (11) valid above the proportional limit? Explain. 

28. In a structural member Sx — 3,000 p.s.i., Sy = —5,000 p.s.i., and 
Sxy == 4,000 p.s.i. Determine the stresses on a plane that makes an angle 
of 30 deg. with the x direction. Solve using a free-body diagram and check 
using Eqs. (4) and (5). 

29. At a point on the surface of a structural member, Sx is 8,660 p.s.i. 
tension, Sy is 2,890 p.s.i. tension, and Sxy = —6,000 p.s.i. Determine the 
normal and shearing stresses on a plane that makes an angle of 30 deg. 
with the X direction. 

80. A triangular wedge, similar to Fig. 7, for which 0 =* 60 deg. is sub- 
jected to the stresses Sn = —3,330 p.s.i., Sxy = 5,000 p.s.i., and Sm = 7,700 
p.s.i. (up the plane). Determine Sx and Sy, 

31. At a point on the surface of a machine part, Sx = 4,000 p.s.i., 
Sy — —6,000 p.s.i., and Sxy = —3,000 p.s.i. In what direction is the 
normal stress zero? 

32. At a point, Sx = 24,000 p.s.i., Sy « —12,000 p.s.i., and Sxy = 15,000 
p.s.i. On what plane is Sn equal to 10,000 p.s.i., and what is the shearing 
stress on that plane? 

33. A wedge-shaped free body, similar to that in Fig. 7, is 4 units long in 
the X direction and 3 units long in the y direction. Sx = 3,000 p.s.i., 
Sy 4,000 p.s.i., and Sn = 5,000 p.s.i. Determine the shearing stresses 
Sxy and Stm if any. 

84. If Sx and Sy are both tension at a point, can a compressive stress exist 
on any plane through the point? Explain. 

36. A cylindrical tank 6 ft. in diameter is made of plates H iii- thick. 
The tank is built with a spiral seam that makes an angle of 30 deg. with a 
transverse plane normal to the axis of the tank. Determine the magnitude 
of normal force and shearing force per inch of joint when the pressure in 
the tank is 140 p.s.i. 

36. Thp Wood Handbook of the Forest Products Laboratory, U.S, 
Department of Agriculture, specifies that the allowable compressive stress 
for a post in which the grain has a slope of 1 horizontal to 6 vertical shall 
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not exceed about 63 per cent of the allowable stress in compression parallel 
to the grain. What ratio of shearing strength along the grain to compressive 
strength does this imply? 

87 . A timber beam 6 in. wide and 12 in. deep carries a concentrated load 
at the center of a 16-ft. span. At a point 3 in. above the bottom of the 
beam at the center the grain has a slope of 1 vertical to 2.4 horizontal. 
Determine the ratio of the critical shearing stress (along the grain) to the 
horizontal tensile stress at the point. 

38 . Evaluate Sn and Sm at intervals of 0 = 15 deg. from 0 to 360 deg. for 
Sx == 10,000 p.s.i., Sff = 20,000 p.s.i., and Sxv = 0. Plot the results using 
polar coordinates. 

89. Using polar coordinates, plot a pair of curves showing the variation in 
the normal and shearing stress with $ from 0 to 360 deg., if /S* =* 10,000 
p.s.i., Sj^ = 2,000 p.s.i., and Sxy = 3,000 p.s.i. 

40 . Solve Prob. 39 for Sx — 10,000 p.s.i., Sj, — —2,000 p.s.i., and 

Sxv = 3,000 p.s.i. 

41 - 47 . For the following combinations of stresses determine the prin- 
cipal stresses and the maximum shearing stress. Show the directions on a 
sketch. 


Prob. 

no. 

& 

p.s.i. 

s, 

p.s.i. 

p s.i. 

41 


4,000 


42 


-4,000 


43 


-4,000 


44 


10,000 


46 


10,000 


46 


3,000 


47 


-1,000 



48 . A timber beam 6 in. wide and 12 in. deep carries a concentrated load 
of 14,400 lb. at the center of a 48-in. span. Determine the magnitude and 
direction of the principal stresses and the maximum shearing stress at a 
point 6 in. from one end and 2 in. above the bottom of the beam. 

49 . Show on a sketch the directions of the principal stresses throughout 
the beam of Prob. 48. 

60 . A cantilever beam 6 in. wide, 12 in. deep, and 8 ft. long carries a 
concentrated load of 3,000 lb. at the free end. Sketch three sets of stress 
contours, one for tension, one for compression, and one for maximum shear- 
ing stresses. 

61 . A cylindrical boiler 6 ft. in diameter has a wall thickness of 1 in. If 
the internal pressure is 5,000 p.s.i., determine the principal stresses and the 
maximum shearing stress at a point. 
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a. On the inside of the shell. 

ft. On the outside of the shell. 

62 . A 1.250-m.-diaineter shaft is used to transmit 100 hp. at 1,800 r.p.m. 
Determine the maximum tensile, compressive, and shearing stresses devel- 
oped at a section of the shaft that is not near the end connections. 

63 . An airplane engine transmits 2,000 hp. at 1,800 r.p.m. through a shaft 
having an external diameter of 4 in. The maximum thrust developed is 
8,000 lb. Determine the maximum internal diameter of the shaft if the 
maximum tensile stress is not to exceed 10,000 p.s.i. 

64 . Solve Prob. 41 graphically. 

66. Solve Prob. 42 graphically. 

66 . Solve Prob. 43 graphically. 

67 . Solve Prob. 44 graphically. 

68. Solve Prob. 45 graphically. 

69 . Solve Prob. 46 graphically. 

60. Solve Prob. 47 graphically. 

61 . A conical vessel with a base diameter of 4 ft., an altitude of 6 ft., and 
a wall thickness of }>i in., is suspended with the apex down and filled with 
water. Determine the principal stresses and maximum shearing stress at a 
point on the inside of the wall midway between the base and the apex. 

62 . At a point in a structural member Sx ~ 10,000 p.s.i., Sy * 6,000 p.s.i., 
& = 8,000 p.s.i., Sxy = &VX - 4,000 p.s.i., and 5*, = Syt = Suy * 0. 
Determine the pnncipal stresses and the maximum shearing stress. 

63 . In a certain structural member Su = 12,000 p.s.i., Sv = 16,000 p.s.i., 
and Sva = 0. Determine the stresses on a plane that makes an angle of 
30 deg. with the uw plane and is perpendicular to the uv plane. 

64 . For each of the following combinations of principal stresses, determine 
by means of the Mohr circle the maximum shearing stress and the stresses 
on the plane which makes the indicated angle with the u axis. Show 
directions by means of a sketch of a triangular element of the material. 



Su 

s. 

0 

a 

+8,000 

+4,000 

30® 

h 

+8,000 

-4,000 

-30® 

c 

+8,000 

00 

60® 

d 

-4,000 

-4,000 

60® 


66 . A cylinder 10 ft. in diameter has a wall thickness of % in. 

o. Construct a Mohr circle for a point on the outside surface, and from 
it determine the maximum shearing stress when the internal pressure 
is 200 p.s.i. 

h. Will the maximum shearing stress at a point on the inside of the shell 
be thfe'same? Explain. 

66. Solve Prob. 65 if the container is spherical instead of cylindrical. 

67 . Derive Eq. (27). 

68. Derive Eq. (28). 
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69. Develop the general equation for any stress contour for the beam of 
Fig. 14. 

70. A simple beam of rectangular cross section carries a concentrated load 
at the center. Develop the general equation for the isoclinics. Neglect 
stress concentration. 

71. Derive an equation for the stress trajectories for a cantilever beam of 
rectangular cross section carrying a concentrated load at the end. 

72. A horizontal member having a width of 6 in. and a depth of 12 in. is 
simply supported at two points 4 ft. apart and carries a uniformly dis- 
tributed load of 1)200 lb. per linear inch on the top surface between supports. 

a. Sketch the contours for maximum shearing stress. 

b. Construct the isoclinics at 10-deg. intervals. 

c. Sketch a set of stress trajectories. 

73. If €« =* +0.00060, €y = —0.00040, and yxy — +0.00025, determine 
the normal strain along a line that makes an angle with the x direction of 
(a) +30 deg., (h) -30 deg. 

74. A rectangle 1.5000 by 0.5000 in. was laid out on the surface of a 
member. After the member was loaded the long sides of the rectangle had 
rotated through an angle of +0®4'25" and had lengthened 0.0009 in., 
while the short sides had rotated through an angle of — 0°2'11" and had 
shortened 0.0002 in. Determine the normal strain along each diagonal of 
the rectangle. 

76. From the data given in Prob. 73 determine the principal strains at the 
point. 

76. Determine the principal strains in the rectangle of Prob. 74. 

77. At a point in a structural member c* = +0.00100, €y = —0.00060, 
and jxy — +0.00050. Determine the shearing strain developed on a 
rectangular block the sides of which make an angle of 30 deg. with the x and 
y directions respectively. Show the directions on a sketch of the block. 

78. Circles 0.5000 in. in diameter were scribed on the surface of billets 
that were to be cold rolled. After the cold rolling the circles were found 
to be ellipses with major axes of 0.5048 in. and minor axes of 0.4972 in. 
Determine the maximum residual unit shearing strain. 

79. Determine the maximum shearing strain at the point in Prob. 77. 

80. Determine the maximum shearing strains in the rectangle of Prob. 74 
and show their directions on a sketch. 

81. Outline the procedure for constructing a Mohr circle for strains from 
given values of two normal strains and the accompanying shearing strains. 

82. Develop an expression for the multiplication ratio of an optical lever 
of the type shown in Fig. 215. 

83. At a point on the surface of a flat plate, €« is measured as +0.00100, 
and the strains along lines making angles of +60 deg. and —60 deg. with the 
X direction are —0.00030 and +0.00040 respectively. Determine the magni- 
tudes and directions of the principal strains using both methods outlined in 
Art. 24. 

84-88. In each of the following problems ei is measured in the x direction, 
€2 at an angle of 60 deg. with the x direction, and 63 at an angle of 120 deg. 
with the X direction. Determine the principal strains. 
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Prob. No. 

€l 

€2 

€8 

84 

+0.00100 

+0.00100 

+0.00100 

86 

+0.00100 

-0.00100 

+0.00100 

86 

+0.00020 

+0.00040 

-0.00060 

87 

+0.00020 

-0.00040 

+0.00060 

88 

+0.00020 

+0.00040 

+0.00060 


89-93. The strains indicated in the following problems were measured on 
rosettes in which the gage lines were at intervals of 46 deg. Determine the 
principal strains. 


Prob. No. 

€l 

€2 

C3 

*4 

89 

+0.00080 

-0.00040 

+0.00020 

+0.00140 

90 

+0.00074 

+0.00035 

-0.00012 

+0.00027 

91 

+0.00036 

+0.00012 

+0.00007 

+0.00031 

92 

+0.00050 

+0.00080 

+0.00024 

-0.00002 

93 

+0.00043 

+0.00013 

, -0.00012 

+0.00014 


94. Strains were measured along 4 gage lines at 45 deg. with each other at 
a point on the surface of a bulkhead. The values obtained were -f-O.OOlOO, 
—0.00070, —0.00040, and +0.00130 in sequence. Determine the magni- 
tudes and directions of the principal strains and of the maximum shearing 
strain. 

96. Solve Prob. 83 graphically. 

96. Solve Prob. 94 graphically. 

97. Are Eqs. (31) and (32) valid above the proportional limit? Explain. 

98. How large may yxy become before Eq. (32a) is 10 per cent in error? 

99. If e* = — what magnitude must they have to result in a 10 per cent 
error in Eq. (37)? 

100. If the principal strains are known, can strains in other directions be 
determined graphically? Explain. 




CHAPTER III 

STRESS-STRAIN RELATIONSHIPS 

27. Need for Relationships. — ^As has been indicated, one step 
in the process of evaluating the load-carrying capacity of a 
structural member involves the determination of the distribution 
of stress throughout the member, or at least evaluating the stress 
at the critical sections in the member. The maximum, or 
critical, stresses are then compared with the stresses associated 
with failure of the material as evidenced by excessive strain 
(slip, creep, or fracture). Because of the uncertainties of 
assumptions involved in anal 3 rtical determinations or because 
of the mathematical difficulties often encountered in analytical 
solutions, it frequently is desirable to obtain information regard- 
ing load-carrying capacity by direct observation of actual 
loaded members. Since stresses cannot be measured or observed 
directly, the stress distribution must be evaluated through 
observation of strains (or displacements that may be converted 
to strains) combined with a knowledge of the stress-strain 
behavior of the material. Therefore, the determination of the 
stress-strain relationships is of primaiy importance. These 
basic relationships can be established only by direct observation 
in the laboratory. 

As a matter of convenience, most laboratory tests conducted for 
the purpose pf establishing the relationship between stress and 
strain in a given material are made by subjecting a standardized 
specimen of the material to axial loading, i.e., to a direct tensile 
or compressive test, or to torsion, and measuring the strains 
that occur in a standard length. Then, in analyzing a member of 
complex shape or loading, each element of the material is assumed 
to have the same characteristics as those which were observed 
in the simple specimen tested in the laboratory. 

28. Relationships under Axial Stress. — From the axial test of 
a material a stress-strain diagram of the type shown in Fig. 3 
or 4 may be obtained, which shows graphically the relationship 
between the principal stress and the principal strain. If the 
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proportional limit is not exceeded the relationship may be 
expressed analytically as 

Su = Eeu (46) 

in which the constant E is the quantity known as the ^'modulus 
of elasticity.'^ For stresses above the proportional limit the 
relationship becomes more involved, the general equation being 
expressed as 

Su = f(€u) (46a) 

or, if creep can occur, 

Su = /(6..0 (466) 

A parabola has been used to approximate the diagram for some 
concretes.^ While, in general, the stress-strain relationship 
is a function of the chemical composition of the material, the 
techniques used in shaping it, and the environment in which it is 
tested, certain factors affecting the strength of concrete and 
timber do not alter the basic shape of the stress-strain diagram. ^ 
Even when the load is axial, strains are produced in directions 
other than the direction of the load. Below the proportional 
limit a definite relationship exists between the strain at right 
angles to the load and the strain (and hence, the stress) in the 
direction of the load. If the stress is applied in the u direction 


€v = 

— 

(47) 

in which p is Poisson's ratio. 
From Eq. (46) 

= 

IxS. 

E 

(47a) 


The minus sign indicates that the strain in the v direction is 
compressive when the strain in the u direction is tensile, and 
vice versa. If the stresses are above the proportional limit, 
neither E nor fi are constant but depend upon €„. 

29. Relationships under Triaxial Stress. — If a material is sub- 
jected to the principal stresses Su, Sv, and Sv>, the unit strain in 

^ Talbot, A. N., Tests of Reinforced Concrete Beams, Series of 1906, 
Univ. Illiiym Eng. Expt Sta. Bull. 4, 1906. 

* Gilkby,' H. J., and Glenn Mubphy, The Percentage Stress-strain Dia- 
gram as an Index to the Comparative Behavior of Materials under Load, 
Iowa Eng. Expt. Sta, Bull. 159, 1943. 
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each direction is a function of the three stresses and the proper- 
ties of the material. If it is assumed that the individual effects 
of each stress are additive (i.e., that superposition is valid), 
the expressions for the unit strains in the principal directions are 


= fi(Su) + fiiSv) + fz(Sw) (48a) 

= f^iSu) + fs(Sv) + feiSw) (486) 

€w = fiiSu) + fsiSv) + fiiSw) (48c) 

If the proportional limit of the material in each direction is not 
exceeded, and if Poisson’s ratio is constant 

= ClSu + C 2 SV + CzSw (49a) 

€v = C^Su + CbSv + CbSw (496) 

€u> = CiSu + CzSv + C^Stp (49c) 


The constants Ci, Cb, and C 9 are the reciprocals of the moduli of 
elasticity while the remainder of the constants are equal to the 
respective Poisson’s ratios divided by the appropriate moduli of 
elasticity. 

^ Q fJ'UW Q V 

^ ^ Ow (oua) 

, Mww Q Mwv cr I /p/\ \ 

Minus signs have been introduced into Eq. (50) to take care 
of the reversal of strain in the Poisson effect, i,e., each /x indicates 
only the magnitude of Poisson’s ratio. 

From Eq. (50) it is evident that nine constants — ^three moduli 
of elasticity and six Poisson’s ratios — are required to define the 
geometrical behavior of the material below the proportional limit. 
However, if the material is isotropic, two constants, one modulus 
of elasticity and one Poisson’s ratio, are sufficient. Then 

E^u = Su ^ fi{Sv + aSw) (51a) 

Eev = Sv — niSw + Su) (^16) 

Ecy, = /Sto — • fJi{Su + Sv) (51^^) 

30. Shearing Strains. — The resultant strains in the direction 
of the principal stresses are the principal strains. A change in 
dimensions of a material usually involves shearing strains as 
well as normal strains. If the shearing stresses are known. 
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tlie shearing strains may be evaluated directly from the stress- 
strain relationships of the material in shear. For example, if 
the shearing stresses are below the proportional limit, the defini- 
tion of the modulus of rigidity (modulus of elasticity in shear) G 


gives 

/nf Suv 

^uv = 

yuv 


or 

(52) 

* 

Suv 

yuv — 7=t 
ixuv 

(52o) 


Sxw 

yvw ~ p 

^vw 

(626) 


StDU 

ywu — p 

^wu 

(62c) 

For stresses below the proportional limit a definite relationship 
exists among the modulus of elasticity, the modulus of rigidity, 
and Poisson^s ratio. The relationship may be developed by 
considering the strain e* along the diagonal of a block subjected 
to a shearing strain yxy, as in Fig. 18. From Eq. (29) 


«« = sin 20 



= -3^^ sin 20 

(63a) 


The strain in the t direction may also be evaluated in terms of 
the stresses in the t and n directions by Eq. (51a) 

E^t = St — flSn 

The stresses St and Sn may be expressed in terms of Sxv by Eq. 
(4c) 

Eet = Sxv sin 2(d + 90°) — fiSxy sin 26 

= -Sxy{l + m) sin 2 $ (536) 

Equation (536) divided by Eq. (53a) gives 

^ = 2(1 + fi)G (54) 

Since Eq. (54) is developed using Eqs. (51a) and (53a) it is 
subject to the limitations that the material is homogeneous and 
isotropic and that neither the proportional limit for normal stress 
nor for shearing stress is exceeded. 

31. Principal Stresses from Principal Strains. — The principal 
stresses may be evaluated from the principal strains or strains 



Abt, 31] 


STRESS-STRAIN RELATIONSHIPS 


63 


in the direction of the principal stresses. If Eqs. (51a), (516), 
and (51c) are solved simultaneously for the principal stress 8u, 
there results 


O _ "I" /*(“«» + 6|. + «»)] 

^ _ — „ 

1 — M 2/^2 

— 7^ r I + Cv + €w) 1 

L1+m’^(1+m)(1 -2m)J 


(55a) 

(556) 


This may be simplified by introducing a quantity e called the 
cubical dilatation and defined by 


Then 


6 — + €,, + €«, 


(55c) 


- 5 “ = [‘“ + r^] 

Similarly, the principal stresses in the v and w directions are 
determined as 


S. 


E 

1 +M 


Sr. = 


E 

1 + M 


€v + 


Mg 

1 ~ 2/x 


"f" 


Mg 

1 - 2ix 


(55c) 

(55/) 


If the principal strains are not known, the principal stresses 
may still be evaluated from strains, but for the triaxial stress 
condition three normal and three shearing strains are required. 
In any event, six quantities — three principal strains and their 
three directions, or three normal strains and the accompanying 
three shearing strains — are required for the evaluation of prin- 
cipal stresses at a point subjected to triaxial stress. 

For the two-dimensional stress condition /St^ = 0 and Eqs. 
(51a) and (516) for an isotropic material reduce to 

Eeu = Su — fJiSv (56a) 

Ee. = —fiSu + Sv (566) 

from which 

Su = = E'(e„ + /*«.) (57a) 

S. = = E'{,, + M«„) (576) 

X fX 


in which the term E' is an “effective modulus of elasticity.” 


E' 


E 


1 -M* 


(58) 
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Therefore, if the principal directions are known, the principal 
stresses at a point in a biaxial stress situation may be evaluated 
from the two normal strains in the corresponding directions. 
If the principal directions are not known, the principal stresses 
may be evaluated from two normal strains and the accompanying 
shearing strain or from three normal strains. 

32. Evaluation of Principal Stresses from Strains Measured 
on a Rosette. — In many situations where the evaluation of 
stresses by the usual mathematical processes is difficult or impos- 
sible, valuable information concerning the stresses may be 
obtained by measuring the strains developed in a model or a 
trial design of the prototype and converting the strains into 
stresses. The usual procedure involves the measurement of the 
normal strains on a rosette of three or four intersecting gage lines 
at the point. ^ A. few more or less standard rosettes have come 
into general use. They include 

1. The ^^delta^^ rosette — 3 gage lines at 60 deg. 

2. The ‘^fan’’ rosette — 4 gage lines at 45 deg. 

3. The ^Hee-delta^’ rosette — 4 gage lines, 0, 60, 90, 120 deg. 

After the normal strains have been determined, there are 

several slightly different analytical procedures, as well as the 
graphical procedure outlined in Art. 26, for evaluating the prin- 
cipal biaxial strains from measured tensile or compressive 
strains, all being based upon the equations expressing the 
relationships among the strains at a point. 

After the principal strains have been determined, the principal 
stresses may be evaluated by Eq. (57). 

Two solutions based on the procedures outlined in Art. 24 
follow. 

Method A 

If the X direction is taken in the direction of one of the measured 
strains, an equation of the form of Eq. (44) may be written for 
each of the other measured strains. The resulting set of simul- 
taneous equations will contain only €y and as unknowns and 
may be solved for €y and y^^ after which Eqs. (31) and (32) 

^ A minimum of three normal strains is required, but a reading on an 
additional gage line is frequently taken as a check. Of course, two normal 
strains and the corresponding sheaiing strain could theoretically be used, but 
techniques for measuring shearing strains are not developed so well as 
techniques for measuring normal strains. 
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may be applied to determine the magnitude and direction of the 
principal strains. The principal stresses may then be found 
from Eq. (67). 

Illustrative Problem , — Strains observed along three gage lines of a delta 
rosette at a point on the surface of a steel member are ci =» 4-0.00060, 
€2 = —0.00010, €3 = 40.00040. Determine the principal stresses. 

Solution . — Assume the x direction to be in the direction of €i and apply 
Eq. (44a) 


€2 *= 0.00060 cos® 60° 4 ey^in® 60° — y^y sin 60° cos 60° 
-0.00010 = 0.00015 4 y4,€y - y/y^ y^y 
or 

€1/ - VK yxy = -0.000333 (a) 

Then from Eq. (446) 

€3 = 0.00060 cos® 120° 4 ^y sin® 120° - y^y sin 120° cos 120° 
0.00040 = 0.00015 4 %ey 4 yxy 


or 

+ VVa: y,y = +0.000333 (6) 

The solution of (o) and (6) as simultaneous equations gives* 


= 0 

7^ = 0.000577 

The magnitudes of the principal strains are, from Eq. (32), 

= 0.00001(30 + \/60* + 67.7*) 

= 0.00001(30 + 41.6) 

= 0.000716 
€„ = -0.000116 


The directions of the principal strains may be determined from 
Eq. (31) 


tan 2B = 


-0.000577 


0.00060 
= -21°57' 
0*. = 68^3' 


-0.962 


The minus sign of Bm designates a line in the fourth (and 
second) quadrants. The second principal strain is normal to the 
' It will be noted that when a = 60 deg. and B «■ 120 deg. the difference of 
Eqs. (a) and (6) gives -= When a = 46 deg., and |8 - 90 deg. 

y.y = 2.2 = (.1 + «t) 
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first. The angles are paired with the proper strains by inspec- 
tion. The magnitudes of the principal stresses may be found 
from the principal strains by applying Eq. (67). If 

= 30 X 10* p.s.i. and /t = 0.30 
yS« = 22,500 p.s.i. tension 
Sv = 3,260 p.s.i. tension 

The directions of the principal stresses are the same as the direc- 
tions of the principal strains. 

Method B 

Values of each of the three measured strains may be substituted 
as the left-hand side of Eq. (426), giving three simultaneous 
equations in the three unknowns €„, e*, and 6. The principal 
Ht.r n.infi may then be evaluated from the solution of the set of 
equations, and the principal stresses evaluated using Eq. (57). 
Both Bergman^ and Osgood* have presented a standardized 
procedure for the special case of four normal strains measured on 
gage lines 45 deg. apart. When the gage lines are at 45 deg. 
(«j, €8, and <4 making angles of 45, 90, and 136 deg. respectively 
with ei), the four measured strains may be checked for con- 
sistency by applying Eq. (30). 

«« -f €„ = «x + iy (30) 

== «1 + *3 = 62 + 64 (59) 

If the algebraic sums of the two sets of orthogonal strains are 
not equal the data are not valid, and the experimental work 
should be checked. A slight discrepancy may be balanced out 
by adjusting the strains to satisfy Eq. (59). In any event Eq. 
(59) should be satisfied before proceeding further. 

If the direction of the strain €i is assumed to make an angle d 
with one of the principal strains, it may be expressed in terms of 
e», and 6 by Eq. (426) or (45a) 

6i = K(«« + «») + M(6« - «») cos 2d (60a) 

1 Bergman, E. 0., Calculation of Stress Data from Strain Measurements, 
Tech, Mem,^No. 542, U, S. Bur, Reclamation, 1936. 

* Osgood* R., Determination of Principal Stresses from Strains on 
Four Intersecting Gage Lines 45 Degrees Apart, J, Research Nat. Bur. 
Standards, Vol. 15, pp. 579-581, December, 1935. 
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Then 



€2 

= )4(«» + «,) + K(«» — «.) cos 2(9 + 45°) 


or 

= H(fu + €«) — “ «*) sin 29 

(605) 

Similarly 



«s - K(eu + «.) — — «.) cos 29 

(60c) 


*4 = M(«t, + e.) + M(e„ — «.) sin 29 

(60d) 

from Eqs. (60a) and (60c) 



€l — €3 = (€u — €v) COS 29 


or 

_ “ ^3 

€u €v — ' 

COS 29 

(61o) 

Similarly, from Eqs. (606) and (60d) 



C - c - “ 

“ ” sin 29 

(616) 

also 

tan 29 = “ «'') 

€l — €3 

(62) 


Equations (59), (61), and (62) suffice to evaluate the principal 
strains and to determine their directions. Then the principal 
stresses may be evaluated from Eq. (57), and if the shearing 
stresses are desired, they may be obtained from Eq. (5). 

Illustrative Problem , — At a point on the surface of a steel member the 
strains observed along four successive (counterclockwise) gage lines 45 deg. 
apart are ei == +0.00060, €2 = +0.00001, tz = 0, C4 = +0.00059. Deter- 
mine the principal stresses. 

Solution , — From Eq. (59) 

0.00060 = 0.00001 + 0.00059 

which checks, indicating that the measured strains are compatible. From 
Eq. (62) 

tan 2Q = « 0.967 

e = 22 °!' 

Since the angle $ is positive, the gage line 1 makes a positive angle of 
22® 1' with the direction of one of the principal strains. 

From Eq. (59) 


6u + €v = +0,00060 
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and from Eq. (61a) 

€» 

or from Eq. (616) 

6u *“ €» 

Then 

« 4-0.000717 
= -0.000117 

By inspection it is evident that the angle of 22®!' is 0„i. The principal 
stresses are evaluated from the principal strains and Eq. (57), using 
E — ZO X 10« p.s.i. and /x — 0.30 as 

Su = 22,500 p.s.i. tension 
Sv = 3,260 p.s.i. tension 

In either of the preceding problems the principal strains could 
have been evaluated graphically by the method of Art. 26. 

PROBLEMS 

101. A duralumin rod 8 in. long and IH in. in diameter is subjected to an 
axial compressive load of 9,000 lb. Determine the change in all dimensions 
of the rod and the change in volume. 

102. Solve Prob. 101 if the rod is replaced by a duralumin tube with an 
inside diameter of 1 in, and an outside diameter of in. 

103. A 2- by 2- by 8-in. block of steel is placed with the longitudinal 
axis in the z direction and a load of 48,000 lb. applied at the ends in the 
z direction. Determine Sx, Sy, Sgj €*, cy, and €*. 

104. If the steel block of Prob. 103 is subjected to a unit strain of 0.00100 
in the z direction, determine Sxy Syj Szy €*, and €y. 

106. The steel block of Prob. 103 is placed between two rigid bearings, 
one at each end of the longitudinal axis, and is then heated 200° F. Deter- 
mine Sxy ^Vy Egy €xy C]/, aud Cg, 

106. What value of Poisson's ratio must a material have if it is to undergo 
no volume change under 

а. Axial stress, 

б. Equal biaxial stresses, 

c. Equal triaxial stresses? 

107. An isotropic body is held rigidly to prevent straining in the x and 
y directions. What is the relationship between stress and strain in the 
z direction? 

108. A tensile test specimen is subjected to a longitudinal strain. In 
what direction or directions, if any, will the normal strain be zero? 

109. Under what loading conditions, if any, will the cubical dilatation of a 
specimen become zero? Does this have any physical significance? 


4-0.00060 

0.719 

4-0.00058 

0.695 


4-0.000835 


= 4-0.000835 
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110. Develop the equations for the principal strains in terms of the 
principal stresses for a homogeneous material that has a stress-strain relation- 
ship of the form S =* Ce^. Assume that Poisson’s ratio is constant. 

111. Develop the stress-strain relationships for biaxial loading of an 
idealized mild steel that has a straight-line stress-strain diagram to the 
yield point and then develops constant stress with increasing strain. 

112. Is it possible to evaluate the principal strains in a steel bar that has 
been stressed to the yield point? Explain. 

113. What relationships must exist in an anisotropic material if Max- 
well’s principle is to apply with respect to stresses and strains? 

114. Many metals have a value of Poisson’s ratio of 0.33. What is the 
relationship between the modulus of elasticity and the modulus of rigidity 
for them? 

116. In a certain structural-steel member the principal stresses are 
^Si„ = —12,000 p.s.i., Sv — +10,000 p.s.i. and Sv, = —6,000 p.s.i. If Sv, 
is increased in magnitude 

a. Will the maximum principal strain be increased or decreased? 

h. How will the maximum shearing strain be affected? 

116. Develop Eq. (57a) from Eq. (555). 

117. At a point on the vertical surface of a steel beam Su = —8,000 p.s.i. 
and Sv = —2,000 p.s.i. Determine €„, and 

118. Discuss the conditions under which the superposition assumed in 
Eq. (48) is valid. 

119. What will Eq. (51) become if creep occurs in the material? 

120. Determine the maximum normal and shearing strains in the steel 
boiler of Prob. 51. 

121. If the strains indicated in Prob. 83 were measured on the surface of a 
stainless-steel plate, determine the principal stresses. 

122. The strains indicated in Prob. 94 were measured on the surface of a 
24S-T aluminum-alloy bulkhead. Determine the principal stresses and the 
maximum shearing stress. 

123. If in a biaxial stress situation one principal strain is tensile and one 
compressive, what is known about the signs of the principal stresses? 
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33. Purpose of Theories. — The numerical values of the 
stresses and strains in a structural member or machine part 
have little significance as such. The chief reason for deter- 
mining the magnitudes and the directions of the principal stresses 
and strains and of the maximum shearing stresses in a member 
is to use them in evaluating the maximum load that the member 
can carry satisfactorily or in finding the optimum dimensions 
of the member if it is to carry a specified load. That is, the 
stresses and strains are used as criteria of the possibility of 
failure within the material under the expected loading conditions. 

In a member that is subjected to axial loading, either stress or 
strain may be used as an index of impending failure once the 
condition that constitutes failure is known and the pertinent 
characteristics of the material have been established in a direct 
tensile or compressive test. 

For example, if a tie rod is to carry a static tensile load of 
20,000 lb. without slip, a %-in. diameter structural-steel rod 
might be suggested as satisfactory. The adequacy of the rod 
could be investigated by comparing the tensile stress in the 
rod with the elastic strength of the material in tension. The 
stress in the rod is 


P ^ 20,000 
A 0.601 


33,300 p.s.i. 


while the elastic strength, or stress that will result in failure by 
slip, is, from Fig. 3, about 38,000 p.s.i. It may, therefore, be 
concluded that the proposed rod would be safe, having a factor 
of safety of 38,000/33,300 = 1.14. 

The proposed rod could also be checked by comparing the 
maximum unit strain in the rod with the unit strain that would 

result in failui^s by slip. 

# 


33,300 
30 X 10‘ 


= 0.00111 
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From Fig. 3, the elasticity, or maximum strain that may be 
applied without failure by slip, is 0.00127. Since the maximum 
strain is less than the strain causing failure, the rod would be 
considered adequate. The factor of safety may be evaluated as 
0.00127/0.00111 = 1.14, which checks the value found by using 
stress as the criterion of failure. 

In general, the use of stress is somewhat more convenient 
than the use of strain unless the criterion of failure is given as a 
limiting value of deformation, such as in* in a length of 
50 in. Nevertheless, the two methods will give identical results 
for axial loading. 

However, if the member is subjected to biaxial loading instead 
of axial loading, a comparison of the maximum normal stress 
with the normal stress causing failure in the standard test speci- 
men subjected to axial loading is not satisfactory. Sometimes 
failure will occur when the maximum principal stress developed 
in the member is less than the critical stress for the material as 
determined from a test specimen subjected to axial loading, and 
in other situations the maximum normal stress may exceed the 
critical stress appreciably before failure occurs. Furthermore, 
comparisons made on the basis of strains may give results very 
different from those obtained if the comparisons are made on the 
basis of stresses. 

That is, whether or not failure occurs depends on the relation- 
ship among the stresses (or strains) developed at the critical 
point and not on the magnitude of the maximum normal stress 
alone. 

In an attempt to avoid having to make experimental deter- 
minations for air of the infinite number of combinations of stress, 
several theories^ have been advanced to aid in predicting the 
maximum load that may be applied to a member without causing 
a critical condition in the member if the load results in a biaxial 
or triaxial stress situation. Each theory is based on the assump- 
tion that a specific stress, a specific strain, or a specific combina- 
tion of stresses or strains constitutes the limiting condition. 
The safety of a member is then predicted by comparing the stress, 
the strain, or combinations of stress and strain with the cor- 
responding factors as evaluated from results of axial loading 

1 These theories are known as the “theories of failure “ and are in general 
based on the premise that slip, rather than fracture, constitutes failure. 
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tests of the material. The accuracy of a given theory may be 
checked by a relatively few careful tests for a group of selected 
combinations of stresses. 

34. Maximum-normal-stress Theory. — The maximum-nor- 
mal-stress theory, which is also known as the Rankine theory, 
is based on the assumption that the material will fail under any 
condition of loading when the maximum normal stress at any 
point reaches the value of the limiting stress, as determined from 
an axial test in tension or in compression regardless of what the 
stresses may be on other planes through the point. The theory 
may be expressed mathematically by saying that the condition 
of failure is 

Su = Sm (63) 

in which Su is the maximum principal stress at the critical point 
Sm is the critical stress as determined in an axial test. 

The maximum-normal-stress theory appears to give satis- 
factory results for some brittle materials, like gray cast iron, 
but is inadequate for ductile materials. 

36. Maximum-normal-strain Theory. — The maximum-nor- 
mal-strain theory, which is also known as the Saint Venant 
theory,^ is based on the assumption that the material will fail 
at a point under any condition of loading when the maximum 
normal strain at that point reaches the value of the limiting strain 
as determined from an axial test in tension or compression, 
regardless of what the stresses or strains may be on any other 
planes in the member. 

The limiting condition as given by the maximum-normal- 
strain theory may be expressed in equation form as 

~ (^4) 

in which tu is the maximum principal strain at the point 

€m is the critical strain as determined in an axial test. 

If €m does not exceed the elasticity of the material, Eq. (64) 
may be written in terms of stress as 

^ §1 ^ 

E ^ E E 
or 

Su-nS.^Sm (64a) 

1 Saint Venant, B. db, Historique ahr^gi in C. L. Navibr, ^'R4sum4 dea 
leQons . . . Carilian-Goeury, Paris, 1833. 
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A comparison of Eqs. (64a) and (63) indicates that if and 
8v are of like sign, the maximum-normal-strain theory will 
permit a higher stress in the material than will the maximum- 
normal-stress theory. If Su and 8^ are of unlike sign, the 
reverse is true. 

The maximum-normal-strain theory is in better agreement with 
test results of ductile materials than is the maximum-normal- 
stress theory. ^ 

36. Maximum-shearing-stress Theory. — The maximum-shear- 
ing-stress theory, which is a special case of Coulomb’s theory,^ 
was proposed by Guest^ and is based on the assumption that 
under any condition of loading the material will fail when the 
maximum shearing stress reaches the value of the limiting shearing 
stress as determined under a condition of pure shear. 

The limiting condition as expressed by the maximum-shearing- 
stress theory is 

8ii = 8mp (65) 

in which 8ii is the maximum shearing stress developed in the 
material 

8mp is the critical shearing stress as determined from a 
test in shear or from an axial test. 

The theory may also be expressed in terms of principal stresses. 
For example, if the material is subjected to biaxial stresses of 
like sign with 8^ > 8v, and Sw = 0 

Sii = m8u - 0 ) 

The critical shearing stress 8mp may be determined by loading the 
material axially until slip occurs. Then 

8mp ” 

in which 8m is the critical axial stress as before. Therefore, 
Ect. (65) reduces to 

8. = 8m 

which is identical with Eq. (63), or the maximum-normal-stress 

^ Navibr, C. L., ^*R4sum6 des legons . . . , partie, Sur la resistance 
des mat^riaux,” p. 126, Paris, 1833. 

* Guest, J. J., On the Strength of Ductile Materials under Combined 
Stress, Phil Mag., Vol. 216, p. 69, 1900, 
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theory. However, if 8u and are of opposite sign, Eq. (66) 
becomes 

Su - 5, = Sm (66a) 

A comparison of Eqs. (64a) and (66a) indicates that the maxi- 
mum-shearing-stress theory gives even lower allowable values of 
Su than does the maximum-normal-strain theory for stresses of 
unlike sign. In general, the maximum-shearing-stress theory 
gives conservative results for both ductile Nand brittle materials. 
Its use is specified in several, desig n cod es. \ 

37. Internal-friction Theory and Mohr TIia internal- 

friction theory, formulated by Coulomb, is based on the concept 
of failure occurring by a sliding action within the material. 
The resistance to sliding is considered to be a combination of 
shearing strength and resistance similar to frictional resistance, 
and failure is assumed to occur whenever the maximum shearing 
stress on any plane exceeds this combined resistance to sliding. 
It is evident that the maximum-shearing-stress theory discussed 
in the preceding article is a special case of the Coulomb theory 
in which the influence of the internal friction is neglected. The 
Coulomb theory was generalized by Mohr,^ who assumed that 
the limiting shearing stress on the plane along which failure 
occurs is a function of the normal stress acting on that plane. 
The Mohr theory does not establish the nature of the relation- 
ship between the normal stress and shearing stress but leaves 
its determination to experimental findings. As Mohr indicated, 
one of the most convenient methods of showing the experimental 
results is by plotting the corresponding series of Mohr circles 
to the same set of axes. If several combinations of maximum and 
minimum principal stresses resulting in failure are determined 
experimentally and the Mohr circles are constructed as shown in 
Fig. 24, the critical combination of normal and shearing stresses 
may be determined by drawing the envelope of the circles. 

It is evident that if shearing strength alone were responsible for 
the resistance to failure, i.e., if the maximum-shearing-stress 
theory of failure were valid, the limiting curve would be hori- 
zontal at a distance above the x axis equal to the critical shearing 

' Mohb, O., Welche Umstande bedingen die Elastizitatsgrenze und den 
Bruch eines Materials, Z. V. D, p. 1524, 1900. 

Mohr, 0., “ Abhandlungen aus dem Gebiete der Technischen Mechanik,'* 
2d ed., W. Ernst Sohn, Berlin, p. 192, 1914. 
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stress. If the maximum-normal-stress theory were valid, the 
limiting curve would be a vertical line, and if the resistance to 
failure by sliding were due entirely to friction with no true shear- 
ing strength, the limiting curve would be a straight line passing 
through the origin. 

Tests made on marble at the University of Gottingen^ and on 
concrete at the University of Illinois^ indicate that the inter- 



mediate principal stress, as well as the maximum and minimum 
principal stresses considered in the Mohr theory, has an appre- 
ciable effect upon the results. A concept of the mechanism of 
failure in a nonisotropic material was developed by Brandtzaeg 
in connection with the tests on concrete.® 

38. Maximum-strain-energy Theory. — The maximum-strain- 
energy theory, which was developed by Beltrami,^ by Huber,® 
and later by Haigh,® is based on the assumption that the material 

^voN KXrmXn, T., Festigkeitversuche unter allseitigem Druck, Mitt, 
Forschungsarb. Gehiete Ing.j p. 118, 1912. 

BOkeb, R., Die Mechanik der bleibenden Formanderung in kristallinisch 
aufgebauten Korpen, Mitt. Forschungsarb. Gebiete Ing.^ pp. 175-176, 1915. 

2 Richart, F. E., a. Brandtzaeg, and R. L. Brown, A Study of the 
Failure of Concrete under Combined Compressive Stresses, Univ. Illinois 
Eng. Expt. Sta. Bull. 185, 1928. 

* Brandtzaeg, A., Failure of a Material Composed of Non-isotropic 
Elements, Kgl. Norsks Videnskab. Selskabsj Skrifter^ Trondhjem, 1927. 

^ Beltrami, E., Sulle condizioni di resistenza dei corpi elastic!, Milano, 
1st Lomb. Rerld.j 18, p. 704, 1885. 

® Huber, M. T., Wlasciwa praca odksztalcenia jako miara wyteienia 
materyahi, Czasopismo Techniczne^ Lwow, 1904. 

•Haigh, B. P., The Strain-energy Function and the Elastic Limit, 
Engineering London, Vol. 109, p. 158, 1920. 
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will fail, regardless of the combination of stress and strain 
involved at the point, when the value of the strain energy per 
unit volume at a point in the material reaches the maximum 
value of the strain energy per unit volume that the material is 
capable of absorbing under a condition of axial loading. 

If the critical condition is taken as that corresponding to the 
proportional limit under axial loading, the maximum amount of 
strain energy per unit volume that the material is capable of 
absorbing in an axial tensile test is equal to 

( 66 ) 

= S (66a) 


The amount of strain energy per unit volume that is absorbed 
in a material subjected to biaxial stress can be evaluated as 


4 E7 = + }4Sv€v 

' ~ 2iS7 2E 



(67) 

(67o) 

(675) 


For the limiting condition of failure the strain energy per unit 
volume absorbed in the material, Eq. (675), will equal the 
maximum energy absorbed per unit volume in an axial test, 
Eq. (66o), or C7 = {/„. Then 


St + SI- 2yiSJS, = (67c) 


Equation (67c) indicates that for principal stresses of unlike 
sign <S* wrill be less than Sm, the same effect that was observed 
in the normal-strain and shearing-stress theories and which 
agrees with test results on ductile materials. 

39. Hencky-von Mises Theory . — A theory of failure developed 
independently by H. Hencky^ and by R. von Mises,* gives results 
in good agreement with test data for a number of materials. 
The theory is expressed in the form of an equation 

(Su - -s.)* + (S, - 5„)* -I- (-S„ - S„y = 25*. (68) 

* Hekckt, H., Zur Theorie plastischer Deformationen . . , , Z. angew. 
Math. Mech, Vol. 4,'p. 323, 1924; Vol. 6, p. 115, 1925. 

’ VON Mises, R., Mechanik der festen Korper im plastisch-deformablen 
Zustand, Nachr. Get. Wits. Gottingen, Math, physik. Klasse, p. 582, 1913. 
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For the condition of biaxial stresses = 0, and the condition of 
failure becomes 

SI - SuS, + SI = SI (68a) 

Equation (68a) shows a marked similarity to Eq. (67c). Hence 
the two theories may be expected to give rather similar results. 
The Hencky-von Mises theory is sometimes called the shear- 
distortion or shear-energy theory since each term may be inter- 
preted as being proportional to a component of strain energy in 
shear. 

It is apparent that the Hencky-von Mises theory is valid for 
the condition of hydrostatic pressure, which is not true for the 
other theories. As will be shown in the following article, test 
data indicate that it is the most accurate theory for ductile 
materials. 

40. Comparisons of Theories. — ^The validity or usefulness of 
any one theory of failure can be determined only by comparing 
it with the results of tests on materials subjected to combined 
stresses. Hence, a large number of tests has been conducted on 
many of the common engineering materials. While the results 
are not entirely consistent and are not conclusive, the trend of the 
data indicates that when a material is in a plastic or ductile 
condition one theory of failure may hold, but when it is in a 
brittle condition a different theory of failure may give results 
more nearly in agreement with the test results. One of the mosj 
useful techniques^ for comparing the theories with test results 
consists in plotting values of Su/Sm = w as abscissae and values 
of Sv/Sm = V as ordinates as shown in Fig. 26c. With these 
axes any combination of normal stresses for a biaxial stress 
situation at the critical point may be represented as a point on 
the graph. Tensile stresses are plotted as positive and com- 
pressive stresses are plotted as negative. Thus, a point in the 
first quadrant indicates that both Su and Sv are tension, a point 
in the second quadrant indicates that Su is compression and Sv 
is tension, etc. 

^Haigh, B. P., The Strain-energy Function and the Elastic Limit, 
Engineering, London, Vol. 109, p. 148, 1920. Also reprints of British 
Association for the Advancement of Science, 1919-1923. 

Westergaard, H. M., The Resistance of Ductile Materials to Combined 
Stresses in Two or Three Directions Perpendicular to One Another, J, 
Franklin Inst,, May, 1920. 



78 


ADVANCED MECHANICS OF MATERIALS [Chap. IV 


Point A, u = 1, corresponds to the condition of zero stress in 
the V direction and a stress in the u direction equal to Sm, the 
strength of the material. If the point representing the stress 
situation were to the right of A, it would indicate that >S„ was 
greater than Sm, and failure would be expected.- Similarly, 
point B represents the limiting condition for a tensile stress in 
the V direction with Su = 0, and C and D represent the limiting 
conditions for axial compressive stresses in the u and v directions 



(c) 


Fig. 25. — Representation of maximum-normal-stress theory of failure. 

respectively. Boundaries may also be established for biaxial 
loading for each of the theories of failure. 

Maximiirn--normal--stress Theory . — If the material is subjected 
to biaxial loading, as in Fig. 25a, and both principal stresses are 
tensile stresses less than Sm, the condition may be represented 
by a point such as M in the first quadrant in Fig. 26c. If Su 
is increased and Sv held constant, the point will move to the 
right. According to the maximum-normal-stress theory, the 
stress in the u direction may be increased to the value Smiu — 1) 
before failure occurs. The corresponding point in Fig. 26c 
is N. Since failure is assumed to be independent of Sv (for 
Sv < Sm), a series of points similar to N could be established for 
different values of Sv The locus of these points is the line EAF . 
Points to the right of EAF indicate a condition of failure, and 
points between EAF and the v axis indicate a safe condition. 
Similarly, if Sv is increased with Su constant and less than Sm, 
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the locus of the points representing the limiting condition will 
be the line HBE. In the same manner the sides FDG and HCG 
are established by the limiting values of the compressive stress. 
Therefore, if the point that represents the stress condition in the 
material falls within the square EFGH, the material will not fail 
according to the maximum-stress theory, and if the point falls 
outside the square, the material will fail. 

Maximuntr-normal-strain Theory . — graphical representation 
for the maximum-normal-strain theory of failure similar to the 
representation for the maximum-normal-stress theory given in 
Fig. 25 may be developed by simply substituting principal 
strains for principal stresses and using eu/em and ev/e^ as coordi- 
nates. A square will be obtained as before. However, to obtain 
a direct comparison with the maximum-normal-stress theory it is 
desirable to express the strains in terms of stresses as was done 
in Eq. (64a). From Eq. (64a) 

1^ = 1+ ^ (646) 

or 

w = 1 + juv (64c) 

Equation (64c) plotted to the u and v axes in Fig. 26 gives the 
line lAJ, the slope of which is the reciprocal of Poisson^s ratio. 

Similarly, if Sv is large in comparison with Su 

= 1 + ^ (64d) 

or 

V = 1 + fiU (64e) 

which is plotted as the line LBL The slope of LBI is equal to 
Poisson’s ratio. 

In the same manner the other boundaries of the stress figure are 
established as the lines LCK and KDJ^ resulting in a diamond- 
shaped figure. A comparison of this figure with the square 
that was obtained for the maximum-normal-stress theory of 
failure indicates that the maximum-normal-strain theory will 
permit somewhat higher stresses when the stresses are of like 
sign and somewhat lower stresses than the maximum-normal- 
stress theory when the stresses are of unlike sign. In other 
words, the maximum-normal-strain theory indicates that if a 
material is subjected to an axial stress, an additional orthogonal 
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stress of like sign may have a strengthening influence on the 
material, and an orthogonal stress of unlike sign may have a 
weakening effect. 

One extreme condition in which this is true is that of a block 
subjected to triaxial compressive stresses. Obviously, the 



Fig. 26 . — Representation of maximum-normal-strain theory of failure. 

material cannot fail in the usual sense because it has no way to 
escape the stress. 

Maximum^shearing-stress Theory , — The maximum-shearing- 
stress theory, as well as the two preceding theories, may be 
represented graphically since the maximum shearing stress 
may be evaluated in terms of the principal stresses. For the 
biaxial situation in which 8w = 0, there are two possible condi- 
tions depending upon whether Su and Sv are alike or different in 
sign. 

1. 11 Su and Sv are of like sign, the maximum-shearing-stress 
theory reduces to the maximum-normal-stress theory as was 
shown in Art. 36. Therefore, the limiting stress figure will be 
bounded by the lines BE A and CGD in the first and third 
quadrants of Fig. 27. 

2. If the principal stresses Su, and Sv are of unlike sign, failure 
will occur according to the maximum-shearing-stress theory when 

Su - Sv = Sm (65a) 
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or 


giving 


= 1 

-S„ -S„ 

u — V — \ 


(656) 

(65c) 


Equation (65c) will plot as the line BC in the second quadrant 
of Fig. 27 and as the line AD in the fourth quadrant. Therefore, 
the limiting stress figure for the condition of failure by the 
maximum-shearing-stress theory is the six-sided figure BEADGCB 
of Fig. 27. 



Fig. 27. — Representation of maximum-shearing-stress theory of failure. 


A comparison of Fig. 27 with Figs. 25 and 26 indicates that the 
maximum-shearing-stress theory is equivalent to the maximum- 
normal-stress theory when the principal stresses are of like sign 
and is more conservative than either the maximum-normal-stress 
theory or the maximum-normal-strain theory when the principal 
stresses are of unlike sign. 

MaximuM-stTcdn-energy Theory. — The equation of the limiting 
stress boundary for the strain-energy theory of failure may be 
obtained from Eq. (67c) by dividing each side by S^. 




4- 1;2 — 2/xwy = 1 (67e) 

The plot of Eq. (676) will result in the ellipse indicated in Fig. 


or 
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28, the relative width of the ellipse depending upon the value of 
Poisson’s ratio. It is evident that the maximum-strain-energy 
theory is rather conservative for a biaxial stress condition with 
stresses of unlike signs but will admit higher stresses than 



Fio. 28. — Representation ot maximum-strain-energy theory of failure. 



Fig. 29. — Representation of Hencky-von Mises theory of failure. 

the maximum-normal-stress theory or the maximum-shearing- 
stress theory when the stresses are of like sign. 

Hencky-von Mises Theory , — The stress figure for the Hencky- 
von Mises theory of failure is shown in Fig. 29. The equation 
may be derived from Eq. (68a) by dividing both sides by SI, 
giving 

w* — -wv + t;2 = 1 (686) 
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In Fig. 30 are plotted some examples of test data accumulated 
in a number of investigations,^ together with the boundary curves 


Mfx normal stress^ 


Max, normal strain 


4 ^ 1.0 
'7\/ /7 / 

'ky . 





^ + Cast iron 

oSfed 
• Copper 
A Aluminum 

Fig. 30. — Comparison of test data from several sources with theories of failure. 

for several theories of failure. The data indicate that the maxi- 
mum-normal-stress theory is satisfactory for the brittle cast iron, 

1 Test data as follows: 

Cast iron, stresses of like sign, Ros, M., and A. Eichinger, Versuche 
sur Klamung der Frage der Bruchgefahr, Froc, 2d Intern, Congr, Applied 
Mech.j p. 315, 1916. 

Cast iron, stresses of unlike sign, Cook, G., and T. Robertson, The 
Strength of Thick Hollow Cylinders under Internal Pressure, Engineering^ 
Vol. 92, p. 786, 1911. 

Steel and copper, stresses of like sign. Lode, W., Versuche liber den 
Einfluss der mittleren Hauptspannung auf des Fliessen der Metalle Eisen 
Kupfer und Nickel, Z, Physik^ Vol. 32, p. 913, 1926; and Der Einfluss der 
Mittleren Hauptspannung auf das Fliessen der Metalle, Mitt, Forschungsarb,, 
V,D.I,, No. 303, 1928. 

Steel, stresses of unlike sign, Ros and Eichinger, loc, cit. 

Copper and aluminum, stresses of unlike sign, Taylor, G. I., and H. 
Quinney, Plastic Distortion of Metals, Trans. Roy. Soc. London^ Ser. A, 
Vol. 23, p. 323, 1931. 
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while the Hencky-von Mises theory is in reasonable agreement 
with the test data for the ductile metals. The maximum-shear- 
ing-stress theory gives conservative results for the ductile metals 
and ultraconservative results for brittle materials subjected to 
stresses of opposite sign. The maximum-unit-strain theory is 
unsafe for the ductile metals. Data by other investigators 
support these general observations. 

The trend of design practice is toward the use of the maximum- 
normal-stress theory for brittle materials and the Hencky-von 
Mises theory for ductile materials.^ For many combinations 
of stresses there will be but little difference in the results obtained 
from the various theories of failure. The maximum difference 
occurs when the two principal stresses are of equal magnitude. 

41. Interaction Curves. — biaxial stress condition at a point 
may be due to a single load as at a point on the outside of a boiler 
under internal pressure, or it may be due to a pair of loads (or 
couples) as at a point on the outside of a shaft that is subjected 
to both bending and torsion. For the latter type of situation an 

interaction curve^’ is sometimes used, especially in analyses of 
aircraft members, instead of a curve similar to one of the types 
shown in Fig. 30. 

In an interaction curve, ratios of the stresses due to each of the 
components to the strength (with reference to that component) 
are plotted along the coordinate axes, instead of the ratios of the 
principal stresses to the strength. That is, for a tube subjected 
to a combination of bending and torsion, the interaction curve 
would be obtained by plotting along one axis the ratio of the 
maximum stress in bending (Mc/I) to the strength in bending, 
and along the other axis, the ratio of the torsional stress (Tc/J) 
to the strength in torsion. The limiting curve may be obtained 
from an appropriate theory of failure, or better, directly from 
dependable test data. 

The factor of safety may be considered to be the ratio of the 
distance from "the origin to the limiting curve divided by the 
distance from the origin to the point representing the stress 
situation, both distances measured along the same radial line. 

Interaction curves are given for several combinations of 

^ Several desi^ codes, including the A.S.M.E. Code for Design of Trans- 
mission Shafting and the Westinghouse Code specify the maximum-shearing- 
stress theory for ductile materials, insuring results on the safe side. 
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loading of standard shapes such as round tubes, streamline 
tubes, and flat panels by ANC-5, Strength of Aircraft Elements, 
issued by the Army-Navy-Civil Committee on Aircraft Design 
Criteria. 


PROBLEMS 

124 . Construct the limiting stress figure similar to Fig. 26 for the maxi- 
mum-unit-strain theory of failure for values of Poisson's ratio equal to 0, 
1/4, 1/3, and 1/2. 

125 . What will Figs. 25, 26, and 27 become if extended to represent 
triaxial stress by three-dimensional plotting? 

126 . What type of boundary solid will the Hencky-von Mises theory give 
if Fig. 29 is extended to include the triaxial loading condition? 

127 . Under what conditions will each of the theories of failure give results 
10 per cent different from those obtained by the maximum-normal-stress 
theory? 

128 . At the critical point on the free surface of a member, one principal 
stress is 12,000 p.s.i. tension and the other principal stress is 8,000 p.s.i. 
compression. To what axial stress is this equivalent according to each of 
the theories of failure? 

129 . Construct a set of Mohr circles, corresponding to those shown in 
Fig. 24, to define the limiting curve for the condition of biaxial loading if 
the maximum-unit-strain theory of failure prevails. Assume the strength 
of the material to be 40,000 p.s.i. under the condition of axial loading. 

130 . Solve Prob. 129 using the maximum-strain-energy theory and the 
Hencky-von Mises theory of failure. 

131 . A structural-steel cylinder with an internal diameter of 4 ft. is to be 
used to store a gas under a pressure of 1,000 p.s.i. Determine the thickness 
of wall required using the maximum-normal-stress, maximum-normal-strain, 
and maximum-shearing-stress theories of failure if the limiting-stress con- 
dition corresponds to a normal stress of 20,000 p.s.i. in axial loading. 

132 . A shaft transmits 400 hp. at 200 r.p.m. and is subjected to a maxi- 
mum bending moment of 8,000 ft .-lb. Determine the minimum diameter of 
solid structural-steel shaft that could be used if the factor of safety is to 
be at least 1.50 with respect to failure by slip. Solve using (o) maximum- 
normal-stress theory, (6) maximum-shearing-stress theory, and (c) Hencky- 
von Mises theory of failure. 

133 . A steel tube with an outside diameter of 3.00 in. and a wall thickness 
of 0.25 in. is used for the propeller shaft of an airplane engine. If under 
take-off conditions, the shaft transmits 2,000 hp. at 1,650 r.p.m., and the 
propeller develops a thrust of 8,000 lb., determine the margin of safety of 
the shaft based on a limiting normal stress of 60,000 p.s.i. in an axial test. 
Use any three theories of failure. 

134 . A 24- by 48-in. rectangular plate simply supported on all four sides 
is subjected to a uniformly distributed load of 100 p.s.i. normal to its area. 
The maximum bending moments occur at the center of the plate, the moment 
in the direction of the long side being equal to 0.1017ti>a* per unit width. 
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and the moment in the direction of the short side being equal to 0.0464m‘ 
per unit width, in which w is the intensity of the load and a is the length 
of the short side. If the plate is to be made of aluminum alloy V7S^T, 
determine the minimum thickness required to prevent failure by slip. Use 
any three theories of failure. 

136. The Aeronautical Board Publication ANC-5, Strength of Aircraft 
Elements, specifies that the stress situation in round tubes subjected to com- 
bined bending and torsion shall not exceed 

EJ + EJ « 1 

in which Rb is the ratio of the bending stress {Me /I) to the bending strength 
and R» is the ratio of the shearing stress {Tc/J) to the shearing strength. 
To which, if any, of the theories of failure discussed does the formula 
correspond? 

136. The publication ANC-6 specifies 

Rh H“ R» 1 

as representing the limiting condition for streamline tubing subjected to 
bending and torsion in which Rh is the ratio of the bending stress {Me /I) 
to the bending strength, and R» is the ratio of the shearing stress {Te/J) 
to the shearing strength. To which, if any, of the theories of failure does 
it correspond? 

137. The interaction curve that ANC-5 specifies for tubes in bending, 
compression, and torsion satisfies the equation 

Rc + Rh + R\ = 1 

in which Re is the ratio of the compressive stress to the compressive strength 
Rh is the ratio of the bending stress {Me /I) to the bending strength 
Re is the ratio of the shearing stress {Te/J) to the torsional strength 
Does this correspond to any of the theories of failure considered in this 
chapter, and if so, to which? 

138. A spring having an outside diameter of 5.00 in. is made of 17S-T 
tubing with an outside diameter of 1.00 in. and a wall thickness of 0.049 in. 
If the spring has a pitch of 2 in. per turn, determine the maximum load 
to which the spring may be subjected without permanent set. Use two 
acceptable theories of failure. 
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AXIAL LOADING 

42. Definition and Loading Requirements. — ^An axially loaded 
member is one in which the resultant force on every cross section 
passes through the centroid of the cross section and is directed 
along the geometrical axis of the member. This definition 



Fig. 31. — Axial loading. 


imposes certain requirements upon the shape of the member and 
the line of action of the applied loads. 

The requirements may be determined by considering a member 
that is assumed to be axially loaded, as the bar in Fig. 31a. 
A free-body diagram of a portion of the bar is shown in Fig. 
316, with P designating the applied load and Fn the resultant 
force developed at the cut section. By definition, the line of 
action of Fn passes through the centroid of the section and is 
directed along the axis of the member. The weight of the 
material is assumed to be negligible. From the equations of 
equilibrium it is evident that the applied load P must be equal to 
Fn in magnitude, opposite in sense, and collinear with F n. Hence, 
the applied load must be axial. In order for the single load P 
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to balance the force Fn developed at each cross section in the bar, 
the axis of the member must be a straight line. 

43. Distribution of Stress in Axially Loaded Members. — The 
distribution of stress across any transverse section of an axially 
loaded member is usually assumed to be uniform. Actually, 
the distribution is not necessarily uniform but is dependent upon 
the characteristics of the material and upon the shape of the 
member. StaticSf geometry^ and properties of the material of 
the member must all be considered in determining the stress 
distribution. 

If the material is homogeneous and if the member has a 
constant cross section, any transverse cross section, such as A A 
in Fig. 31a, which is plane and at right angles to the axis before 
the member is loaded, may be assumed to remain plane and at 
right angles to the axis after loading.^ Then two parallel plane 
sections through the member, such as AA and BB in Fig. 31a, 
normal to the axis must remain plane and parallel after loading. 
If this is true, the total strain and also the unit strain are con- 
stant across any cross section. If the strain is uniform across 
the cross section and if the material is homogeneous, the stress 
must be uniformly distributed across the cross section. Then 
from the definition of unit stress, Fig. 5, 

F„ = S da (69a) 

= 

From statics Fn = P, hence 

S = J (696) 

In addition, if the stress is uniformly distributed across the 
section, the resultant must act at the centroid of the cross section, 
which satisfies the definition of axial loading. 

If the stress is not uniformly distributed across the section, 
Eq. (69b) gives the value of the average unit stress, and the 
maximum unit stress must he greater than the value given by 
Eq. (69b). 

Even though the applied loads are axial and the material is 

^ That this*apsumption is not valid for a member containing a change in 
cross section is evident from Fig. 22. Similar distortions have been observed 
in rectangular bars of constant cross section as the stress approaches the 
ultimate strength. 
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homogeneous, the stress is not necessarily uniformly distributed. 
There are two important situations in which the stress is not 
uniform: one, in which the applied loads are compressive and 
cause buckling of the member; the other, in which the member 
does not have a constant cross section throughout its length. 



Fig. 32. — Axial compressive load causing buckling. 


44. Axial Compressive Loads. — If a long slender member is 
subjected to compressive loads that are originally axial, the 
loads may be sufficiently large to cause buckling of the member 
as indicated in Fig. 32a. After buckling occurs, two adjacent 
plane sections such as A A and BB; even though they remain 
plane, do not remain parallel. Hence, the unit strain and, there- 
fore, the unit stress, is not constant across the cross section. If 
the applied loads are greater than the critical buckling load for 
the member, the stresses may be evaluated by considering the 
member to be subjected to a combination of axial load and 
bending. 

The usual design procedure for a compressive member in which 
buckling may occur consists in proportioning the member so 
that the average value of P/A for the member does not exceed 
the value stipulated by an appropriate column formula (Euler, 
Rankine, straight-line, parabolic, etc.), which has been found 
suitable for the given situation. Examples of typical column 
formulas are given in Table IV. 

If the slenderness ratio L/r is less than 40, the effect of buckling 
may usually be neglected. Many specifications place a definite 
upper limit on the permissible slenderness ratio for a structural 
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member because of the reduced strength and stiffness of the 
long member. The long slender member will also have a lower 
natural frequency, which may make it more susceptible to 
damage by vibration. 


Table IV.—- Typical Column Formulas 


Material 

Maximum p.s.i. 

Limitations 

Source 

No. 

Steel: 

18.000 

60 < - < 120 
r 

AISC 

1 


1 + * (-V 

^ 18,000Vr^ 

1026 

276,000,000 

- > 124 
r 

ANC-5 

2 


(^y 


1025 

36,000 - 1.172 

- < 124 

ANC-6 

3 


r 



X-4130 

286.000,000 

- > 86 
r 

ANC-5 

4 




X-4130 

90,100 - 64.4 (^y 

- < 86 
r 

ANC-5 



6 

X-4130, heat-treated. 

165,000 - 23.78 (-V 

^ < 58.9 (a) 

ANC-5 

6 

Aluminum alloys: 

17S-T 

103,800,000 

(r)‘ 

- > 85.7 ' 

r 

ANC-5 

7 

17S-T 

42,500 - 330.5 

- < 85.7 
r 

ANC-6 

8 

24S-T 

50,000 - 421.0 

- < 79.2 (6) 
r 

ANC-5 

9 

Magnesium alloys .... 

48,000 ' 

- < 80 
r 

Am. Mag. Corp. 

10 

1 + 0.00075 * 

Magnesium alloys. . 

11,000 - 53.6 

- < 120 
r 

AAF, Navy 

11 

Wrought iron 

12,000 - 60 

10,000 - 40 


Wis. Bldg. Code 

12 

Cast iron 


Wis. Bldg. Code 

13 

Timber (fir, spruce) . . . 

640 - 26.7 


Wis. Bldg. Code 

14 


Note: — is slenderness ratio of equivalent pin-ended column, 
r 

Formulas 1, 12, 13, 14 include factor of safety; other formulas do not. 
(o) For - > 58.9 use (4). 


(6) For^ > 79.2 use (7). 


The ordinary column formulas such as those given in Table 
IV are all based on the assumption that the column will fail as a 
structural unit, i.e., by over-all bending or buckling rather than 
by localized action. Conventional rolled steel shapes such as 
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I beams, channels, and angles, as well as closed’’ sections such 
as round and streamline tubing, will, in general, act as structural 
units, but thin- walled '‘open” sections or bent-up shapes such 
as Z sections or hat sections with outstanding legs or flanges may 
fail by local crippling of the thin, outstanding element. 

Unsymmetrical, thin-walled open columns may also fail in 
torsion. 

46. Nonuniform Axially Loaded Members. — If the axially 
loaded member does not have a constant cross section throughout 



Fig. 33. — Stress concentration at a change in cross section. 


its length, stresses higher than those given by Eq. (696) will be 
developed near the change in cross section. For example, if a 
tension member contains a pair of symmetrical notches, it may 
still be axially loaded, but the stress is not uniformly distributed 
across the cross section near the notches. The nonuniform dis- 
tribution of strain for this type of a member is clearly indicated 
in Fig. 22. The strain at the base of the notches is much higher 
than at other sections, and this region of high strain is a region of 
comparatively high stresses, for stresses below the proportional 
limit, at least. 

The same type of irregularity in stress distribution exists for 
other nonuniform axially loaded members, such as a member of 
constant thickness that has an abrupt change in width as indi- 
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cated in Fig. 33a. A free-body diagram of the portion EBB^E' 
is shown in Fig. 336. Obviously, the side EB can develop no 
tension, and E'B' is subjected to tension; hence, a shearing force 
Qn must be developed on the side EE' to preserve equilibrium. 
This force will induce a shearing force Qt along E'B'j which in 
turn must be balanced by a tensile force Ft on the side EE'. 
A small element at the comer E' is therefore subjected to a 
biaxial stress situation, and there will be developed a principal 
tensile stress greater than the average stress on the side E'B'. 
The same general situation exists at all points in the vicinity of E, 

The existence of the shearing stress may also be shown by 
considering the geometry of the member in the vicinity of the 
change in cross section. If the line A'B' is assumed to be fixed, 
the tensile load will cause the distance EE' to increase more 
than BB', with the result that the line ADCEB will assume the 
shape indicated in Fig. 33c. This change in shape induces 
shearing strains, jxy as shown, the magnitude of the strain 
increasing toward point E. The shearing strains are accom- 
panied by shearing stresses that are a maximum near E, and 
the resulting principal stress is a maximum at E. The stress 
distribution across the reduced section DE is approximately 
as indicated in Fig. 33d. The maximum stress occurs at points 
D and E, and its magnitude is dependent upon the radius of the 
fillets at the change in section as well as the ratio of the widths 
AB and DE. Stress trajectories are indicated in Fig. 33e. 
The solid lines are similar to the streamlines representing the 
flow of fluid from a channel of one width into a channel of different 
width. 

In certain respects the stress distribution across the smaller 
section near the junction is similar to the stress distribution 
across the end of a short compressive specimen loaded in a 
testing machine. Friction between the specimen and the 
machine prevents free lateral expansion of the specimen near 
the ends, resulting in a nonuniform stress distribution at the 
ends. 

46. Stress-concentration Factor. — If the stress is not uniformly 
distributed across a section, the maximum stress must be greater 
than the average as evaluated by /S = P/A, and it is the maxi- 
mum stress that is of obvious importance to the designer. For 
static axial loading the ratio of the maximum stress to the 
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average {P/A) stress is called the stress-concentration factor.'^^ 
It will be designated by the symbol Kt and is normally evaluated 
for stresses below the proportional limit. If the proportional 
limit is exceeded, the maximum stress is usually less than KtP/A. 

Stress-concentration factors have been evaluated for a number 
of different types of discontinuities by both mathematical and 
experimental procedures. 

It is evident that the distribution of stress across a member 
cannot be determined from the equations of equilibrium applied 
to a free-body diagram involving the entire cross section. The 
conditions of equilibrium involve only the magnitude and position 
of the line of action of the resultant force developed on the 
section. If the geometrical behavior of the cross section is 
known accurately, the strain distribution may be evaluated and 
from it, the stress distribution. However, the geometrical 
behavior may not be known, in which case the mathematical 
procedure that has become known as ^Hhe theory of elasticity '' 
may be used. The method^ consists in writing the equations of 
equilibrium for a differential element of the material, instead of 
for the entire cross section, and integrating the resultant differen- 
tial equations. The constants of integration are evaluated from 
the known stress conditions at the boundaries of the member. 
In general, the difficulties involved in solving the differential 
equations and applying the requisite boundary conditions limit 
the practical application of the method to members of relatively 
simple shapes. At present the more complicated shapes are 
effectively analyzed by experimental procedures. 

The experimental methods used for evaluating stress-con- 
centration factors include (1) strain measurements, (2) brittle- 
material method, (3) repeated-loading method, (4) the brittle- 
paint method, and (5) the photoelastic method. 

^ Some writers define stress-concentration factor as the ratio of the maxi- 
mum stress to the average stress on the net section instead of the gross 
section. Hence, values of the stress-concentration factor should not be 
used until it is known which definition was used in evaluating the factors. 

2 Timoshenko, S., Theory of Elasticity,'^ McGraw-Hill Book Company, 
Inc., 1934. 

Prescott, J., “Applied Elasticity,” Longmans, Green and Company, 
New York, 1924. 

Love, A. E. H., “Mathematical Theory of Elasticity,” The Macmillan 
Company, 1906. 
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1. Although a value for stress concentration factor may be 
determined from strains measured by a conventional strainometer 
or strain gage, the value will usually be too low because the 
strainometer records the average strain over the gage length, 
and the average is less than the maximum that is desired. If 
the gage length of the instrument is decreased, the accuracy of 
the results is also decreased owing to the increased percentage of 
error involved in the readings. In some situations the strains 
may be evaluated by the Photogrid technique indicated in Art. 25 
with somewhat less error than by the use of the conventional 
strainometer. 

2. In the brittle-material method a pair of specimens is made, 
one having the change in cross section causing the concentration 
of stress, the other having a constant cross section. The two 
specimens are loaded to failure, and the stress-concentration 
factor is determined as the ratio of the ultimate loads. This 
procedure requires the use of a material that has a straight-line 
stress-strain diagram to the ultimate and assumes that the material 
in the two specimens is identical. Plaster of paris^ has been 
successfully used as the brittle material, and some grades of 
cast iron are suitable. The method requires the use of several 
pairs of specimens to reduce experimental error due to the 
nonhomogeneity of the material. 

3. The repeated-loading method, which is discussed in Art. 48, 
essentially produces a brittle material in the region of stress 
concentration. However, different materials respond in different 
ways, depending on the sensitivity of the material to stress con- 
centration, and the results are of value primarily for the con- 
dition of repeated loading and for the material used in the test. 

4. One of the more satisfactory techniques for evaluating 
stress-concentration factors consists in covering the specimen 
with a coating of a brittle material that will crack at a known 
stress. The specimen is then loaded until a crack appears at 
the critical section, giving directly the relationship between the 
load and the maximum stress, from which the stress-concentra- 
tion factor may be determined. Whitewash, cement paste, and 
similar materials may be used as the brittle coating, and the 

^ Seely, F. B., and T. J. Dolan, Stress Concentration at Fillets, Holes, 
and Keyways as Found by the Plaster-model Method, Vniv. Illinois Eng. 
Expt. Sta. Bull. 276, 1935. 
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stress at which a crack appears is determined from a control 
specimen. A special varnish, known as ^'Stresscoat,'' has been 
developed specifically for this use.^ 

The general method is based on the same principle as evaluating 
the yield point of a hot-rolled steel specimen by the ‘‘scaling'' 
of the iron oxide or mill scale on the surface. The formation 
of Liiders' lines, or slip lines, has similarly been used to indicate 
the development of a maximum stress. ^ 

In general, the brittle-coating method gives a lower value of 
the stress-concentration factor than the mathematical method or 
photoelastic method owing to the difficulty of detecting the 
cracks as they first appear. 

5. The photoelastic method of evaluating stresses, which is 
discussed in Chap. 10, gives results in close agreement with 
those obtained by the theory of elasticity. 

Because of their great practical importance, stress-concentra- 
tion factors have been determined for several specific shapes, 
and representative values are shown in Figs. 34-40. 

47. Values of Stress-concentration Factor. — In Fig. 34 are 
shown values of the stress-concentration factor for a transverse 
or a longitudinal elliptical hole in a wide plate subjected to axial 
tension, for a small circular hole near the edge of a wide plate 
subjected to tension, and for a hole reinforced by a bead. In 
each case the maximum stress occurs at the edge of the hole. 

The value of the stress-concentration factor for the small 
transverse elliptical hole in a wide plate subjected to tension 
may be expressed in equation form as^ 

if « = 1 + y (70) 

in which 2a is the length of the major axis and 2b is the length of 

1 DE Forest, A. V., Greer Ellis, and F. B. Stern, Jr., Brittle Coatings 
for Quantitive Strain Measurements, /. Applied Mech.y Vol. 9, December, 
1942. 

Ellis, Greer, Practical Strain Analysis by Use of Brittle Coatings, Proc. 
Soc, Exptl. Stress Analysis^ Vol. 1, No. 1, pp. 46-53, 1943. 

* Timoshenko, S., Stress Concentration Produced by Fillets and Holes, 
Proc, 2d Intern, Congr, Applied Mech.j Zurich, 1926. 

*Kolosofp, G., Dissertation,” St. Petersburg, 1910. 

Inglis, C. E., Stresses in a Plate due to the Presence of Cracks and 
Sharp Corners, Engineering^ Vol. 95, p. 316, 1913. Also Trans, Inst, 
Naval Arch.j Vol. 55, p. 219, 1913. 
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the minor axis of the ellipse. The maximum stress occurs at the 
end of the major axis, the axis perpendicular to the direction of 
the applied load. For the special case of a circular hole Eq. (70) 
reduces to iiTt = 3. A transverse crack in a wide plate may be 
assumed to be an extremely narrow ellipse. For example, if 



A or 
a 


Fig. 34. — Stress-concentration factors for plates subjected to tension. 

a = 1,0006, the stress-concentration factor becomes equal to 
2,001, indicating the high concentration of stress at the end of a 
transverse crack. With the high stress developed the crack will 
tend to extend, particularly under repeated loading. The 
tendency may" be greatly reduced by drilling a small hole at the 
end of the crack, which will reduce the stress-concentration 
factor to approximately 3.00. 
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The stress at the end of the minor axis of the elliptical hole is 
equal to the average stress in the cross section of the plate and 
is compressive. If the major axis of the elliptical hole is parallel 
to the axis of the plate, the stress-concentration factor is 

Kt = I +— (70a) 

Cl 

Durelli and Murray^ have investigated the stresses in the 
vicinity of an elliptical hole in a plate subjected to biaxial loading, 
using both the Stresscoat and the photoelastic method to supple- 
ment the mathematical analysis. 

The curve in Fig. 34 giving the values of the stress-concentra- 
tion factor for a circular hole near the edge of a wide plate is 
from data by Jeffery.^ As the distance a becomes large in com- 
parison with the radius 6 of the hole, the value of the stress-con- 
centration factor approaches 3.00, which agrees with the special 
case of the ellipse with major and minor axes equal. The 
maximum stress occurs at the edge of the hole nearest the edge 
of the plate. For values of a/b less than about 2, a compressive 
stress is developed at the edge of the plate. 

The stress distribution in the vicinity of a small circular hole 
in a wide plate (theoretically of infinite width) is given by 
Kirsch® as 

Sr = MS{\ - a) + - 4a + 3a2) cos 26 (71a) 

St = 3^S(1 +a) - HSa + 3a2) cos 26 (716) 

Srt = -HS(1 + 2a - 3a2) sin 26 (71c) 

in which S is the axial stress in the gross section of the plate 

Sr is the radial stress at the point with reference to an 
origin at the center of the hole 
St is the tangential stress (normal to the radial) 

^ Durelli, A. J., and W. M. Murray, Stress Distribution around an 
Elliptical Discontinuity in Any Two-dimensional, Uniform and Axial, 
System of Combined Stress, Proc, Soc. Exptl. Stress Analysis, Vol. 1, No. 1, 
p. 19, 1943. 

* Jeffery, G. B., Trans, Roy, Soc, London, Ser. A, Vol. 221, p. 265, 1921. 

8 Kirsch, G., V, D, L, Vol. 42, p. 797, 1898. 

See also Timoshenko, S., ‘^Theory of Elasticity,” p. 75, McGraw-Hill 
Book Company, Inc., New York, 1934. 

Timoshenko, S., “Strength of Materials,” Part II, p. 454, D. Van Nos- 
trand Company, Inc., New York, 1930. 
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Srt is the shearing stress 

B is the angle that the radius to the point makes with 
the longitudinal axis of the plate 
a is the square of the ratio of the radius of the hole to 
the radius of the point 



Fig. 35. — Stress-concentration factors for holes in plates in tension. 


From Eq. (716) it is evident that the maximum normal stress 
occurs at the edge of the hole, on the transverse diameter, 
where 0 = 90 deg. and a = 1.00. Then St = 3aS, which gives a 
stress-concentration factor of 3.00, agreeing with results pre- 
viously noted. 

The stress concentration in the plate is a highly localized 
phenomenon. Hence, Eq. (71) may be applied to plates of 
finite width if the radius of the hole is small in comparison 
with the widtk of the plate. However, as the width of the 
plate approaches the diameter of the hole, the stress-concentra- 
tion factor exceeds 3.00. 
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The stress-concentration factor for a hole in a plate of finite 
width subjected to tension has been determined analytically by 
Howland^ and experimentally by Wahl and Beeuwkes^ with 
almost identical results. Their findings are indicated in Fig. 35 
and show that the stress-concentration factor increases as the 
size of the hole is increased. The value of the stress-concentra- 
tion factor is about 4.3 for a plate having a width equal to twice 
the diameter of the hole. If the diameter of the hole is less than 
0.3 of the width of the plate, the value of 3.00 will be less than 
10 per cent in error. 

The stress-concentration factor for a hole may be reduced by 
putting a bead around the periphery of the hole. The values 
of stress-concentration factor shown in Fig. 34 for this case are 
from a solution by Timoshenko.® 

The concentration of stress due to a load applied through a 
pin fitting in a hole in a flat plate was studied by Frocht and 
Hill.^ Their results are also shown in Fig. 35. 

Values of the stress-concentration factor for an abrupt change 
in width of a plate of constant thickness subjected to axial tension 
are given in Fig. 36. The data® indicate that the stress-con- 
centration factor decreases as the two widths become more nearly 
equal and that the factor decreases rapidly as the radius of the 
fillet is increased. 

Figure 37 shows the effect of fillets in reducing stress con- 
centration at the shoulder in a tensile member when the load is 
uniformly distributed along the flat portions of the shoulder.® 

Stress-concentration factors due to grooves and notches in 

1 Howland, R. C. J., On the Stresses in the Neighborhood of a Circular 
Hole in a Strip under Tension, Trans, Roy, Soc, London^ Ser. A, Vol. 229, 
p. 49, 1929. 

2 Wahl, A. M., and R. Beexjwkes, Stress Concentration Produced by 
Holes and Notches, Trans, Am, Soc, Mech, Engrs., Vol. 56, pp. 617-625, 
1934. 

® Timoshenko, S., ‘‘Strength of Materials,” Part II, p. 457, D. Van 
Nostrand Company, Inc., New York, 1930. 

^ Frocht, M. M., and H. N. Hill, Stress Concentration Factors around a 
Central Circular Hole in a Plate Loaded through Pin in the Hole, J. Applied 
Mech.j March, 1940. 

* Timoshenko, S., and W. Dietz, Stress Concentration Produced at 
Holes and Fillets, Trans, Am, Soc, Mech. Engrs.j Vol. 47, p. 199, 1925. 

® Het^inyi, M., Some Applications of Photoelasticity in Turbine-generator 
Design, J. Applied Mech., December, 1939. 
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the sides of tension members have been evaluated by several 
investigators. The solid lines in Fig. 38 show values of the 
stress-concentration factor due to a pair of hyperbolic notches 
in a plate subjected to an axial tensile load,* * and the dotted 



Fig. 36. — Stress-concentration factors for a change in width. 

lines give values of the factor for a circular tensile member 
containing an hyperbolic groove. Values of the stress-con- 
centration factor for pairs of circular notches of various depths 
in the edges of plates subjected to axial tension are shown in Fig. 
39. A protrusion or bead on the edge of a flat plate in tension 
will cause concentration of stress. Values^ of the factor are 
given in Fig. 40. 

Values of the stress-concentration factor for bolts under axial 

^ Neuber, H., ^‘Kerbspannungslehre,” Berlin, 1937. 

* Lee, Geo. E., The Influence of Hyperbolic Notches on the Transverse 
Flexure of Elastic Plates, «/. Applied Mech.y June, 1940. 
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load have been published by several investigators.* In the 
standard bolt the critical section is at the first thread inside the 



Fig. 37. — Stress-concentration factors for a shoulder. 



Fig. 38. — Stress-concentration factors for hyperbolic notches in tension members, 
nut, about 65 per cent of all failures in bolts starting at that 
section. The section of the bolt at the last thread and the 
junction of the shank and head are also regions of stress con- 

^ HbtAnyi, M., The Distribution of Stress in Threaded Connections, 
Proc. Soc, Exptl. Stress Analysis, Vol. 1, No. 1, p. 147, 1943. 
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centration. An increase in the radius of the fillet between shank 
and head and a reduction in the diameter of the unthreaded 
portion of the bolt will reduce the stress-concentration factors 



r 

d 


Fig. 39. — Stress-concentration factors for circular notches. 



P 

Fig. 40. — Stress-concentration factors for a protrusion on a tension member. 

at the two latter sections. Stress concentration at the first 
thread in the nut may be reduced by using a nut having a lower 
modulus of elasticity than the bolt or by tapering the threads, 




Abt. 48] 


AXIAL LOADING 


103 


each modification giving a better distribution of the load transfer 
from bolt to nut. The stress-concentration factor for a standard 
Whitworth thread with a conventional nut is about 3.85. Double 
threads or the use of a spherical washer have no appreciable 
effect upon the value. Het4nyi found that the use of a tapered 
thread reduces the stress-concentration factor to 3.10, and the 
use of a nut with a tapered lip results in a factor of 3.00. 

48. Stress Concentration under Repeated Loading. — Values of 
the stress-concentration factor given in Art. 47 are for the con- 
dition of static loading. If the member is subjected to repeated 
loading, the endurance limit is taken as the criterion of strength 
and is used as a basis of design. Hence, in evaluating the effect 
of a notch, hole, scratch, or other defect in a member subjected 
to repeated loading it is desirable to consider the ratio of the 
endurance limit of a polished specimen (free from blemishes) 
to the endurance limit of the shape under consideration. This 
ratio will be called the endurame-limit’-reduction factor^ and will 
be designated as Ke- The factor is not a constant for a given 
geometrical discontinuity, such as a hole or notch, but depends 
upon the material because some materials are much more 
sensitive than others to stress raisers. This may be explained 
by considering the mechanism of failure by repeated loading. 

At the base of a notch or crack, or in any region where stress 
concentration exists, relatively high stresses (above the pro- 
portional limit) may be developed at relatively low loads. Thus, 
a load that is not large enough to damage the member as a whole 
may cause localized strain hardening in the region of stress 
concentration. Under static loading this is not serious, but under 
repeated loading the brittleness, increased by each application 
of load, may become sufficiently great to result in the formation 
of a crack. When a crack forms, it produces stress concentra- 
tion, which in turn causes the crack to lengthen. Extension of 
the crack by continued strain hardening results in a fatigue 
failure. It is evident that the rapidity of the process depends 
upon the strain-hardening characteristics of the material. 

In other words, the stress-concentration factor is dependent 
only upon the geometry of the member as long as the material 
is homogeneous and the proportional limit is not exceeded, but 

^ This ratio has also been called the stress-concentration factor, although 
it is different from the stress-concentration factor as previously defined. 
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the endurance-limit-reduction factor is dependent upon both the 
geometry of the member and the 'properties of the material. 

Even if designed notches and holes are not present, failure 
under repeated loading may occur due to cracks spreading from 
scratches and other surface irregularities. Several investigators 
have found that this effect is augmented by corrosion. 

Moore and Henwood^ report values of endurance-limit- 
reduction factors as obtained from tests on 5^-in. bolts of about 
0.30 per cent carbon steel and S.A.E. 2320 steel that were sub- 
jected to axial tension varying from approximately zero to a 
maximum. Their results are given in Table V together with 
values of stress-concentration factors from photoelastic studies 
by Hall. 2 The value of 3.86 for the Whitworth thread checks 
the value of 3.85 reported by Hetenyi,® who also used the photo- 
elastic method. 


Table V. — Endurance Limit Reduction Factors for Two Steels 


Thread 

Endurance-limit reduction 
factor 

C. steel S.A.E. 2320 

Stress-concentration 

factor 

U. S. std 

2.84 

3.85 

5.62 

Whitworth 

1.76 

3.32 

3.86 

Rolled 

2.15 




The data indicate that the S.A.E. 2320 steel is definitely more 
sensitive to stress concentration than is the plain carbon steel, 
but both steels have a lower factor than that obtained photo- 
elastically. The value of the stress-concentration factor may 
be considered to represent an upper limit of the endurance- 
limit-reduction factor for a Whitworth thread. A material 
that is highly sensitive to stress concentration would be expected 
to have a value of endurance-limit-reduction factor approaching 
3.85 for a Whitworth thread. The sensitivity of the material 
to stress concentration might be evaluated as the ratio of the 

^ Moore, H. F., and P. E. Henwood, The Strength of Screw Threads 
under Repeated Tension, Univ. Illinois Eng. Expt. Sta. Bull. 264, 1934. 

* Hall, S. GT, Determination of Stress Concentration in Screw Threads 
by the Photoelastic Method, Univ. Illinois Eng. Expt. Sta. Bull. 245, 1932. 

®Loc. cit. 
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strength-reduction factor in repeated loading to the stress-con- 
centration factor. 

In general, the sensitivity of a material to stress concentration 
is associated with small grain size and lack of ductility. A ductile 
material is capable of making local adjustments to redistribute 
the stress in the region of stress concentration, and a brittle 
material is not. Hence, in the brittle material there is more 
tendency for a crack to form and develop into a progressive 
fracture. Cast iron is an important exception, exhibiting 
comparatively little sensitivity to stress concentration. Moore 
attributes this to the fact that cast iron is initially full of stress 
raisers, owing to the presence of graphite, which is structurally 
weak, so the endurance limit of the polished specimen that 
serves as the standard is relatively low. 

If the member is subjected to bending instead of axial load, 
other factors may be involved, as is discussed in Chap. 8. 

49. Reduction of Stress-concentration Factor. — In a member 
composed of a homogeneous material and subjected to an axial 



static load the magnitude of the stress-concentration factor is 
dependent only upon the geometry of the member and the dis- 
continuity. As the abruptness of the discontinuity is decreased, 
the stress-concentration factor is decreased. 

This follows from the fact that the shearing stress must be 
zero on the boundary of the member; hence, at each point on the 
boundary one principal stress is parallel to the boundary, and 
the other principal stress is zero. For example, in Fig. 41 the 
directions of the maximum principal stresses at points A and B 
are as shown. The change in the direction of the principal stress 
is a function of the shearing stress and the principal stresses. 
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From Eq. (17), for = 0 

sin 20U* = (17a) 

Since at point A, = 0 and 0 = 0, the change in the angle 0 
between points A and B is due to the increase in the shearing 
stress. However, an increase in shearing stress results in an 
increase in the principal stress, from Eq. (11). Thus, abrupt 
change in the direction of the boundary resulting in an abrupt 
change in the direction of the principal stress produces large 





[o 

Fia. 42. — Reduction of stress concentration by removal of material. 

shearing stresses, which in turn increase the principal stress. 
A more gradual transition in the boundary reduces the stress- 
concentration factor. 

A gradual transition in the boundary may be attained either 
by adding material or by removing material. As has been noted, 
the stress-concentration factor at a change in width of a tension 
member may be reduced by increasing the radius of the fillet, 
which adds material. The factor may also be reduced by 
removing material as indicated in Fig. 42. In this case the 
removal of material decreases the rigidity of the ‘‘dead’' material 
in the comer, permitting more deformation at the corner, thereby 
decreasing the abruptness of the transition. As another example, 
the stress-concentration factor at a transverse ellipse in a wide 
tension mem*ber may be reduced by removing enough material 
to make the hole circular or even elliptical with the major axis 
parallel to the tensile load, as shown in Fig. 43. 
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In general, stress concentration may be reduced by '^stream- 
lining'^ the discontinuity. 

60. Significance of Stress-concentration Factor. — The values 
of the stress-concentration factors given in Art. 47 and shown in 
Figs. 34 to 40 are derived on the assumption that the proportional 
limit of the material is not exceeded, and they are, therefore, 
not valid above the proportional limit. If a stress-concentration 
factor indicates a value of stress in excess of the proportional 
limit, the interpretation of the result must depend upon the 
characteristics of the material when strained above the pro- 
portional limit. 



Fig. 43. — Reduction of stress concentration by enlargement of hole. 


If the material is very brittle, so that its proportional limit and 
ultimate strength are identical and it will fracture at the propor- 
tional limit, the member may be expected to fail when the 
maximum stress, as evaluated from the stress-concentration 
factor, exceeds the proportional limit. As the stress exceeds 
the proportional limit at the section of stress concentration, a 
local fracture will develop at that point. The resulting crack 
will usually produce an even higher stress concentration, causing 
the crack to extend, thereby increasing the stress above the 
proportional limit progressively across the member. 

If the material is ductile, however, a localized stress in excess 
of the proportional limit will not result in a crack. The material 
will deform with little or no increase in stress. Usually the local 
yielding will increase the stress in the adjacent material suffi- 
ciently to produce equilibrium. The localized yielding serves to 
reduce the effect of the stress concentration, i.e., it will tend to 
"streamline" the discontinuity causing the high stress. 

The values of stress-concentration factors given in Art. 47 
were obtained for the condition of static loading. If the member 
is subjected to repeated loading that produces a localized stress 
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in excess of the endurance limit, the material will crack regardless 
of whether it is ductile or brittle.^ As soon as a crack (with its 
accompanying high stress-concentration factor) has formed, 
failure by progressive fracture may result. That is, the crack 
will work across the member progressively as the material at 
the tip of the crack is stressed above the proportional limit. 

If the member is subject to impact loading, the stresses cannot 
be evaluated by the ordinary techniques, and conservative 
practice dictates the use of stress-concentration factors for both 
ductile and brittle materials. 

To summarize, recommended engineering practice is to use 
stress-concentration factors in designing members of both ductile 
and brittle materials subjected to impact or repeated loads and 
for brittle materials under static loads. For ductile materials 
subjected to steady loads the stress-concentration factor may be 
ignored except where tolerances are very small. Then an investi- 
gation of the strain due to local yielding should be made to 
determine whether or not excessive permanent set will result. 
If materials that are usually considered ductile are used under 
abnormal conditions such as at low temperatures, they may 
become brittle, necessitating the use of stress-concentration 
factors in design. 

There is evidence to indicate that quenching may induce 
initial cracks in metals, or produce a condition of initial strain 
that will result in cracks with the application of relatively small 
loads. Working stresses for such materials, particularly for the 
condition of repeated loading, may need to be reduced appreciably 
to prevent progressive fracture from starting as a result of the 
high stresses at the tips of such cracks. 

Working stresses in members containing stress raisers may be 
increased if the member is subjected to shot blasting, nitriding, 
or any of the comparable techniques designed to increase strength. 

PROBLEMS 

139 . Under the three headings of load, material, and shape of member 
tabulate all of the assumptions involved in the formula S — PI A, 

140 . Prove that a curved member cannot be axially loaded. 

141 . Does the formula S — P/ A hold for stresses above the proportional 
limit? Explain-. ^ 

^ This may be attributed to the fact that a material which is initially 
ductile will become brittle (locally) under repeated loading above the 
proportional limit, owing to strain hardening. 
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142 . Prove the statement following Eq. (696). 

148 . A rod, each transverse cross section of which is circular, is supported 
at one end and hangs in a vertical position. The material of the rod weighs 
w p.c.f., and the rod carries an axial load F at the lower end. Derive an 
equation for the diameter of the rod at any section along its length if the 
average tensile stress is to be the same at each cross section and the weight 
of the rod is not negligible. 

144 . A vertical rectangular panel of height h, width 6, and uniform thick- 
ness t is pinned at the top and bottom and also along the vertical sides. 
Along the top edge it carries a uniformly distributed vertical load, which is 
resisted by an equal load along the bottom edge. According to ANC-5 
specifications the critical load that will cause the panel to buckle is given by 


P 

A 


3.6£g 


where h > 2.566, and A = ht. 

Does this formula appear to be rational? Explain. 

146 . A plate 20 in. wide and in. thick has a hole drilled through 
the M“in. thickness at the center and is subjected to an axial tensile load 
of 10,000 lb. Plot a graph showing the variation in the radial and tangential 
stresses along a diametral plane perpendicular to the axis. 

146 . An axially loaded tensile member 10 in. wide and % in. thick con- 
tains a circular hole in. in diameter at the center. Determine, from 
Eq. (716), the magnitude and the position of the line of action of the resultant 
force acting on one-half of the transverse section cut along a diameter 
perpendicular to the axis of the plate. 

147 . Using polar coordinates, plot a curve showing the variation of St 
around the edge of a small circular hole in an axially loaded plate. 

148 . Determine the magnitude and location of the maximum shearing 
stress in the plate of Prob. 145. 

149 . Determine the maximum axial tensile load which a 2- by yi-in. strap 

with a hole drilled through the center will carry if the maximum 

tensile stress is not to exceed 24,000 p.s.i. 

160 . Determine the maximum axial tensile load that the strap in Fig. 
P-150 will carry if the tensile stress is not to exceed 24,000 p s.i. 



0.25tH 


Fig. P-150. 
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161 . The fitting indicated in Fig. P-151 is subjected to a static axial load 
of 8,000 lb. All material is structural steel. 



Fig. P-161. 

а. Determine the approximate maximum stress in the fitting and tell 

where it occurs. 

б. Determine the approximate change in distance between centers of the 
rivets. 

162 . A dashpot for a certain mechanism consists of a cylinder with an 
inside diameter of 4.00 in. and a wall thickness of 0.260 in. The cylinder 
contains a small hole in one side (not the end). If the maximum permissible 
stress in the material is 60,000 p.s.i., what is the limiting internal pressure 
for that cylinder? Which of the two types of construction indicated in 
Fig. P-152 is the stronger? 



fa) (b) 


Fig. P-162. 

163 . Determine the stress-concentration factor for a small hole in a large 
plate subjected 4;o equal biaxial tensile stresses. 

164 . A large shaft has a small transverse hole drilled along a diameter. 
Determine the stress-concentration factor for the hole when the shaft is 
subjected to torque. 



AXIAL LOADING 


111 


166 . A structural-steel plate % in. thick and 16 in. wide contains a 
3^- by K-in. elliptical hole with the major axis normal to the longitudinal 
axis of the plate. 

а. Determine the maximum axial tensile load that the plate will withstand 
without inelastic action. 

б. Determine the maximum axial load the plate will withstand without 
inelastic action if the ellipse is drilled out to a yi-in, diameter hole. 



CHAPTER VI 


CYLINDERS, SPHERES, AND DISKS UNDER RADIALLY 
SYMMETRICAL LOADS 

61, Thin-walled Pressure Vessels. — The relationship between 
the internal pressure and the stresses in the walls of a thin-walled 

pressure vessel, such as a cylindrical 
tank, under internal fluid pressure 
is usually determined by consider- 
ing a free-body diagram of a short 
length of one-half of the cylinder 
and fluid as indicated in Fig. 44. 
If the internal pressure (gage pres- 
sure) is p, the internal diameter is D, 
and a section of length L is selected, 
the resultant force developed by the 
fluid on the inside is pDL. This 
force will be resisted by the equal 
circumferential tensile forces devel- 
oped in the walls at the top and 
bottom. If the wall thickness is t 
and if the tensile stress in the wall is assumed to be uniformly 
distributed, the circumferential tensile stress St is, from the equa- 
tion of equilibrium applied to Fig. 44, 

5, . f (72) 

The longitudinal tensile stress may be found similarly from a 
free-body diagram of one end of the tank, and, for a cylindrical 
tank, equals 

= (72a) 

Many tank^ are built with ends that are surfaces of revolution, 
being sections of cones, paraboloids, or ellipsoids. The longi- 
tudinal stresses in them may be found from a free-body diagram 
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Fig. 44. — Free-body diagram 
of portion of thin-walled 
cylinder. 
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of a section normal to the axis of revolution as shown in Mg. 46a. 
If the tensile stress is uniformly distributed across the cut 
section, the stress at a point is 


Si = 


px 

2t cos 6 


(726) 


in which x is the radius to the point at which the stress is desired 
6 is the angle that a tangent at the point makes with 
the axis of revolution. 




Fig. 45. — Elements of thin-walled pressure vessels. 

The circumferential stress may be determined from the free- 
body diagram of Fig. 456, which represents half of a thin disk 
cut from the diagram of Fig. 45a. If there is no abrupt change 
in cross section at the section, the expression for circumferential 
stress is identical to Eq. (72). 

The general solution for stresses in thin-walled pressure vessels 
is given by Timoshenko.^ 

Equations (72), (72a), and (725) give the average value of 
the tensile stress for a condition of internal pressure only. If the 
walls of the tank are relatively thin in comparison with the 
diameter of the tank, the stress is approximately uniformly dis- 
tributed as assumed; but if the walls are relatively thick, or if 
there are abrupt changes in shape or thickness, the stress is not 
uniformly distributed. If the stress is not uniformly dis- 
tributed, the maximum stress must be greater than that given 
by Eq. (72). Also, if the tank is under external pressure, buck- 

^ Timoshenko, S., Theory of Plates and Shells,” McGraw-Hill Book 
Company, Inc., New York, 1940. 



114 


ADVANCED MECHANICS OF MATERIALS [Chap. VI 


ling may occur which is not accounted for in Eq. (72), so the 
ordinary thin-wall theory is not adequate for all cylinders. 

62. Thick-walled Pressure Vessels. — Pressure vessels are fre- 
quently required to operate under pressures of 4,000 p.s.i. or 
more, and a cannon, while the projectile is traveling the length 
of the barrel, is essentially a pressure vessel subjected to an 
internal pressure that may exceed 35,000 p.s.i. Under these 
conditions, as well as many others, the walls of the vessel must be 


Stdp 



(a) (b) 

Fig. 46. — Element of wall of thick-walled cylinder. 

relatively thick in comparison with the diameter, and the stress 
is not uniformly distributed throughout the wall.^ 

Since a free-body diagram and the equations of equilibrium can 
be used to determine only resultant forces and not the dis- 
tribution of stress, it is necessary to consider the geometry of the 
deformed vessel and, in addition, the properties of the material. 
That is, the stress is dependent upon each of the three items, 
staticSy geometry^ and the properties of the material, 

1. Statics . — The cylinder may be assumed to consist of a 
series of rings of infinitesimal thickness dp, a typical one of which 
(at a distance p from the center) is subjected to an internal 
normal stress Sr and an external normal stress Sr + dSr. Since 
the cylinder is* symmetrical, these stresses will be uniformly dis- 

1 The original solution to the problem was given by Lam^ in “Legons sur 
la th4orie de Telasticit^/' Paris, 1862. 
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tributed around the circumference of the ring as indicated in 
Fig. 46a. A free-body diagram of a unit length (longitudinally) 
of one-half of one of the rings is indicated in Fig. 466. For 
convenience, all of the stresses are assumed to be tensile; negative 
values will therefore indicate compressive stresses. From the 
equation of equilibrium 

28t dp + 2pSr = 2(pSr + p dSr + /Sr dp + dp dSr) (73d) 
from which 

St = Sr -h p (736) 

This equation of equilibrium cannot be integrated directly 
because St and Sr are functions of p. Hence, supplementary 
information must be obtained 
from geometry and the prop- 
erties of the material. 

2. Geometry, — Figure 47 in- 
dicates a cross section of the 
thick-walled cylinder. If the 
pressure is uniformly distrib- 
uted internally, externally, or 
both, and if the material is 
homogeneous, the displace- 
ment of any point in the cross 
section must be along a radial 
line. For example, as inter- 
nal pressure is applied, an ar- 47.~Displacements in an element 

bitrary point A in the wall will 

move outward along a radius OA to a new position A', and B will 
move to B\ That is, the ring of which AB is the thickness will 
move outward to the new position A '5'. If the radius OA is called 
p and the displacement A A' is called u, the radius OA' becomes 
(p + w) . Every point at a distance p from the center has the same 
displacement, so a circle that originally had a radius p has a new 
radius p + u after the pressure is applied. The unit strain in 
the direction of the tangent to the circle is, therefore 

2 t(p + t^) — 27rp 

27rp 

— ^ 

"" P 



( 74 ) 
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Similarly, point B will move to J5'. Since there may be a 
change in the thickness of the wall, the distance that B moves 
will not necessarily be u but will be assumed to be w + du. If 
B is located at a distance dp from A, the average unit strain 
between A and B (the radial unit strain) is 



(75) 


A uniform cylinder under uniform pressure would be expected to 
deform in such a way that a plane section which is normal to 
the longitudinal axis before loading will remain plane after the 
pressure is applied, provided that the section is not near the 
end of the cylinder. If a plane section remains plane, €«, in 
the longitudinal (w) direction will be a constant. 

3. Properties of the Material . — If the properties of the material 
are known, the principal stresses St and Sr (in the tangential 
and radial directions) may be expressed in terms of the radial dis- 
placement u and the unit strain €^^,. If the material is homogene- 
ous and isotropic, and if the proportional limit is not exceeded, 
Eq. (55a) applies and 


„ E[€t + m(““€« + €r + €«,)] 

«« = 



1 — p — 2p‘ 


from Eqs. (74) and (75). 
Also 


Sr = 


„ r dw , / 


—du , u , 

1 

dp p 


•)] 


1 - - 2m* 


(76a) 


(766) 


Similarly, the stress Sw in the longitudinal direction may be 
expressed as 


Su, = 


1 - M - 2m* 


(76c) 


4. Combination . — The results of the contributions of statics, 
geometry, and the properties of the material may be combined 
by substituting values of St, Sr, and dSr/dp from Eq. (76) into 
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Eq. (736). The quantity E and the denominator (1 — /* — 2#i®) 
are common to all terms so they may be canceled out. Then 


u , ( —u . du , \ du , ( —du , u , \ 

- + M I r'xx««>) = T' + ^l 1 

P \ P dp / dp \ dp p / 

, d^u d^u , du u , dfv, 

which reduces to 

d^u . du u 

+ p = ® 

or 

d^u I 1 ^ 


(77a) 

(776) 

(77c) 


Since this equation involves only the relationship between the 
two variables u and p, it may be integrated.^ 

One solution of Eq. (77c) is 



(78) 


in which a and 6 are the constants of integration. The constants 
may be evaluated by making use of the boundary conditions/' 
i.c., by substituting the known values of the radial stress at the 
inner and outer boundaries of the cross section. From Eq. 
(766) the radial stress may be expressed in terms of E, p, p, 
a, and 6. 


Sr 


E 


{a- 


3 + 2m 4 + Mtw 


) 


1 - M - 2p2 


(79) 


At the inner boundary where p = ri, Sr = —pi in which pi is 
the magnitude of the internal pressure. The minus sign is 
used to convert a positive pressure to a negative (compressive) 

^ The integration may be performed by the standard methods of differ- 
ential equations or by assuming that the solution is a polynominal. Then 


u = cp* 

If this assumed solution is substituted in Eq. (77c) there results 
x{x — l)cp*'"® + a:cp*“* — cp®"* =» 0 
from which a; = ± 1, and 

u ~ Op -f“ 6p"^ 
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stress. Then 


^ ^ (1 - 2m) + M««- j 

-Pi = 1 - M - 2 m* 


(79o) 


At the outer boundary where p = rt, Sr — —pi in which pa is 
the magnitude of the extemaUpresswre. From Eq. (79), 


E Ta — ^ (1 — 2 m) + M«w 
-P* = 1 - M - 2m* 


(796) 


The values a and 6 may be determined by solving Eqs. (79a) 
and (796) simultaneously 


(pirf — p 2 r|)(l — M — 2 m*) 
“ - E(rl - rl) 

r _ (1 + m)(Pi - P 2 )rM 

^ - E(rl - i) 


M<w 


Values of u, Sr, St, and Sv, may be found by substituting the values 
of a and 6 in Eq. (76) 


u 


p»(l - M - 2M*)(piri - Pirl) + rfrj(l + m)(Pi - Pd 


St = 


Sr-= 


Ep(rl - rf) 

m2 m2 

pirf - Pari + -^ (pi - Pi) 
ri — r? 

Pir? - Pirl - ^ (pi — P 2 ) 


— Mpe«. 




■i - r? 


o _ j_ 2M(pir! - PaTp 

Ow — "T m 2 __ «2 

Vz — Ti 


(80) 

(81) 

(82) 

(83) 


In Eqs. (80) to (83) pressures greater than atmospheric are 
positive, and negative stresses denote compression as before. 

If Eqs. (81) and (82) are added, there results 


/Sr + <S( = 


2(pirj - Pari) 
ri - r? 


(84) 


which indicates that St + Sr is constant at all points in the 
wall. If St is evaluated at the inside and at the outside of the 
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Sh - St. = 


(rl - rf)(pi — Pi) 


r| — ri 


= pi — Pi (86a) 

Similarly 

Sro — Sri = Pi ~ Pi (866) 

Equation (83) indicates that the stress in the longitudinal 
direction is constant over the cross section since is constant 
and p does not appear in the second term. 






Fig. 48. — Free-body diagram of longitudinal portion of cylinder. 


The longitudinal stress may therefore be evaluated directly 
from a free-body diagram of a portion of the cylinder as indicated 
in Fig. 48. 

From the equation of equilibrium 

SMrl - rl) + p27rri = purrl (86) 


Pirl - P2rl 
rl - rl 


A comparison of Eq. (87) with Eq. (84) shows that 

= mSt + Sr) ( 88 ) 

The unit strain in the longitudinal direction may be determined 
by substituting the value of Sw from Eq. ^87) in Eq. (83). 

_ (1 - 2fi)(pirl - p2rl) /oQx 

"" “ , E{rl ~ rl) 

or 

^ (89o) 

= (1 - 2p)(5< + Sr) 

The expression for the radial displacement of any point, Eq. (80), 
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may be simplified somewhat by substituting the value of ta 
from Eq. (89). 

p*(pir? - P2ri)(l - 2 p) + (pi - P2)r!ri(l + m) /oa_n 
Epirl-rl) 


It may readily be shown that if the longitudinal stress is zero 


pKPirl - Pi!»-i)(l - p) + (pi - P2)r!ri(l + p) .onj,', 
Epirl - rl) 

63. Variation of Stress in a Thick-walled Cylinder. — Equation 
(81) indicates the variation in the tangential stress throughout 
the wall of the cylinder. The maximum stress occurs at the 
inside of the shell (p = ri) and is equal to 


„ _ pir? - P2ri + rlipi - pt) 

0«(inax) 2 _ -2 

”2 


(90) 


For a cylinder subjected to internal pressure only, Eq. (90) 
reduces to 


„ _ Piir\ + rl) 

Ot(m»x) — „2 _ ~2 

"2 "1 


(90o) 


and the ratio of the maximum stress to the average stress com- 
puted by the thin-wall theory, Eq. (72), is 


Kt = 


. 1 + (ri/ny 
l+rj 

ri 


(91) 


Values of Kt, plotted against r 2 /ri, shown in Fig. 49a indicate 
that the tliin-wall theory gives results within 10 per cent of the 
thick-wall theory when r 2 /ri is less than 1.2, i.e., when the wall 
thickness is less than 10 per cent of the inside diameter. In other 
words, when D/t is more than 10, the error is less than 10 per cent. 

From Eq. (82) it is evident that the maximum radial stress 
occurs at that surface on which the pressure is the greater and 
is equal in magnitude to the pressure. The maximum tangential 
stress is always larger in magnitude than the maximum radial 
stress or the longitudinal stress. Figure 496 shows the variation 
in the tangential stress and in the radial stress throughout the 
wall for a cylinder with an external diameter of 8 in. and an 
internal diameter of 4 in. subjected to an internal pressure of 
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10,000 p.s.i. The average tangential stress is included for 
comparison. The fact that the Sr curve is a constant distance 
(6,670 p.s.i.) below the St curve agrees with Eq. (84), which 
states that the sum of Sr and St is constant. The radial stress 
is compressive and the tangential stress is tensile. 



(a)- Effect of woll radii 
on tangential stress 



fW-Variation in stresses 
through wall 


Fig. 49. — Stresses in thick-walled cylinders. 


64. Increasing the Effectiveness of the Material. — ^As is evi- 
dent in Fig. 496 the maximum stresses in a thick-walled cylinder 
under internal pressure occur at the inside surface. If the shell 
is designed for the maximum stress at the inside surface, the 
material in the rest of the wall will not be stressed to the allow- 
able and, consequently, will not be used so effectively as it could 
be if the stress were uniformly distributed through the wall. 
The most direct method of achieving a more nearly uniform dis- 
tribution of stress is to subject the material near the inside wall 
to an initial compressive stress when the cylinder is not loaded. 
Then as the pressure on the inside of the cylinder is increased 
the compressive stresses at the inside must be relieved before 
any tensile stresses can be developed. Two techniques are used 
commercially for developing initial compressive stresses near 
the inside wall. One consists in producing a permanent external 
pressure on the cylinder by shrinking an external cylinder or 
hoop on the original cylinder, or by winding the original with 
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wire under tension; the second involves the application of a 
temporary internal pressure sufficiently high to produce plastic 
flow, resulting in a residual compressive stress upon removal 
of the initial pressure. 

66. External Loading by a Shrink Fit. — One method for pro- 
ducing an initial pressure on the oiffcside of a cylinder consists 
in building an outer cylinder having an inside diameter slightly 
less than the outside diameter of the original cylinder. The 
outer cylinder is heated and slipped over the original cylinder. 
As it cools it shrinks, producing an external pressure around 
the outside of the inner cylinder, which develops initial com- 
pressive stresses near the inside wall of the inner cylinder. The 
entire assembly is effective in resisting an internal pressure 
and will withstand a higher internal pressure than a single 
cylinder having the same over-all dimensions. For a cylinder 
of fixed dimensions the amount of initial compressive stress is 
controlled by the relative thicknesses of the two cylinders and 
by the difference in initial diameters at the surface of contact. 

Illustrative Problem , — steel cylinder having an inside diameter of 
5.996 in. and an outside diameter of 8.000 in. is heated and shrunk over a 
steel cylinder of equal length having an internal diameter of 4.000 in. and 
an external diameter of 6.000 in. Determine (a) the initial stresses induced 
in the cylinders, and (b) the resultant stresses if the assembly is subjected 
to an internal pressure of 30,000 p.s.i. 

Solution , — The first step is to evaluate the radial pressure at the boundary 
of the two cylinders. This may be done by equating the sum of the magni- 
tudes of the displacements of the surfaces of contact to the difference in 
radii. If the inner cylinder is designated Aj the outer cylinder J5, and the 
subscripts are used to designate cylinders and radii, 

uaz "1“ =* 0.002 (a) 

The radial displacement (for p = 3 in.) of each of the cylinders may be 
determined from Eq. (80o). Poisson^s ratio is assumed equal to 0.30, 
E =» 30,000,000 p.s.i., and the radial pressure at the surface of contact is 
designated as p*. From Eq. (806) the displacement of the outside of the 
inner cylinder is 

-9pi(9)(0.7) - pi(4)(9)(1.3) 

“ 30 X 10e(3)(6) 

« -2.30(10)-^Pi (6) 

The minus sign indicates a displacement toward the center of the cylinder, 
as would be expected. For the outer cylinder, which is subjected to an 
internal pressure of p*. 
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_ 9p.(9)(0.7) +p,(9)(16)(1.3) 

“ 30 X 10«(3)(7) 

= 3.87(10)-'p< (c) 

This displacement is positive, indicating that the final internal diameter 
of the outer cylinder is greater than it was before heating. The displacement 
of the inner cylinder plus the displacement of the outer cylinder must equal 
the 0.002-in. difference in radii of the cylinders. Hence 


Then 


0.002 

6.17 X 10-» 

« 3,240 p.s.i. 

ua 3 “ —0.000745 in. and ubs =* 0.001266 in. 


(d) 

(e) 


The initial tangential stresses in the inner cylinder may be evaluated 
from Eq. (81) by considering the cylinder as being subjected to an external 
pressure of 3,240 p.s.i. 

-3,240(9) - 3,240(4)(9)/p« , . .. 

6 


St 


At the inside St 2 = —11,660 p.s.i., and at the outside = —8420 p.s.i. 
In the outer cylinder Sts = 11,570 p.s.i., and at the outside St 4 = 8,330 p.s.i. 

If the entire assembly is subjected to an internal pressure of 30,000 p.s.i., 
the additional tangential stresses due to the internal pressure may be 
determined from Eq. (81) as 

30,000(4) 4- 30, 000(4) (16) /p2 

^ J2 (ff) 

from which 


St 2 = 50,000 p.s.i., Sts = 27,800 p.s.i., Sa — 20,000 p.s.i. (h) 

The resultant stresses when the cylinder is under internal pressure may 
be found by adding the initial shrinkage stresses to the stresses due to the 
internal pressure. The resultant stress at the inside is only 38,340 p.s.i. 
tension. The maximum stress occurs at the inner surface of the outer 
cylinder and is 39,370 p.s.i. (if the proportional limit is not exceeded), which 
is about 20 per cent less than the maximum stress of 50,000 p.s.i. in a single 
cylinder of 4 in. inside diameter and 8 in. outside diameter. It is apparent 
that a slight change in the difference in radii at the surface of contact would 
alter the maximum stresses. For example, if the inside diameter of the 
outer cylinder is increased to 6.998 in. (a difference of one-half as much as 
before), the initial (shrinkage) stresses will be one-half as great. Then 
the resultant stress at the inside surface is 44,170 p.s.i., and the stress at the 
inside of the outer cylinder is reduced to 33,585 p.s.i. Thus a variation 
of only 0.002 in. in the diameter will alter the maximum stress in the outer 
cylinder by about 15 per cent. The resultant stress distribution for the 
0.004-in. difference in diameters is the better. 

Figure 50a shows the distribution of tangential shrinkage 
stresses (for the 0.004-in. difference in diameters) across the 
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cylinder and also the resultant stresses after the internal pressure 
of 30,000 p.s.i. is applied. The curve showing the variation of 
stress due to the internal pressure alone, which is the same as the 
stress distribution for a nonlaminated cylinder, is included for 
comparison. The horizontal line at 30,000 p.s.i. represents the 
stress distribution that would exist if all portions of the cylinder 



/?,m. 

(a) 

Fig. 60. — Stresses in laminated cylinders. 


were equally effective in carrying load. It corresponds to a 
decrease of 40 per cent in maximum stress as compared with the 
nonlaminated cylinder. 

An infinite number of laminations would be required to obtain 
the imiform distribution of stress, although the use of several 
laminations will give results closely approximating that condition 
as illustrated in Fig. 506. However, the stress distribution can 
be balanced for only one magnitude of internal pressure. 

A uniform distribution of tangential stress does not represent 
the optimum distribution because of the infiuence of the negative 
Sr at the critical sections in reducing the strength. For the 
cylinder under internal pressure a relatively low value of St 
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at the inside surface is desirable since is a maximum there. 
A comparison of the minimum values of Sm (tensile strength 
under axial load) that the material must be capable of developing 
to prevent failure by slip of the 4- by 8-in. cylinder is given in 
Fig. 51 for four theories of failiure. The longitudinal stress is 
assumed to be zero, as in a cannon. Values on the left-hand 



Fig. 51. — Effect of initial difference in diameters upon required strength. 


border, for a difference in diameter of zero, correspond to the 
nonlaminated cylinder. For the cylinder made up of ♦ two 
component rings the optimum condition prevails when the value 
of the required Sm at the inside of the inner cylinder equals the 
required value at the inside of the outer cylinder. The amount 
of shrinkage necessary to produce that condition is dependent 
upon which theory of failure is used, as is shown in Fig. 51. 
Values of the initial shrinkage pressure are also shown. 

Although laminated construction has been widely used in the 
manufacture of thick-walled cylinders, it has the disadvantage of 
requiring close tolerances on shaping operations. For the 


Shrinkage pressure,/*^, ps i 
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cylinders in the illustrative problem a variation of 0.002 in. 
in the diameter of one of the surfaces may alter the stresses by 

6.000 p.s.i. However, if the individual cylinders are made 
thinner, the tolerance is increased. Another technique that 
has been developed to lessen the difficulties somewhat consists 
in shaping the inner cylinder and then winding it with wire 
under.tension. The wire winding has the same effect upon the 
inner cylinder as an external cylinder shrunk over the inner 
cylinder, and the stresses are more easily controlled. 

Ill'uatrative Problem , — Determine the stress under which a 0.10-in. square 
wire must be woimd on a 4.00- by 6.00-in. cylinder if the maximum stress in 
the cylinder is not to exceed 40,000 p.s.i. under an internal pressure of 

18.000 p.s.i. 

Solution , — The loading condition for the cylinder is critical when the 
cylinder is resisting both the internal pressure and the external pressure due 



(a) (b) (c) 


Fig. 62. — Analysis of wire-wound cylinder. 


to the wire. Fig. 52a. The pressure that the wire must develop may be 
found from Eq. (81). 

40,000 = 18,000(4) 9p2 + 9(18,000 - y^) 

P 2 = 1,890 p.s.i. 

The stress developed in the wire may be found by considering it as a 
cylinder subjected to an internal pressure of 1,890 p.s.i.. Fig. 526, 


o _ 1,890(9 + 9.61) 
* 9.61 - 9.00 

« 57,700 p.s.i. 


( 6 ) 


The stress of 57^700 p.s.i. is the sum of the stress due to the initial winding 
tension and the stress due to the internal pressure. The portion due to the 
internal pressure may be found by considering the cylinder and winding as a 
unit, Fig. 52c. 
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®' 5:6r=T 

= 25,800 p.si. 

Hence, the initial stress in the wire must be 57,700 — 25,800, or 31,900 p.s.i. 

For a number of years wire winding was used as a means of 
prestressing large caliber cannon, using square wire approximately 
0.10 in. on a side, but this practice has been abandoned in favor 
of shrinking jackets and hoops on the gun tube. Plastic pre- 
stressing is used in the smaller calibers. A wire-wound gun is 
much more flexible than one with a preshrunk jacket and also 
presents more difficult repair problems. 



Fig. 53. — Redistribution of stress in thick-walled cylinder due to plastic action. 

66. Plastic Prestressing. — The condition of an initial com- 
pressive stress at the inside of the cylinder when it is not under 
internal pressure m^y also be obtained by applying a preliminary 
internal pressure sufficiently high to stress part of the shell above 
the proportional limit. 

As the internal pressure is increased, the proportional limit 
is first exceeded at the inside of the wall. With further increase 
in pressure there is an increase in strain, but the material near 
the inside cannot develop stress as rapidly as the material that 
is not stressed above the proportional limit. The latter must, 
therefore, pick up stress more rapidly than before, and the 
plastic area spreads outward. When the internal pressure is 
released, the material near the inside tends to recover the strain 
that was imposed during loading. However, since the stress- 
strmn diagram upon imloading does not retrace the diagram 
for loading but follows a straight line parallel to the initial 
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tangent, the stress is reduced more than it was increased during 
loading, and a compressive stress near the inside surface results. 
For any subsequent loading the initial compressive stress near 
the inside wall must be overcome before any tensile stress can 
be developed. Hence, a greater internal pressure is required to 
stress the material to the proportional limit than was required 
in the preliminary loading. The magnitude of the initial com- 
pressive stress required and the effectiveness of the procedure 



Plastic portion 



Fig. 64. — Free-body diagrams of portions of thick-walled cylinder. 


depend upon the characteristics of the material and the mag- 
nitude of the prestressing pressure. 

For example, if it is assumed that the stress-strain diagram 
for the material has the idealized shape indicated in Fig. 53a 
and that the geometrical behavior of the cylinder is not affected 
by stresses above the proportional limit, the cylinder may be 
assumed to consist of two concentric cylinders, as indicated in 
Fig. 63f>, the inner one stressed to the proportional limit and the 
other one below the proportional limit. 

If a imit length of one half of the inner cylinder is taken as a 
free body, as shown in Fig. 54a, the force equation of equilibrium 
gives 

Pin = So{ro - n) + ScVo (92) 


in which So is the proportional limit of the material^ and Sc is the 
radial stress at the surface of contact of the two cylinders. 

From Eq. (92) 

S. - PiO - Afr/ ., -! ! ) ( 92 „) 


^ This will be the proportional limit under the prevailing biaxial or triaxial 
loading condition and not the proportional limit as determined in an axial 
test. 
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The outer cylinder may be assumed to function as a thick- 
walled cylinder of thickness — r® subjected to an internal 
pressure So as shown in Fig. 546. Since the tangential stress 
at the inner surface of the outer cylinder must be equal to So, 
there follows from Eq. (81) 

= biy*! - Sojro - ri)](rl + rj) ^ 

ro(rl — rj) 

Equation ,(93) may be solved for Vo to determine the outer 
boundary of the plastic area 

^ _ Sovl ± r2 V(Sor2)^- riipi + So)^ 

“ + So) 
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Fig. 65. — Effect of plastic prestress of (a) 35,000 p.s.i. and (6) 40,000 p.s.i. 

For example, if the value of So for a 4- by 8-in. cylinder is 
40,000 p.s.i. and the cylinder is subjected to an internal pressure 
of 30,000 p.s.i.. To is equal to 2.36 in. If the internal pressure 
is increased to 36,000 p.s.i., r. becomes 2.78 in. An internal 
pressure of 40,000 p.s.i. is required to extend the plastic range 
to the outside of the cylinder. The distribution of tangential 
stress corresponding to an internal pressure of 35,000 p.s.i. 
is given by the solid line in Fig. 55a. If the 36,000-p.s.i. presstire 
is applied and removed, the decrease in tangential stresses below 
those corresponding to the 35,000-p.s.i. pressure may be found 
from Eq. (81) by making pi the decrease in pressure below 35,000 




130 


ADVANCED MECHANICS OF MATERIALS [Chap. VI 


p.s.i. because the stress-strain relationship is linear for decreasing 
stresses. The change in stress due to the removal of the 35,000- 
p.s.i. pressure varies from 58,400 p.s.i. at the inside to 23,400 
p.s.i. at the outside as shown by the dashed line in Fig. 55a. 
The resultant initial stresses induced by the prestressing are 
obtained by subtracting the latter stresses from those induced 
by the application of the pressure and are shown by the dotted 
line in Fig. 55a. Reapplication of the 35,000-p.s.i. internal 
pressure will produce the same stresses as on the original applica- 
tion. If a 40,000-p.s.i. prestressing pressure were used, the 
distribution of tangential prestress would be as indicated in 
Fig. 555. 

Prestressing is practiced commercially as a means of increasing 
the resistance of thick-walled cylinders to internal pressure. 
The magnitude of initial pressure required to produce a satis- 
factory degree of prestress is often determined experimentally, 
one rule being to apply suflSicient pressure to produce a 4 per 
cent permanent increase in diameter. As is evident from Eqs. 
(92) and (93) an analytical solution requires a value of So, which 
is a function of Sc- Nddai^ has obtained a solution by assuming 
that the material in the plastic state undergoes no volume change 
with a change in stress. 

67. Displacements Due to a Uniform Temperature Change.— 

The change in dimensions of a thick cylinder due to a temperature 
change may be found from Eqs. (74) and (75). If the tem- 
perature change is uniform throughout the cylinder and if 
there are no external restraints, et will be constant. From 
Eq. (74) 

u = €tp = cp At (95) 


in which c is the coefficient of thermal expansion 
At is the change in temperature. 

Equation (75) is also satisfied 



^(cpA<) 


= C At == €t 


(96) 


^NAdai, a., ^‘Plasticity,” Chap. 28, McGraw-Hill Book Company, Inc., 
New York, 1931. 
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Hence, the unit strain is the same in all directions, as would be 
expected. 

68. Stresses in a Thick-waUed Sphere. — The stresses in a 
thick-walled sphere may be determined by a procedure similar 
to that outlined for cylinders in Art. 46. The tangential and 
radial stresses are found to be 


and 


St = 


Pirl — Virl + 


r\rl{pi - Pi) 


Sr = 


Pri - pA - ' M P‘-») . 


n — rf 


(97) 

(98) 


69. Shrink-fit Assemblies. — The principle of shrink fitting has 
many applications other than pressure vessels. It is used exten- 
sively in assemblies such as bushings, bearings, crankshafts. 



Fig. 66. — Hub and shaft assembly. 

couplings, flywheels, car axles, and hub and shaft units. For 
the assemblies in which the component parts are cylindrical 
in form, as in Fig. 56, the type of analysis used in the illustrative 
problem of Art. 55 is applicable. A general expression for the 
average shrink pressure between a hub and hollow shaft may be 
developed by equating the sum of the displacements of the 
units at their point of contact to the difference in radii Ar. 

If the width of the hub is relatively small, the longitudinal 
stress in the hub may be assumed to be zero and the radial dis- 
placement u may be found from Eq. (806). Thus the dis- 
placement Ua of the shaft, at a distance from the center is 



-Ptr2[ri(l ~ iia) + rf(l + /i,)] 
Ea{r\ - rf) 


(80c) 
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and the displacement uh of the hub at the same radius is 


p<r2[r|(l — M>) + ^Kl + ma)I 
Enirl - ri) 


(80d) 


Since the total displacement is the sum of the components u, 
inward and uh outward, 


and 


Ar <= —u, + Uh 



Ar 


rt frl + r\ \ , r 2 AH- r| 
E.\rl-rl Eh\rl-rl 



(80e) 


This is the average value of It may be shown that pi is a 
maximum at the edges of the hub. 

The average shrinkage pressure developed when a hub is 
shrunk over a solid shaft may be determined from Eq. (80e) 
by letting ri = 0. 


Pi = 


Ar 




M») + 


Ti 


trl + rl , \ 

+ 'V 


(80/) 


If the solid shaft and hub are made of the same material 


E{rl - rj) Ar 
2r2ri 


(80^) 


With the shrinkage pressure known, the stresses in the hub and 
shaft may be found by Eq. (81). 

Various design aspects of shrink-fit assemblies including the 
effect of bending or torsional loads are discussed in the literature.^ 

If the assembly is to rotate about a longitudinal axis the 
shrinkage pressure will be decreased by the centrifugal forces 
developed in the hub and shaft. The general stress analysis 
for rotating parts is outlined in the following article. 

60. Stresses in Rotating Disks of Constant Thickness. — If a 
circular disk of constant thickness is rotated at a constant angular 

I Marin, J., Designing Shrink-fit Assemblies, Machine Design^ Vol. 14 
p. 68, June, 1942; p. 72, July, 1942; p. 78, August, 1942. 

Eksergian, R., The Design of Railway Axles and Locomotive Crank 
Pins, Tram, Arm^oc. Mech. Engra.j Vol. 60, pp. 153-189, 1938. 

Horoer, O. J., and C. W. Nelson, Design of Press and Shrink-fitted 
Assemblies, Tram, Am, Soc, Mech, Engra,^ Vol. 69, pp. 183-187, 1937. 
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velocity about its centroidal axis normal to the plane of the disk, 
stresses are developed by the centrifugal forces induced in the 
material. Except for the absence of stress parallel to the axis 
of rotation the stress situation is similar to that existing in a 
thick-walled cylinder under pressure. Every point in the 
rotating disk will tend to be displaced outward along a radial 
line, so Eqs. (74) and (75) apply. 



Fig. 67. — Element of a rotating disk. 


The stresses may be determined by following a procedure 
similar to that used in the analysis of the thick-walled cylinder. 
An elementary half ring of unit length, radius p, and thickness dp, 
will be subjected to the forces indicated in the free-body diagram 
of Fig. 57. 

The equation of motion may be written in the radial direction 
XFr = Mdr 



g 


-2S, dp - 2pSr + 2(p -I- dp)(,Sr + dSr) = — (99) 

g jT 

in which S is the specific weight of the material 
<0 is the angular velocity. 

Equation (99) will reduce to 

-Si + Sr + P^= -Sp^^ (100) 

dp g 

If w is zero, that is, if the disk is not rotating, Eq. (100) reduces to 
Eq. (73) for the cylinder. As in that case, the equation cannot 
be integrated directly, but the additional information available 
from geometry and the properties of the material is required. The 
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two strains u and may be expressed in terms of the displace- 
ment u and the stresses may be expressed in terms of the strains. 
Hence the stresses St and Sr may be expressed in terms of the 
radial displacement u of the elementary ring, and the resulting 
equation in p and u may be integrate4- If there is no stress in 
the direction of the axis of rotation, Eqs. (57a) and (576) apply, 
giving 



q ■®(<r -b M««) 

“ 1 - iu2 

(101) 


— f du . 



II 

(101a) 

and 

_ /m , du\ 

1 - 

(1016) 

If these values are substituted in Eq. (100), there results 


dH . du u —(1 — (i’^)dpW 

dp p ~ Eg 

(102) 

or 

d^u , 1 du u Q, 

dp^ p dp p^ 

(103) 

in which 

-(1 — M*)Sw* 

8E g 

(104) 

It will be noted that if w is zero, that is, if the cylinder is not 
rotating, Eq. (103) is identical with Eq. (77c) for the thick-walled 

cylinder. 

One solution of Eq. (103) is 



u = ap + - + kp^ 

(105) 


p 


in which a and 6 are the constants of integration as before. The 
values of the constants may be determined from the boundary 
conditions. 

61. Specific Solutions. — Two different conditions will be 
investigated corresponding to two different situations at the 
inner boundary of the disk. The outer boundary will be assumed 
to be free. 
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1. No radial stress on the inner boundary. 

2. No displacement of the inner boundary. 

1. No Radial Stress on the Inner Boundary . — ^This condition 
approximates that existing near the center of a hollow cylinder 
attached to a shaft at the ends or at a section on the rim of a 
wheel midway between spokes. 

The two boundary conditions are 

Sr = 0 for p == ri at the inner boundary 

Sr = 0 for p = r 2 at the outer boundary. 

In order to use these conditions Sr is evaluated in terms of a 
and b by substituting the value of u and du/dp from Eq. (105) into 
Eq. (101a) 

N fa — ^ + 3kp^ + jua + + tikp^ 

Sr = ^ ^ 1 (106) 


If the radial stress is zero at the outer edge (p = r 2 ) and also 
at the inner boundary (p == Vi) 


-k(3 + p)(r| + rf) 

1 + p 


(107a) 


-k{3 + p)r\rl 
1 -P 


(1076) 


Then the radial stress at any point may be determined by sub- 
stituting the values of a and 6 back into Eq. (106) 




(108a) 


The tangential stress may be found from Eqs. (1016), (105), 
(107a), and (1076) 

= 1^2 [-“‘*(1 + 3m) - (3 + + r\ + (109) 


p=(l + 3p) - (3 + p) {r| + r? + 


¥)] 


(109a) 


The radius at which the radial stress is a maximum may be 
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determined by differentiating Eq. (108a) and equating the 
derivative to zero. This gives 

Pm = (110) 

Then 

+ ( 111 ) 

Equation (109a) indicates that the maximum tangential stress 
in the disk occurs at the inside sifrface (p = ri). At that section 


^ + "‘^(3 + m)] (112) 

For the limiting case in which the disk is decreased in radial 
thickness to a thin ring of radius r 


n = r 2 = r 

iS. = 0 

dr^o)^ 




9 


= 5- 


(113a) 

(1136) 

(113c) 


which is the same result as that obtained by assuming a uniform 
distribution of tangential stress across the section. 

The ratio of the maximum tangential stress to the average 
tangential stress is 


r. rid - m) + rl(S + m) 

= j-o 


(114) 


If the ratio of the radial thickness to the mean diameter is 
designated as a, the value of the stress ratio Kt from Eq. (114) 
becomes 

= 1 + ad + m) + (114a) 

Values of the stress ratio plotted against a in Fig. 58 indicate 
that the factor increases as the radial thickness of the ring 
increases. For the approximate formula, Eq. (113c), to give 
results within 10 per cent of the maximum stresses for a material 
having a Poisson^s ratio of the ratio of the radial thickness 
to the mean dip^meter must not exceed 0.08. That is, the outside 
radius must not exceed 1.175 times the inside radius. 

If the radial stress around the boundary of the disk is not zero 
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but is constant, (as in a shrink-fit assembly) the stresses due to 
the radial pressure, evaluated by Eqs. (81) and (82), may be 
added algebraically to the stresses determined from Eqs. (108) 
and (109), provided that the stresses do not exceed the pro- 
portional limit of the material. 



0 0.2 0.4 0.6 0.8 1.0 

Thickness 
Mean diameter 


Fig. 58. — Effect of relative dimensions upon stresses in rotating disk, 

2. No Displacement of the Inner Boundary . — If the disk is 
solid or is attached to a small shaft the constants of integration 
of Eq. (105) may be evaluated from the boundary conditions 

а. that the displacement u is zero when p = 0, and 

б. that /Sr = 0 when p = r, where r is the outside radius of the 
disk. 


From the first condition Eq. (105) gives 6 = 0. 

The second condition substituted into Eq. (106) gives 

-A;r2(3 + m) 
a — 11 

1 + M 

Then from Eq. (1016) 

o _ EkWQ. + 3m) - r^(3 + /«)] 


(115) 

(116) 


which will be a maximum when p = 0. For that condition 


„ -Ekr^iS + p) 

” 1 - M* 


(116a) 


The constant k may be eliminated by substituting its value from 
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Eq. (104). Then 


St 


(3 + 

8g 


(1166) 


If the disk contains a very small hole through the center the 
maximum stress may be obtained from Eq. (112) by letting 
ri = 0 and r 2 = r. 


St = 


(3 + /i)5coV2 
4 ^ 


(112a) 


A comparison of this with Eq. (1166) indicates that a small hole 
at the center of the disk results in a maximum stress twice as 
great as the maximum stress in a solid disk. That is, a small 
hole has a stress-concentration factor of 2.00. 

The stress distribution around a set of six symmetrically located 
3^-in. and ^^-in. holes at a distance of 1 in. from the center of a 
rotating disk was investigated photoelastically by Newton.^ 
He found that the maximum stress at the holes was about 20 per 
cent greater than that which would be developed around a 
hole in a wide plate subjected to radial and tangential stresses 
equal to those existing at the corresponding point in a rotating 
disk without holes. 

Equations (111), (112), (112a), (113c), and (1166) all show that 
the maximum stress varies directly with the specific weight of 
the material and the square of the speed. It is evident that for 
high-speed rotating machinery the strength-weight ratio is 
one important factor in the selection of the most suitable material. 

62. Stresses in Disks of Variable Thickness. — The expressions 
developed in Arts. 60 and ‘61 are valid for stresses in disks of 
constant thickness rotating at a constant speed. Many types of 
rotating equipment such as turbine and supercharger units contain 
elements that are not disks of constant thickness. However, the 
stresses in some such elements are of great practical importance, 
because of the high temperatures or high speeds involved. 

If the disk is not of constant thickness, the general differential 
equation for displacement, corresponding to Eq. (77c) for the 
disk of constant thickness, is^ 


1 Newton, R. E., A Photoelastic Study of Stresses in Rotating Discs, 
Trans. Am, Soc. Mech, Engrs., Vol. 62, p. A-57, 1940. 

^Stodola, Al,^^^Dampf- und Gas Turbinen,” 6th ed., 1924. 

Morley, a., ^^Strength of Materials,” 7th ed., p. 387, Tjongmans, Green 
and Company, New York, 1928. 
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dhi I A 1 1 du u(\ 
d(P \p b dp) dp p \p 


pdb\ . (1 - /i*)5pw* _ - , 

bTp)-^ p 


in which b is the thickness of the element at the radius p. 

Equation (77d) may \>e integrated for special cases, such as 
b = Cp^ 

The stresses in a rotating disk of variable thickness may be 
evaluated approximately by assuming the disk to consist of a 
series of disks of constant thickness. Lake^ has presented 
another approximate method based on the assumption that the 
tangential strain varies inversely with the distance p and that 
the radial strain is negligible. This leads to the conclusion 
that the tangential stress varies inversely with p. If u indicates 
the radius to the point at which the stress St equals the average 
tensile stress So oh the cross section 


Also 



(117a) 


~r 


(1176) 


in which f is the radius of gyration of the cross section. 
The radius may be evaluated from 


a 

To 



(117c) 


For disks of constant thickness and hyperbolically tapered 
(bal/r) the method gives maximum stresses within 5 per cent 
of those obtained by using the standard theory if r2 < 3ri. 
Also, the error is on the safe side. The quantities f and Vo may 
be determined by graphical integration or by dividing the cross 
section into finite increments and applying a summation process. 


PROBLEMS 


156 . A tank 4 ft. in diameter contains gas under a pressure of 200 p.s.i. 
Determine the thickness of structural steel necessary for the end of the tank 
if the end is 


a. Conical. 

5. Parabolic, 
c. Ellipsoidal. 

^ Lake, G. F., A Simplified Method of Determining Hoop Stresses in Fan 
Rotors, J, Applied Mech.j Vol. 12, No. 2, p. A-65, June, 1945. 
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The center of the end is to project 18 in. beyond the end of the cylindrical 
portion, and a minimum factor of safety of 2.4 with respect to failure by slip 
is to be used. 

167 . Classify the assumptions involved in Eq. (72) under the headings of 
statics, geometry, and properties of the material. 

168 . A tank 3 ft. in diameter has a wall thickness of in. It is con- 
structed with a spiral joint having a lead of 6 ft. Determine the normal and 
shearing forces per inch of joint when the internal pressure is 200 p.s.i. 

169 . Prove that Srt is zero in a thick-walled cylinder. 

160 . Derive the equation for the tangential stress in a thick-walled 
cylinder, assuming that the longitudinal stress is zero. 

161 . Where will the maximum tangential stress occur in a thick-walled 
cylinder subjected to both internal and external pressure? 

162 . Determine the maximum allowable internal pressure to which a 
cylinder with an inside diameter of 8 in. and an external diameter of 12 in. 
may be subjected if the cylinder is to have a factor of safety of 3 with respect 
to failure by slip based on a proportional limit of 36,000 p.s.i. determined 
from an axial test. Use the maximum-shearing-stress theory of failure. 

163 . A gun with a bore of 8 in. develops a maximum internal pressure of 
30,000 p.s.i. Determine the minimum outside diameter required if the 
maximum allowable tensile stress is (a) 45,000 p.s.i., (6) 30,000 p.s.i. 

164 . An alloy steel cylinder with an inside diameter of 4 in. and an outside 
diameter of 8 in. is subjected to an internal pressure of 36,000 p.s.i., which 
develops a bursting force of 144,000 lb. per in. of length. What percentage 
of the bursting force is carried by the inner half of the cylinder wall? 

166 . A gun barrel with an inside diameter of 2.96 in. and an outside 
diameter of 6.84 in. is made of steel having a proportional limit of 56,000 
p.s.i. To what maximum internal pressure may the barrel be subjected 
without inelastic action occurring? 

166 . Determine the change in internal diameter of the barrel of the gun in 
Prob. 165 for the internal pressure of 10,000 p.s.i. Is the change in diameter 
significant? 

167 . Draw curves similar to Fig. 496 if the 10,000-p.s.i. pressure on the 
8- by 4-in. cylinder is external instead of internal. 

168 . A cylinder with an external diameter of 8.00 in. and an internal 
diameter of 4.00 in. is subjected to an internal pressure of 10,000 p.s.i. 
and an external pressure of 60,000 p.s.i. Draw curves showing the variation 
in St and Sr throughout the wall of the cylinder. 

169 . A steel cylinder with an internal diameter of 3.00 in. and an external 
diameter of 4.80 in. is wound with a single layer of 0.050-in.-diameter 
steel wire under tensile stress of 50,000 p.s.i. Determine the maximum 
allowable internal pressure if the tensile stress in the cylinder is not to 
exceed 40,000 p.s.i. What will be the stress in the wire when the cylinder 
is under pressure? 

170 . Design a^ structural-steel cylinder having an internal diameter of 
3.20 in. if it is to tarry an internal pressure of 16,000 p.s.i. with a factor of 
safety of 2.00 with respect to failure by slip. 
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171. Design the cylinder of Prob. 170 using an external winding of 0.10-in. 
square wire having a yield strength of 100,000 p.s.i. 

172. Design the cylinder of Prob. 170 using laminated construction. 

173. A steel cylinder with an external diameter of 8 in. and an internal 
diameter of approximately 6 in. is shrunk over another steel cylinder having 
external and internal diameters of 6 in. and 4 in. respectively. The maxi- 
mum tangential shrinkage stress produced in the inner cylinder is —8,000 
p.s.i. Determine the maximum resultant tangential stress in the outer 
cylinder when an internal pressure of 20,000 p.s.i. is applied to the assembly. 

174. A steel cylinder with an inside diameter of 4 in. was designed for a 
maximum tensile stress of 20,000 p.s.i. when subjected to an internal 
pressure of 4,000 p.s.i. The internal pressure must be increased to 8,000 
p.s.i., and it is proposed to strengthen the cylinder by shrinking a steel 
jacket around it. Determine 

а. The maximum pressure that may be developed between the cylinder 
and the jacket if the maximum tensile stress in the cylinder is not to 
exceed 20,000 p.s.i. 

б. The outside radius of the jacket if the maximum tensile stress in the 
jacket is not to exceed 20,000 p.s.i. 

176. A laminated cylinder consists of a jacket with an internal diameter of 
8 in. and an external diameter of 12 in. shrunk over a tube with an internal 
diameter of 4 in. When an internal pressure of 24,000 p.s.i. is applied the 
maximum resultant tensile stress in the tube is 22,000 p.s.i. Determine the 
maximum Sr and St in the jacket when the cylinder is under the internal 
pressure and indicate them on a sketch. 

176. A hollow cylinder consists of a jacket with an internal diameter of 
8 in. and an external diameter of 10 in. shrunk on a tube with an internal 
diameter of 4 in. The initial shrinkage pressure on the surface of contact 
is 6,000 p.s.i. The cylinder is then subjected to an internal pressure of 
24,000 p.s.i. Determine the resultant maximum tensile stresses and 
maximum compressive stresses in both the tube and jacket and indicate their 
location. 

177. A laminated cylinder is composed of a tube having an inside diameter 
of 4 in. and an outside diameter of 8 in. and a sleeve having an outside 
diameter of 16 in. The cylinder is to be subjected to an internal pressure 
of 24,000 p.s.i., and it is desirable to have the maximum tensile stress 
in the tube equal to the maximum tensile stress in the sleeve under that 
condition. What will be the maximum compressive stress in the sleeve 
under that condition? 

178. A homogeneous thick cylinder made of steel has an internal diameter 
of 4 in. and an external diameter of 8 in. If the maximum shearing stress 
is not to exceed 24,000 p.s.i., what is the maximum permissible internal 
pressure? 

179. A structural-steel cylinder with an internal diameter of 4 in. and an 
external diameter of 6 in. is to be subjected to an internal pressure of 
24,000 p.s.i. Using a factor of safety of 1.5 with respect to failure by slip 
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and the maximum-unit-strain theory of failure, design a jacket for the 
cylinder if the jacket is made of 

a. Structural steel. 

5. 17S-T aluminum alloy. 

180 . Solve Prob. 179 using the Hcncky-von Mises theory of failure. 

181 . Using the maximum-strain-energy theory of failure, prepare a mini- 
mum strength curve similar to those shown in Fig. 51 for the cylinder of the 
illustrative problem. 

182 . To what temperature would a steel cylinder with an inside diameter 
of 3.520 in. and an external diameter of 5.200 in. need to be heated to slip 
it over a cylinder having an external diameter of 3.600 in.? 

183 . A cylinder with radii ra and rz is to be shrunk over a cylinder of the 
same material having radii and ri. Determine the required difference 
in r 2 for the two cylinders if the maximum tensile shrinkage stress in the 
outer cylinder is to equal the maximum compressive shrinkage stress in the 
inner cylinder. 

184 . Derive Eq. (97) and (98). 

186 . A steel rod ^ in. in diameter and 10 in. long is rotated at 2,400 r.p.m. 
about an axis through one end. Determine the maximum tensile stress in 
the rod. 

186 . What is the maximum speed at which a steel disk with an external 
diameter of 8.00 in., a thickness of in., and an inside diameter of 3.00 in. 
may be rotated if the maximum stress is not to exceed 24,000 p.s.i.? 

187 . Solve Prob, 186 for a solid 8.00-in. disk. 

188 . The disk of Prob. 186 is supported by four spokes in. wide and 
34 in. thick. Determine the stress in the spokes. 

189 . Which of the materials hsted in Table II is most suitable for high- 
speed rotating disks? 

190 . A steel disk 34 in. thick with an outside diameter of 8.000 in. and an 
inside diameter of 0.998 in. is shrunk on a solid steel shaft 1.000 in. in 
diameter. Determine the maximum stress in the disk. 

191 . The disk-and-shaft unit of Prob. 190 is rotated at 10,000 r.p.m. 
Determine the maximum stress in the disk. 

192 . Develop an equation for the radial stress in a solid disk of constant 
thickness rotating at a constant speed. 

193 . Show how Eqs. (1175) and (117c) are obtained. 

194 . Develop an expression for the tangential stress in a solid rotating 
disk, the thickness of which varies directly with the square of the radius. 

196 . A disk with an internal radius ri, an external radius r 2 , and a thick- 
ness b = c/r rotates at a constant speed. Develop an equation for the 
tangential stress. 

196 . Derive Eq. (77d). 



CHAPTER VII 

TORSION 

63. General Considerations. — member is subjected to torsion 
if a couple is developed at each cross section of the member, the 
plane of the couple being normal to the axis of the member. 
Torsion is one of the four simple stress situations that may be 
produced in a member. In general, the force system acting 



Fig. 69. — Four component force systems. 


on a transverse plane may be resolved into four components as 
indicated in Fig. 69: (1) a force V normal to the transverse plane 
and acting through the centroid of the area, (2) a force Q lying 
in the plane and acting through the centroid of the area, (3) a 
couple M normal to the plane, and (4) a couple T in the plane of 
the area. The first force produces normal stresses, as discussed 
in Chap. 5, and the second force produces cross shearing and 
longitudinal shearing stresses, which are considered in Chap. 9. 
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The first couple produces flexural stresses, discussed in Chap. 8, 
and the second couple produces torsional stresses, to be con- 
sidered in this chapter. ♦ 

The torsional couple is the principal component in a shaft; 
hence, the elementary formula for the evaluation of torsional 
stresses is developed for circular shafts. However, the torsional 
couple is also an important component in many members of 
noncircular cross section, such as airplane wings and propellers, 
automobile frames, and floor beams. 

The well-known torsion formula 8 = Tc/J for the evaluation 
of the stresses in a shaft having a circular cross section is based 
on several assumptions. 

1. Statics 

a. The resultant of the external forces is a couple that 
lies in a plane perpendicular to the longitudinal axis 
of the shaft. 

5. The shaft is in equilibrium. 

2. Geometry 

c. The axis of the shaft is straight. 

d. The shaft is circular and free from changes in cross 
section. 

e. A plane section normal to the axis of the shaft before 
twisting remains plane after the shaft is twisted. 

/. Any diameter before twisting remains a straight line 
after twisting. 

3. Properties of the Material 

gr. The material is homogeneous and isotropic. 

h. The stresses do not exceed the proportional limit of 
the material. 

If assumption (o) does not hold, the external forces may be 
resolved into the components that produce axial loading alone, 
bending alone, or twisting alone. Each effect may be dealt with 
separately and the results added if the stresses do not exceed 
the proportional limit of the material. If assumption (6) does 
not hold, as in a condition of dynamic loading, the stresses may 
be higher than those given by the torsion formula. If the axis 
of the shaft is not straight, bending may be introduced at inter- 
mediate sections along the shaft even though the loading require- 
ment of (a) is satisfied. Assumption (d) is necessary to eliminate 
the necessity for considering stress concentration. 
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Assumption (e) is valid for a solid circular shaft or a circular 
tube of constant diameter and wall thickness but is not valid 
for other shapes. It may also be invalid near the sections at 
which the torque is applied. Assumption (/) may be verified 
experimentally. Most engineering materials are reasonably 
homogeneous and isotropic, so assumption (g) is acceptable. 
Assumption (h) places a definite upper limit on the valid range 
of the formula. 



Fig. 60 . — Geometry of a circular member in torsion. 


If assumption (/) is valid, a section of the shaft will deform as 
indicated in Fig. 60, and the unit strain at any point in the 
cross section is proportional to the distance of the point from the 
center of the shaft. That is 


(yxu)p ^ p 
iyxy^o 0 

Then from assumption (A) 

p 

So ■” c 


( 118 ) 


(118a) 


in which So is the stress at the outside of the shaft 
{y»u)o is the strain at the outside of the shaft 
Sp is the stress at any point in the cross section 
('y»if)p IS the strain at any point in the cross section 
c is the radius of the shaft 
p is the radius of the point. 
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If the shaft is in equilibrium, assumption (b), the external 
torque equals the resultant torque developed by the shearing 
stresses, or 

j^^S,pda (119) 


C Jo 


da 


(119a) 


The integral defines the polar moment of inertia J, Hence 

(1196) 


So 


T = — J 
c 


That the ordinary torsion formula, Eq. (1196), does not 
apply to a shaft having a rectangular cross section is evident 
from a consideration of a few elements of the area at various 
portions of the cross section, as indicated in Fig. 61. 


C 

A 


Fig. 61. — Member of rectangular cross section in torsion. 

For example, there can be no vertical or horizontal shearing 

forces on the vertical outside face of block A, at the center of 

one vertical side. Consequently, the only shearing forces that 

can act on block A are a vertical shearing force on the front and 

back faces and a longitudinal shearing force on the top and 

bottom faces. ^ Similarly, block B at the top of the section can 

have no shear on the top face; hence, the shearing force on the 

front face must be horizontal. Since block C at the comer can 

develop no shearing force on either outside face, it follows that 
* * 

^ If block A were not on an axis of symmetry, a longitudinal shearing 
force, Qxxf would be developed on the inner vertical face. However, the 
shearing stress, must be zero at the outside. 



Art. 64] 


TORSION 


147 


there can be no shearing force on the front face. In otlier words, 
the shearing stress at the corner of the cross section must be 
zero, which is not the result that one would obtain from Eq. 
(1196). Equation (1196) is not valid for any section other than 
circular. 

It is apparent that in a rectangular shaft the vertical component 
of the shearing stress near the vertical edges must vary from a 
maximum at the center of a side (at A) to zero at the comer 
(at C), and that the horizontal component near the top must 
vary from a maximum at the center (at B) to zero at the corners. 

64. Solutions for Noncircular Members. — There are essentially 
four different procedures that may be used in the evaluation of 
shearing stresses in a member subjected to torsion. 

1. Analytical 

(а) Approximate 

(б) ‘‘Exact, or Saint Venant theory 

2. Experimental 

(а) Strain measurements 

(б) Application of analogies based on the exact theory 

In the first method, the approximate distribution of shearing 
stress throughout the cross sec- 
tion is deduced from observation 
of strains, and the relationship 
between torque, and stress devel- 
oped by statics for the approxi- 
mate stress variation. As is 
indicated in Fig. 62, the shearing 
force acting on an element of area 
at any point in the cross section 
may be resolved into two com- 
ponents Sxz and Syg parallel to 
the coordinate axes. Each of 
the components will have a mo- 
ment with respect to the longi- Fig. 62 . — Components of shearing 
tudinal axis through the* origin, 

and the resisting moment may be evaluated as the summation of 
the moments of the components of the forces acting at all points 
in the section. From Fig. 62 

T= fJ^(S„y + Sy^)da 



( 120 ) 
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If the variation in Sxz and Sye across the section is known or 
can be assumed, the relationships may be substituted in Eq. 
(120) and the resulting equation integrated. The method, which 
is illustrated in Art. 66, is limited only by the accuracy with 
which the stress distribution is known or can be assumed. 

In the so-called ‘'exact method,’^ which was devised by Saint 
Venant,^ the components of stress are determined so that they 
satisfy not only the equations of equilibrium as applied to a 
differential block at any point in the shaft but 
also the stressistrain relationships. The meth- 
od, which is discussed in Art. 67, is limited by 
the mathematical difficulties involved in solving 
the differential equation that is developed and 
in satisfying the boundary conditions. 

Experimental methods involving the use of 
strain-measuring devices or brittle varnish have 
been used in evaluating the maximum stress in 
members of irregular cross sectioi). subjected to 
torsion. One particularly useful experimental 
tool is the membrane analogy, which may be 
used to evaluate the shearing stress at any point 
in a cross section of a shaft, regardless of irreg- 
ularities. The method is outlined in Art. 
68. Other analogies include the sand-heap 
analogy for evaluating torque-stress relationships above the pro- 
portional limit as described in Art. 77 and the electrical analogy 
for evaluating stresses in tapered shafts. 

66. Approximate Solution for a Rectangular Cross Section. — 
C. Bach^ obtained an approximate solution for the stresses in a 
shaft having a rectangular cross section. From observation of 
the shearing strains developed in a rectangular bar as shown in 
Fig. 63, he assumed that Sxz, the x component of the shearing 
stress at any point, varies parabolically from a maximum along 
the y axis to zero at the outer edge along any line parallel to the 
X axis, as indicated in Fig. 64, and that Sxz varies directly as the 
distance from the x axis. These two assumptions may be com- 
bined and expressed mathematically as 

1 Saint Vbnant, B. de, Mim. savants estrangersy 14, 1855. 

*Bach, C., and R. Baumann, ‘‘Elasticitat und Festigheit,” 8th ed., 
Vertag Julius Springer, Berlin, 1924. 



Fig. 63. — Dis- 
tortion of grid lines 
on a rectangular 
member in torsion. 
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-S„ = ;Sx(l-^)| (121aj 

in which Si is the shearing stress at the center of the long edge 
(point B), Similarly 

>Sv. = -S,(l ( 1216 ) 
in which S 2 is the shearing stress at the center of the short edge 



(point A), If these values are substituted in Eq. (120) there 
results 

3?) ■**'*'' 

Bach further assumed that the stresses Si and S 2 are inversely 
proportional to their distances from the center of the section. 
This assumption is in general agreement with observation. 
Thus, 

Si a 

' 82 ^ b' 

Then Eq. (1206) becomes, upon integration and substitution for 
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„ 16 S 106 * 

9 

(120c) 

also 

(120d) 

9 

from which 



0 9T 

‘ 16ai)» 

(122a) 


„ _ 9r 
** 160^6 

(122&) 


These equations indicate that the maximum torsional stress 
in a rectangular shaft occurs at the boundary nearest the center. 
The correctness of the assumptions concerning the stress dis- 
tribution may be checked by comparing the results with those 
obtained from the exact theory. The value of the maximum tor- 
sional stress as obtained from the exact solution may be written 
in terms of Eq. (122a) as 


with values of iC as given in Table VI. The angle of twist in a 
length L may be evaluated (from the exact solution) as 


_ KxTL 
IGGab^ 


(124) 


with values of Ki as given in Table VI. G is the modulus of 
rigidity. 


Table VI. — Torsion Constants for a Rectangular Bar* 


a 

h 

K 

Kx 

a 

b 

K 

Kx 

1.0 

1.068 

7.14 

3 

0.829 

3.80 

1.2 

1.015 

6.02 

4 1 

0.788 < 

3.56 

1.5 

0.962 

5,10 

5 i 

0.764 

3.44 

2.0 

0.903 

4.37 


0.712 

3.21 

2.6 

0.861 

4.02 

00 

0.667 



* Data from Timoshenko, S., ''Theory of Elasticity," p. 248, McGraw-Hill Book Com- 
pany, Inc., New lYork. 

The values of K indicate that the Bach formula, Eq. (122), 
gives stresses within 10 per cent of those obtained by the rigorous 
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solution when the length of one side of the cross section is not 
more than twice the length of the other side. For a long, narrow 
rectangle the error is larger, but Eq. (122) is on the safe side. 
The data also indicate that a rectangular section has a higher 
strength (i.e., will develop more torque for the same maximum 
stress) than the sum of the strengths of the circular sections 
that can be inscribed in the rectangle. For example, a 1- by 
3-in. rectangular section is stronger than three l-in.-diameter 
circular sections. The rectangular section will also be more 
rigid. That is, the angle through which the 1- by 3-in. shaft will 
twist is less than one-third the angle through which a 1-in. 





Fig. 65. — Torsional stresses in a member of elliptical cross section. 

circular shaft of the same length will twist when subjected to the 
same torque. 

66. Torsional Stresses in an Elliptical Shaft. — The torsional 
stresses in a solid elliptical shaft may be evaluated by assuming 
that the section is composed of a series of thin-waUed elliptical 
tubes with no shearing stresses developed on the surfaces of 
contact of the tubes. In other words, the shearing stress is 
assumed to be tangent to the boundary of each elementary 
ellipse. 

The direction of the shearing stress at any point in the cross 
section may therefore be determined from the equation of the 
ellipse through that point. For the section indicated in Fig. 65 
the equation of any one of the component elliptical tubes is 


4. ^ - 1 

al 6! ” ' 


(125) 


The direction of the tangent to the ellipse at any point (xi,yi) 
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may be found by differentiating Eq. (125). 


dyi _ —bl xt 
dxi of yi 


(126) 


Since the shearing stress is assumed to be tangent to the ellipse, 
the relationship between the components of the shearing stress 
at {xi,yi) is 


Sly, _ -dyi 
Six, dxi 

= 

a\yi 


(127) 

(127o) 


A similar equation may be written for any other ellipse with 
major and minor axes equal to at and 62 or for the outside 
boimdary with major and minor axes equal to a and b. 


Sy, _ 

Sx, ~ o*y 


(1276) 


in which Sy, and Sx* are the components of the stress at x, y on 
the boundary. 

If it is assumed that each component of the shearing stress is 
proportional to its distance from the axis to which it is parallel 


§12 = = constant 

(128a) 

vi y 

and 


^ constant 

X\ X 

(1286) 

The torque may be evaluated, from Eq. (120), as 



(129a) 


(1296) 


in which and ly are the moments of inertia of the area with 
respect to the x and y axes, respectively. 

From Eq. (1276) 
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(1296) 

II 

(^ah^ , 6^ 7rba^\ 

\ 4 ■’’a* 4 / 

(129c) 


irSxtOb^ 

2y 


(129<f) 


The maximum stress will occur at the end of the minor axis 
where y = h. Then 

(129e) 


T 

Si = 


2 

2T 


(130a) 


Similarly, the stress Si at the end of the major axis is 

2T 


Si = 




For the circle, the special case of the ellipse in which b = a, 
Eq. (130a) or (1306) reduces to 


S = 


jr6* 


(130c) 


which agrees with the result obtained from the ordinary theory, 
Eq. (119a). 

The stresses computed by Eq. (130) are identical with those 
obtained by the exact theory. 

If Eq. (130a) is written in the form of Eq. (123) for the rec- 
tangular shaft 


S = 


K9T 


16o6* 

if = 

TT 9 
= 1.13 


(123) 

(123a) 


A comparison of (123a) with the values of X in Table VI 
indicates that a given torque will produce somewhat higher 
stresses in an elliptical shaft than in a rectangular shaft of the 
same outside dimensions. 

67. The Saint Venant Theory. — A general solution for the 
shearing stresses in a shaft of homogeneous, isotropic material 
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and constant cross section not stressed above the proportional 
limit was developed by Saint Venant as an extension of the work 
of Coulomb on torsion. 

The method involves determining the solution of a differential 
equation that satisfies the equations of equilibrium and the 
stress-strain relationships at every point in the member. 

1. Statics. — Figure 666 shows a free-body diagram of a differen- 
tial element of the shaft in Fig. 66a. It is assumed that there 
are no normal stresses acting at any point in the shaft. 

From the equation of equilibrium written in the z direction, 
there results 


Szx dydz- 


or 




dy dz -f- Szy dx dz 


dx dz = 0 


^Szx . dSzy 
dx dy 


(131a) 

(1316) 


This may also be written as 


dSrz 

dx 


, dSyz 

^ dy 


= 0 


(131c) 


As in the case of the thick-walled cylinder, the equation of 
equilibrium contains too many unknowns to give the stress 
distribution directly. It is necessary to obtain some additional 
relationships from the geometry of the twisted member and the 
properties of the material. 

2. Geometry. — For any given shape of cross section there 
exists a center of twist about which each point in the cross section 
rotates. The center of twist is, in effect, the instantaneous 
center of motion of the cross section. If the origin is taken at 
the center of twist, as shown in Fig. 67a, the point A (one corner 
of the differential element) will move along the arc A-B as the 
shaft is twisted through the angle 0. However, if the angle 6 
is small, the point may be assumed to move along the tangent 
AB* to B\ The x component of the displacement is called u 
and the y component of the displacement is called v. Then, 
from similar triangles AGB' and AJO, Fig. 67a 


BX _AB^_ 
x OA 


(132a) 
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or 

B'C = xd 



II 

(1325) 


Similarly the x component of the movement of point A may be 
determined as 

AC = —yd 

u -ye (132c) 

The minus sign indicates that the x coordinate of point A 
decreases. 
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Figure 676 shows the top view of the differential element and 
the shearing forces to which it is subjected in accordance with 
Fig. 666. The shearing forces will be accompanied by dis- 
placements. The displacements of the other comers relative to 
A are as shown in Fig. 67c. The line AD is rotated through 
the angle DAD', which may be expressed as du/dz, indicating the 
rate of change of displacement u with respect to z. Similarly, 
the line FA is rotated to F' A, through the angle dwidx, in which w 
denotes displacement in the z direction. It is evident that the 
shearing stresses as shown in Fig. 676 are accompanied by 
strains that cause relative displacements in the z direction, 
resulting in a warped cross section instead of a plane cross 
section. 

The unit shearing strain at a point A is equal to the total 
angle through which the two adjacent sides have been rotated 
with respect to each other. That is 


Similarly 


y„ = ZFAF' -1- ADAD' 

(133o) 

_du ,dw 
dz dx 

(mb) 

dv , dw 
“ ai dy 

(133c) 


in which m, v, and w represent displacements in the *, y, and 
z directions respectively. 

The shearing strain may be expressed in terms of the angle of 
twist by substituting the value of du/dz from Eq. (132c) in 
Eq. (1336). If the shaft has a constant cross section, the rate 
of change of u with respect to z is simply d/L, or the angle of 
twist per unit length. Hence 


Equation (133d) will reduce to the familiar e, = c6/L if dw/dx = 0; 
i.e., if the cross section does not warp but remains a plane. In 
general, the cross section does not remain a plane for noncircular 
torsional members. 

3. Properties of the Material . — If the stress does not exceed 
the proportioned limit in shear 

_ SxM _ -y^ , 

G ~ L ^ dx 


(134o) 
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JSyg icO I Otv 

■ T " r + s 


(1346) 


Equations (134o) and (1346) may be combined to eliminate the 
imknown warping w by differentiating the first with respect to y 
and the second with respect to x and subtracting one from the 
other to give 


dSxM QSyt — 2G6 

By dx ~ L 


(136) 


4. Combination . — Equation (136), which comes from geometry 
and the properties of the material, may be combined with the 
equation of equilibrium, Eq. (131c), by differentiating each and 
adding to produce 


dx^ dy^ 


= 0 


(136a) 


or 


dx^ ay* 


(1356) 


However, a more useful combination may be made by eliminat- 
ing both unknown stresses from the equations. This may be 
done by introducing a new quantity, called the “stress function,” 
which is a function of x and y. It is defined by two equations, 
which relate it to the stresses. 


s- - ^ (136a) 

^ (1366) 


in which 0 is the stress function 

This definition of 0 satisfies the equation of equilibrium, 
Eq. (131c), as may be verified by substitution. If the values of 
the stresses from Eqs. (136a) and (1366) are. substituted in 
Eq. (136), there results 


^ ^ ^ -2Ge 

dx^ dy^ L 


(136c) 


which is the basic differential equation for a member subjected 
to pure torque. By substituting values of the stress from Eqs. 
(136a) and (1366) into Eq. (120) and integrating, it may be 
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shown that the torque, as well as the stresses, may be found 
from the stress function. 

T = 2 <i> da (137) 

The solution of a torsion problem by the ' ‘ exact method there- 
fore involves determining the stress function When the stress 
function is known, the two components of shearing stress may 
be evaluated by Eqs. (136a) and (1366) and the torque from 
Eq. (137). In addition to satisfying Eq. (136c), the stress 
function is equal to zero on the boundary of the cross section. 
This is true since from Eqs. (136a) and (1366) the slope of the 
function in any direction is equal to the component of the shearing 
stress at right angles to that direction (the directions of x and y 
being arbitrary). Since the component of the shearing stress 
normal to the boimdary must be equal to zero on the boundary, 
the slope of the stress function in the direction of the boundary 
is zero (or constant) on the boundary. In many cases it therefore 
becomes possible to develop the stress function from the equation 
of the boundary. 

For example, in a circular shaft of radius r the equation of the 
boundary is 

r2 — a;2 — y2 =; 0 (a) 

Hence, the stress function may take the form 

0 = K{r^ — a;2 — 2/^) (6) 

The constant K may be determined by substituting in the differ- 
ential equation Eq. (136c). 


-2K-2K = 

Li 

(c) 

II 

(d) 

Hence, the stress function is 


<f> = ^ir^ - - y^) 

(e) 


The shearing stress may be found from Eq. (136a) 
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which will be a maximum at the edge y = r 
a _ G0r 

Oxs(max) "“T 


(Sf) 


The torque may be determined by means of Eq, (137) 


T = 2 (r* - a:* - y*) da 

ih) 

T = ^ (r^a -ly- h) 

(*•) 

GB f . rr* rr*\ 

~ L 4 t) 

ij) 

irGdr^ 

(k) 

~ 2L 


Hence, from (g) 


_2T 

Ox«(mAx) — 


7rr“ 


(0 


which agrees with Eq. (119o). 

Also, from (g) and (i) 

2TL TL 
Gm-* GJ 


(m) 


Saint Venant presented solutions for several specific cross 
sections. For example, he foimd that for a shaft having a cross 
section in the form of an equilateral triangle, the maximum 
stress occurs at the center of the sides and is equal to 


S 


Gda 


in which a is the altitude of the triangle. 
Also 


15 V3Z- 


(138) 


(139) 


Saint Venant showed that of all possible shapes of cross sections 
having a given area and not containing holes, the circular section 
has the maximum rigidity and the least maximum stress for a 
given torque. 

68. The Membrane Analogy. — The determination of the stress 
function for all but a few relatively simple cross sections becomes 
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involved mathematically; hence, approximate mathematical 
solutions or experimental techniques are often relied upon for 
the evaluation of shearing stresses in the more complex shapes 
found in engineering practice. One of the most useful of the 
experimental tools for this purpose is the membrane analogy 
discovered by Prandtl, apparently first applied by Anthes and 
extended by Griffith and Taylor. ‘ The analogy is based upon 



Fig. 68. — Element of a membrane under pressure. 


the fact that the differential equation for the equilibrium of a 
membrane subjected to pressure on one side and the differential 
equation for a member subjected to torsion, Eq. (136c), are 
identical in form. 

If a membrane, which has no resistance to bending, is held 
in a plane (the xy plane) around the edges and subjected to 
pressure on one side, it will stretch and deflect in the z direction 
as indicated in Fig. 68a. Figure 68& shows a free-body diagram 
of an element of area dx dy of the membrane. The differential 
element is subjected to the resultant pressure p dx dy, and the 
four forces due to the surface tension S developed in the mem- 
brane. Two of the forces S dy act on the edges parallel to the 

^ Pbandtl, L., Zur Torsion von Prismatischen Staben, Phyaik. Z., Vol. 4, 
p. 758, 1903. 

Anthes, ^^Doctdnal Dissertation,” Dresden, 1912. > 

Griffith, A. A., and G. I. Taylor, Tech. Reps., Advisory Comm. Aeronaut. 
Vol. 3, p. 918, 938, London, 1917-1918. 
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y axis, and there are two similar forces S dx acting on the edges 
parallel to the x axis. The surface tension S expressed in pounds 
per inch (or similar units) is equal in all directions. The weight 
of the film is neglected, and it is assumed that there are no 
moments on the edges of the element. 

If the deflection of the center of the differential element is z, 
the slope (at the center) in the x direction is dz/dx, and the rate 
of change of slope in the x direction is dhJdxK Then the change 
in slope between the center and either end of the differential 

cltjo • 

element is ^ -y This change in slope is also the angle which 

either of the forces S dy makes with the tangent to the siirface 
at the center of the element. The component of either force 

doc 

S dy in the direction of the resultant pressure mSdy ^ 

vided that the deflections are small. Similar forces are developed 
on the two edges parallel to the x axis. The equation of equilib- 
rium for forces, when written in the direction of the resultant 
pressure, gives 

pdxdy + dxdy + S^dxdy = 0 (140a) 

or 

dx^ dy* S 

Equation (1406), the differential equation for the membrane, 
is identical in form with Eq. (136c), the differential equation for 
a torsional member. Hence, if 


p _ 2Ge 

iS ~ L 


(141) 


and if the boundary conditions are satisfied, z will equal <l>. 
That is, the deflection of the membrane will , give the stress 
function. The boundary conditions can be satisfied by making 
the boundary of the membrane lie in a plane and having it in 
the shape of the cross section of the member. This requirement 
satisfies the condition that <t> must be equal to zero around the 
periphery of the member, and, in addition, the requirement 
that at the boundary the slope parallel to the boundary must 
equal zero, which is equivalent to saying that the derivative of 
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the stress function in the direction of the boundary must be 
zero. However, from Eqs. (136a) and (1366), the derivative in 
the direction of the boundary is equal to the component of the 
shearing stress perpendicular to the boundary, so the plane 
boundary for the membrane satisfies the condition that the 
shearing stress must be zero around the edge of the member. 

Therefore, if a hole having the same shape as the cross section 
of a shaft is cut in a plate and a membrane^ across the opening is 
subjected to pressure on one side, the slope of the surface will 
be proportional to the shearing stress at right angles to the 
direction in which the slope is measured. If Eq. (141) is satisfied, 
the slope will be equal to the shearing stress, otherwise a pro- 
portionality constant k must be determined. That is 


II 

1 

(142) 

Then 


d^z dH _ -kOGB _kd^4> k d^4> 
dx^ dy^ L dx^ dy^ 

(143) 

and 


z = k(t> 

from which 

(144) 

q Idz 

k dy 

(145) 

and 


q \ dz 

k dx 

(145a) 

The volume V enclosed between the membrane and 
of the boundary is 

the plane 

V = z da 

(146) 

= k 0 da 

(147) 


However, from Eq. (137) 


Hence 


L 


T 

<l) da = -j- 
0 ^ 

T 

v = kL 


^ A matenal havmg no weight and no resistance to bending is required. 
Soap solutions that form a tough film lasting for several hours are usually 
used as a satisfactory approximation. 
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That is, the volume under the membrane is proportional to the 
torque. In the practical application of the membrane analogy, 
the constant k is not found since its evaluation from Eq. (142) 
would necessitate the determination of /S, the surface tension of 
the membrane. Instead, a calibration shape is usually used. 
This consists of a circular hole cut in the same plate as the 
section being studied and covered with the same membrane. 
Equation (145) may be written for both the cross sections, and 
since k is common to the two equations it may be eliminated. 
Similarly, a torque-volume equation for the two shapes may be 
obtained from Eq. (148). Since the slope-stress-torque values 



Fig. 69. — Sketch of equipment for membrane analogy. 


are known for the circular shaft, they may be found for the other 
shape by proportions. 

The techniques of evaluation of stresses by the membrane 
analogy have been developed by Griffith and Taylor, ^ by Trayer 
and March,^ and by others. 

The standard equipment consists of a box, the cross section 
of which is indicated in Fig. 69. The plate, containing two holes, 
one having the shape of the cross section being investigated, 
and the other circular, for calibration, is located at A A, After 
the membrane, usually a special soap solution, is placed across 
the openings, a measured volume of air is admitted to the 
chamber B below the plate. The glass plate CC in which is 
mounted a micrometer M is used to map the deflected surfaces. 

^Loc. cit 

* Tkayer, G. W., and H. W. March, The Torsion of Members Having 
Sections Common in Aircraft Construction, Nat. Advisory Comm, Aeronaut. 
Tech. Repts. 334, 1930. 
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With the micrometer set for a given reading, the glass plate is 
adjusted until the needle on the lower end of the micrometer 
contacts the soap film. Then the hinged board D, to which is 
attached a sheet of paper, is swung down until the needle on the 
upper end of the micrometer pierces the paper. The board is 
lifted, the plate adjusted to give a micrometer contact at a differ- 
ent point on the film, and the new point recorded on the paper. 
A repetition of this procedure permits the location of a series 



Fig. 70. — Contour lines for a T section. 


of contoiu" lines for the deflected films. A set of contour lines 
as determined from a T section is shown in Fig. 70. 

From these lines, which are known as “lines of shearing stress,” 
since they give the directions of the maximum shearing stresses, 
the necessary slopes and volumes of the films may be obtained. 
The stress-torque relationships for the cross section being con- 
sidered may then be determined by the application of Eqs. 
(145) and (148) to the cross section and to the circle, together 
with Eq. (1196) for the circle. It is evident that the maximum 
shearing stress in the T section of Fig. 70 will occur near the 
reentrant comers, because the slope is greatest in that region. 
The direction of the shearing stress is perpendicular to the direc- 
tion in which the slope is measured by Eq. (145). 

Slopes may also be determined by a device that projects a 
ray of light toward the film. The ray is adjusted until the 
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reflected ray coincides with the impinging ray. Since the slope 
of the film is normal to the ray under that condition, the slope 
may be evaluated by measuring the direction of the ray. 

69. Application of the Membrane Analogy. — The practical 
application of the membrane analogy to the determination of 
torsional stresses in shafts of various cross sections may be 
qualitative or quantitive. The qualitative application involves 
the use of the analogy as a mental tool in locating the point 



k-C-J 


Fig. 71. — Narrow rectangular section in torsion. 

of maximum stress or in making a comparison of the torque- 
carrying capacities of different cross sections. For example, the 
shape of the deflected membrane may be readily visualized with 
sufficient accuracy to indicate directly that a reentrant corner 
in a shaft is a point of high stress, or that for a given angle of 
twist or a given maximum stress, a square shaft will transmit 
but slightly more torque than the circular shaft that may be 
inscribed in it. 

An approximate evaluation of the stresses in a member of 
long narrow rectangular cross section subjected to torsion follows 
directly from the membrane analogy. If a small distance near 
each end is neglected, each cross section normal to the longi- 
tudinal center line will be identical and may be represented 
as indicated in Fig. 71. Hence dz/dy is equal to zero, and Eq. 
(143), for fc = 1, reduces to 
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dx^ L 

which may be integrated ^iirectly to give 
dz -2Ge , „ 

The constant of integration may be evaluated from the 
the membrane is horizontal at the center, i.e., 


(149o) 


fact that 


•r- = 0 when x = 0 
dx 


Therefore 


Cl = 0 


A second integration gives 


z = x^ + Ci 

from the boundary condition that z = 0 at a: = fc 


(1496) 


Therefore 


^ = 2 = (6* _ a;*) 


The torque may be found from Eq. (137) 


T = 2 4,da 

= 2 ^ (6* - x^)dxdy 


lQG$ab^ 

3L 


from which 


16Co6» 


(149c) 


The maximum shearing stress occurs at the edge x = 
from Eqs. (149a) and (1366), 

<j _ 2G0b 

* ayz — T 


(160a) 


(1606) 
6 and is. 


The str^ may be expressed in terms of the torque by sub- 
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stituting the vaiue of 06 from Eq. (160&) 

S„ = (161a) 

The maximum stress in a long narrow rectangular bar is, from 
Eq. (123) and Table VI, a/b = oo 


0.667(9)r 

16a6® 

3T 

Soft* 


(1616) 

(151c) 


which agrees with the result obtained in Eq. (151a) by the 
approximate analysis. For a/b = 10 the approximate analysis 
is about 7 per cent in error, and on the unsafe side. Equations 
(1506) and (151a) may be written in terms of the width c and the 
total depth d of the cross section as 


6 = 




ZTh 

Gc*d 

c*d 


(150c) 

(151d) 


70r Hollow Sections. — The membrane 
extended to cross sections containing holes. 


analogy may be 
Since there can be 



^'^PuHeys—^ 

/Counter*- 






bofhnc^ 




Fio. 72. — Membrane-analogy equipment for a hollow section. 


no shearing stress normal to the boundary of the hole at the 
boundary, the slope of the membrane parallel to the boundary 
must be zero on the boundary. This condition may be satisfied 
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by attaching the membrane to a flat plate of the proper size, 
shape, and location to correspond with the hole. The plate 
must be allowed to deflect as pressure is applied, but its weight 
must be counterbalanced, and it must be kept level. Figure 72 
indicates how the analogy might be used in determining the 
stresses in a square shaft containing a longitudinal circular 
hole. 



(a) (b) (c) (d) (e) 


Fig. 73. — Thin-walled open sections. 

71. Torsional Stresses in Thin-walled Open Sections. — In 

some types of structures, particularly in aircraft units, members 
having a small thickness in comparison with other dimensions 
may be required to transmit torque. The wall of the member 
may form a closed curve, in which case the cross section is 
known as a ‘^closed section,’^ or it may form an ‘‘open section, 
examples of which are shown in Fig. 73. With a given cross- 
sectional area and wall thickness the torsional resistance of a 
closed section is far different from that of an open section. 
From a consideration of the shape of the deflected membrane it 
is evident that Eq. (150c) may be extended with little error to 
O'Pen thin-walled sections such as those indicated in Fig. 73. 
The total torque developed by the section composed of a series 
of rectangles will be equal to the sum of the torques developed 
by each component rectangle. 

T = Ti + Ta + Ts + • • • + Tn (152) 

However, the torque developed by each rectangle may be 
evaluated from Eq. (150c) 

rjTi di I (72^2^2 ^2 I I /I 

However, if the member is homogeneous and if no secondary 
effects such as buckling occur, 0, G, and L will be equal in each 
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rectangle and 

’’-rXx 

(1626) 


It will be noted that Eq. (1526) is similar in general form to 

m _ 

L 

for a circular shaft. Hence, for convenience Eq. (1526) may 
be written as 

T = ^ (152c) 

in which 

/•= (163) 

defines an equivalent polar moment of inertia. Similarly 

Tc 

Sy^ = -j- (15le) 

in which the term c is the total width of the rectangle in which the 
stress is desired. 

Saint Venant showed that for the single rectangle the equiva- 
lent polar moment of inertia is given by 

Je = — otc^ (153a) 


in which a varies from 0.194 for d = c to 0.210 for d > 2.5c. 
The second term takes into account the ‘^end effect'^ or decrease 
in volume under the membrane near the end, which was neglected 
in developing Eq. (153). 

Lyse and Johnston^ give the value of Je for a trapezoidal cross 
section such as the fiange of an I beam, as 

(ci C 2 )(cf c|) — aic\ — ^ 2^2 (153^^) 


in which Ci and C 2 are the thicknesses at the ends of the section 
a\ and ^2 are coefficients equal to approximately 0.10. 

' From tests of steel I beams and H beams Lyse and Johnston 
found good agreement between the measured value of Je and 

* ^ Lyse, Inoe, and G. Johnston, Structural Beams in Torsion, Tram. 
Am. Soc. Civil Engrs.^ Vol. 62, p. 857, 1936, 
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the -computed value, assuming the sections to be composed of 
rectangles, trapezoids, tmd circles (at the intersection of flange 
and web). Stresses as evaluated from strain measurements 
were found to be in agreement with 


« -_Tie + 0.3r) 
Sy, J- 


(161/) 


in which r is the radius of the fillet at the junction of web and 
flange 

c is the thickness of the web, or minimum thickness of 
flange. 

As would be expected, the maximum stresses occiu* near the 
junction of web and flange. 

Tests of rolled channels^ indicate that the value of /„ as com- 
puted from Eq. (153), using the mean thickness of each com- 
ponent part for its respective c, should be increased about 10 per 
cent to agree with experimental results. Closer agreement with 
test data may be obtained by taking into account the taper of 
the flanges. 

It is further evident from a consideration of the membrane 
analogy that Eq. (Ifild) will give reasonable values of stress in 
the section shown in Fig. 73a but will be correct in the other 
sections only at a distance of at least c from the reentrant cor- 
ners. Concentration of stress will exist at the comers, the 
magnitude of the concentration depending upon the radius of 
the fillet. Timoshenko* shows that the maximum stress may 
be evaluated satisfactorily as 



in which r is the radius of the fillet at ^he inside comer. If the 
radius of the fillet is small in companson with the thickness c 
(r equal to approximately 0.1c) the maximum stress may be 

‘ Sbblt, F. B., W. J. Putkam, and W. L. Schwalbe, The Torsional Effect 
of Transverse Bending Loads on Channel Beams, Vniv. Illinms Eng. Expi. 
Sta. BuU. 211, 1980. 

* Timoshbni^o, S., "Theory of Elasticity,” p. 268, McGraw-Hill Book 
Company, Inc., 1934. 
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S 


1.7iTc^ 

J. 


(185) 


Equations (154) and (155) are compared in Fig. 78. 

The effect of a longitudinal slit upon the torsional resistance 
of a thin-walled circular tube may be made by comparing the 
stress and angle of twist of the section in Fig. 73a with an unslit 
tube of the same dimensions. If R denotes the mean radius 
of the tube wall and t the wall thickness of the tube, the stress 
developed in the open section is, from Eq. (151d)> 

I 


The torque developed in the closed tube may be evaluated by 
ftflwiTnin g the stress to be uniformly distributed. 


T = SiAR = Si^RIR 
T 


(1566) 


Therefore, if the two tubes are subjected to the same torque, 
the stress in the slit tube will be greater by the ratio 3R/t. The 
angle of twist in the slit tube is, from Eq. (150c), 


for the closed section 


0 = 


3TL 

itrRGt* 


0 - 
^^-g7 


TL 

2KRH0 


(156c) 


(166d) 


The ratio of 0 to 0i for the same torque is 3(R/t)*. 

For example, a torque of 41,000 in.-lb. is required to produce 
a stress of 20,000 p.s.i. in a 3%-in. tube with a wall thickness 
of 0.095 in. (which is a standard size), but if the tube is slit, the 
torque required to produce the 20,000-p.s.i. stress is only 700 
in.-lb. or about 1.7 per cent of the torque for the unslit tube. 
In the first case the stress of 20,000 p.s.i. will be accompanied 


* Tbbittz, £., Z, fur angeto. MaOi. Mech,, VoL 2, p. 263, 1022. 
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by a twist of 0.00314 radian per in., if the tube is aluminum 
alloy, while the 20,000*p.s.i. stress in the slit tube will result 
in a twist of 0.062 radian per in. or nearly 20 times the twist in 
the unslit tube. 

The diflFerence in stress distribution in the two tubes is indi- 
cated in Fig. 74. The relatively high torque in the closed cross 
section is due to the fact that the shearing forces are practically 
constant over the area and their moments add, while in the open 
cross section the shearing forces on the inner half oppose those 
in the outer half. 




Fig. 74. — Distribution of torsional stress in closed and open sections. 

72, Torsional Stresses in Thin-walled Closed Sections." — The 
evaluation of the stresses and angle of twist in the thin-walled 
section of circular outline follows directly from the elementary 
theory. An approximate solution for the torsional stresses in a 
thin-walled closed section having a circular or noncircular outline 
may be obtained by assuming that the stress is uniformly dis- 
tributed across the wall of the section. The assumption is 
justified when the wall thickness is small in comparison with the 
over-all dimensions of the section. From the standpoint of the 
membrane analogy, the assumption is reasonable in that any 
radial section through the membrane, such as ab in Fig. 72, will 
be practically a straight line. 

In a thin-walled section the magnitude of the shearing force 
per unit length of periphery of cross section is constant regardless 
of whether or rfot the wall thickness is constant. The shearing 
‘'force^' per unit length of periphery is called the “shear flow’^ 
and is designated by the symbol q. It may be evaluated from 
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the torsional stress as 9 = 8t^. The fact that l^e shea^ flow 
is constant in a thin-walled torsional member may be verified 
by considering a free-body diagram of a section of length 
cut from the tube as shown in Fig. 76. Under the action of 
the applied torque a shearing force Qt, wiU be developed on both 
the front jyid back faces of the element. The resulting couple 



Fig. 76. — Torsion of a thin-walled closed section. 


Qtz dz is balanced by the couple resulting from the longitudinal 
force /S,f<i dz and dz. However, from the equation of 
equilibrium of forces in the z direction 

Szth dz = dz 
or 

Szth = 

In addition, from a consideration of a differential block at corner 
A of the element, it is evident that the shearing stress 
developed on the face AB at A is equal to and the shearing 
stress Stz, developed on the face AB at the corner B, is equal to 
Szt- Hence 

Stzh = S[h = ^ = constant. 

The torsional moment, or torque, developed by the shearing 
stress in the cross section {AB) may be determined from the 
shear flow, as indicated in Fig. 76. The shearing force developed 
in a differential length ds of the wall will be g ds = Stzt ds. 

The moment of this shearing force about any convenient z axis 
intersecting the cross section at point 0 is 

dT = qrds 

in which r is the moment arm of the force. 


(167o) 
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If the ends of the differential length are connected with 
point 0, it is evident that the enclosed area da is equal to da. 
Hence 

dT ==>2q da (1676) 



The total torque T developed by the entire cross section of the 
tube is 


T 2 j^q da (167c) 

However, q is constant, so 


T = 2qA=‘ 2SaA (167d) 


in which A is the total area enclosed by the center line of the 
tube wall 

t is the thickness at the point where the stress St. is 
evaluated. 


Then 



(167e) 


The angle of twist may be determined by equating the internal 
strain energy to the external work done in twisting the tube. If 
the stresses are below the proportional limit 
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Hte = ^ (volume) 

(168a) 


f*SlJLd8 
~ Jo 2G. 

(1685) 

in which s is the length of the center line of the wall cross section. 

From Eq. (167e) 

„ [‘T^tLds 

Jo 44 W 

(158c) 


TL r* rfs 

(158d) 


O 

II 


Lq fds 

2AG jo t 

(168e) 


« 

If the tube has reentrant comers, stress concentration will 
occur at the corners, resulting in stresses greater than those 
indicated by Eq. (157e). 

Thin-walled tubes subjected to torsion may fail in compression, 
due to local buckling as a result of the principal compressive 
stresses developed at an angle of 45 deg. with a transverse plane. 

73. MulticeUed Thin-walled Sections. — If tbe cross section of 
the torsional member consists of two or more thin-walled cells. 



Fig. 77. — Example of a two-cell section. 


as for example, in one type of airplane wing, Fig. 77, the dis- 
tribution of the torque among the cells may be determined from 
the fabt that each cell is rotated through the same angle. Hence, 
Eq. (158d) may be applied to each cell separately and the angles 
equated. In addition, the total torque is equal to the sum of the 
torques developed by each cell. The resulting series of simul- 
taneous equations may be solved for the torque in each cell, 
and stresses determined by the application of Eq. (157e) to 
each cell separately. The stress in the member common to two 
cells is the resultant of the stress contributed by each of the 
cells. 

If it is desired to avoid the solution using simultaneous equa- 
tions the distribution of the torque among the cells of a multi- 
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celled torsional member may be determined by a process of 
successive approximation. 

Baron^ has outlined a systematic procedure similar to the 
prpcess developed by Cross^ for the analysis of flow in inter- 
connected conduits. The analysis is based on the analogy 
between shear flow in a thin-walled section and the flow of a 
fluid or electricity in a network of conduits that is geometrically 
similar to the cross section of the torsional member. The shear 
flow entering into any joint must be equal to the shear flow 
“flowing” out of the joint, by statics; and the shear flow along 
any cell wall between joints is constant, as has been proved. 

Baron has also shown that the problem may be solved by 
making successive corrections to a trial solution. The trial 
solution consists in assuming a shear flow in each closed circuit 
such that the total shear flow balances the external torque that 
the cross section must carry, and such that the angle of twist 
of each unit is approximately equal. The assumed distribution 
may violate the condition that the shear flow jnto a junction 
must equal the shear flow out of the junction. Then the “unbal- 
anced” shear flow must be distributed among the units meeting 
at the junctio%to satisfy Eq. (158e). The redistribution may 
unbalance the shear flow at other junctions, so the process is 
repeated at the joints in succession until the desired precision 
is obtained. A correct solution is obtained when Eq. (158e) 
and the equations of equilibrium are satisfied. 

74. Effect of End Restraint. — ^The evaluation of torsional 
stresses considered in the preceding articles is based on the 
assumption that no longitudinal stresses are developed in the 
torsional member. This assumption is equivalent to assuming 
that each cross section is free to warp. If any cross section is 
not free to warp, as at a fixed end of a torsional member or a 
beam subjected to torsion, longitudinal stresses willbe developed 
and will add to the longitudinal stresses due to bending, if any. 
In addition, distortion of the cross section may occur, resulting 
in excessive stresses. Goodier and Barton have developed an 
analysis for I beams,® assuming that the cross section of the web 

1 Babon, F. H., Torsion of Multiconnected Thm-walled Cylinders, Tram. 
Am, Soc, Mech, Erngts,, Vol. 64, p. A-72, 1942. > 

* Cross, Hardy, Analysis of Flow in Networks of Conduits or Conductors, 
Univ, Illinois Eng, Expt, Sta, Bull, No, 286, 1936. 

® Goodier, J. N., and M. V. Barton, The Effects of Web Deformation on 
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does not remain straight but warps, owing to bending moments 
developed between the flanges and web. 

The effect of end restraint has been studied experimentally 
•as well as analytically by Seely, Putnam, and Schwalbe^ and 
by Lyse and Johnston.^ Their results, as well as those of Goodier 
and Barton, show that the end restraint stiffens the member 
torsionally and that the rate of twist with respect to length 
dO/dz is not constant for some distance from the fixed end. A 
treatment of the problem for thin-walled cellular members is 
given by von Kdrmdn and Christensen.* 

76. Stress Concentration in Torsional Members. — Stress con- 
centration in shafts and other torsional members may be caused 
by (1) irregularities in cross section, particularly reentrant cor- 
ners, and (2) changes in cross section. Holes, keyways, and other 
irregularities are needed in shafting to transfer torque from the 
shaft to pulleys, gears, or other attachments, and they may 
cause failure under conditions of repeated loading or in a brittle 
material unless properly considered in design. Because of the 
mathematical difficulties involved in the exact solution, values 
of the stress-concentration factor have been obtained experi- 
mentally for the most part. 

In addition to the experimental methods outlined in Art. 46 
and the membrane analogy, three hydrodynamical analogies 
have been developed; one by Lord Kelvin,^ another by Bous- 
sinesq,® and a third by Greenhill,® each for aid in evaluating 
the torsional stresses in members of irregular cross section. In 
the hydrodynamical analogy described by Greenhill, a container 
having the same cross section as the cross section of the shaft is 
partially filled with fluid (theoretically frictionless) , and. the 
container is rotated. The linear relative velocity of the fluid 

the Torsion of I-Beams, Trans, Am, Soc, Mech. Engrs,, Vol. 66, p. A-35, 
1944. 

1 Op. cit. p. 170 

* Op. dt. p. 169. 

*voN KXrmXn, T., and N. B, Christensen, Method of Analysis for 
Torsion with Variable Twist, J. Aeronaut, Sd.y Vol. 11, p. 110, 1944. 

* Thomson, Sir William, and P. G. Tait, “Treatise on Natural Philos- 
ophy,'^ Part 2, University Press, Cambridge, 1867. 

® Boussinesq, J., J, maih. pure appf., Ser. 2, Vol. 16, 1871. 

* Greenhill, A. G., Hydromechanics, “Encyclopaedia Britannica," 9th 
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at any point is proportional to the shearing stress at the cor- 
responding point in the shaft. Den Hartog and McGivern^ 
used this analogy to study stresses in square and rectangular 
shafts and circular shafts containing keyways. 

In general, the study of stress concentration in torsional 
members has centered aroimd four types of stress raisers. 

1. Reentrant corners in thin-walled noncircular members. 

2. Keyways in circular shafts. 

3. Transverse holes in circular shafts. 

4. Changes in diameter of circular shafts. 

These four cases represent the important situations in which 
concentration of stress occurs. 

1. Reentrant Corners . — This condition has been considered in 
Art. 71 and Eqs. (154) and (155), given for the evaluation of the 
maximum stress. They reduce to 

1 ^ (154a) 

and 



in which r is the radius of the fillet 
c is the wall thickness. 

Figure 78 shows values of Kt from the two formulas plotted 
against values of c/r, 

2. Keyways in Circular Shnfts. — ^Weber^ showed that the 
maximum stress in a circular shaft containing a longitudinal 
semicircular groove is given by the expression 

Sxz = ^ (2ro — rg) 

in which is the radius of the shaft 
rg is the radius of the groove. 

Hence, from Eq. {g) developed in Art. 67 the stress-concentration 
factor is 

Kt = 2-^ 

r. 

' Den Hartog,, J. P., and J. G. McGwebn, On the Hydrodynamical 
Analogy of Torsion,* Tram. Am. Soc. Mech. Engrs., Vol. 67, p' A-46, 1936. 

* Weber, D., Lehre der Verdrehungsfestigkeit, F. D. /. Forschungsarb.f 
429, 1921. 
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If the shaft contains a semielliptical groove at the outside with 
the principal axis a in the radial direction and the other principal 
axis equal to 6, the stress-concentration factor is 


Kt 



Hence, a narrow radial crack has a marked effect upon the 
strength of a shaft. 

GrifBth and Taylor^ used the membrane analogy to evaluate 
the stress-concentration factor for a keyway in a hollow shaft. 



Fia. 78. — ^Values of stress-concentration factors for reentrant corners in thin- 
walled torsional members. 


With this method a stress-concentration factor of 5.4 was found 
for a keyway 1 in. deep and 2.5 in. wide in a 10-in. by 5.8-in. 
hollow shaft when the radius of the fillet was 0.1 in. When the 
radius of the fillet was increased to 0.5 in. the stress-concentra- 
tion factor was reduced to 2,1. Tests by Gough^ on torsion 
members containing profiled keyways give a value of the endur- 
ance-limit-reduction factor of about 1.20 for Armco iron and 
1.30 for 0.65 per cent carbon steel. Moore® reports a value of 
endurance-limit-reduction factor of 1.30 for a sled-runner 


1 Griffith, A. A., and G. I. Taylor, The Use of Soap Films in Solving 
Torsion Problems, Proc, Inst, Mech, Engrs. London^ p. 755, October- 
' December, 1937. 

* Gough, M. J., The Effect of Keyways on the Strength and Stiffness of 
Shafts Subjected to Torsional Stresses, Tech, Repts, Aeronaut, Research 
Coinm,j p. 488, 1924--1925. 

» Moore, H. F., The Effect of Keyways on the Strength of Shafts, 
Univ. Illinois Eng, Expt. Sta. Bull, 42, 1909. 
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keyway in cold-rolled shafting. Teste using the brittle-material 
method^ on plaster specimens 2 in. in diameter having milled 
keyways in- deep and in. wide gave average values of the 
stress-concentration factor of 1.44 for the sled-runner keyway 
and 1.68 for the profiled keyway. 

3. Transverse Holes in Circular Shafts . — Seely and Dolan also 
investigated the effect of transverse holes upon the strength of 



0 a05 aio 0.15 0.20 0.25 0.30 


Ratio of diam. of hole to diam. of specimen 

Fig. 79. — Endurance-limit-reduction factors for torsional specimens containing 

transverse holes. 


torsional members. Two-inch diameter cylindrical plaster 
specimens containing transverse holes gave values of the stress- 
concentration factor ranging from 1.86 for a 3^- in. hole to 2.12 
for a hole. Armbruster^ found that the value of the 

endurance-limit-reduction factor for repeated loading of torsion 
specimens containing transverse holes was dependent upon the 
characteristics of the material. For a diameter of hole equal 
to 16 per cent of the diameter of the specimen his tests gave 
values of Ke ranging from 1.31 for a mild steel to 1.82 for a 
high-strength steel. Results of repeated loading tests on torsion 
specimens by Dolan^ are indicated in Fig. 79, together with 

1 Seely, F. B., and T. J. Dolan, Stress Concentration at Fillets, Holes, 
and Keyways as Found by the Plaster-model Method, Univ. Illinois Eng, 
Expt, Sta, Bull, 276 , 1935. ' 

* Abmbruster, Einfluss der Oberflachen Beschaffenheit auf den 
Spannungsverlauf und die Schwingungsfestigkeit, V, D, I. Verlag,, 1931. 

* Dolan, T. J., The Combined Effect of Corrosion and Stress Concen- 
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the tests by Seely and Dolan^ on plaster of pans specimens. 
The test results show that the stronger steels are more sensitive 
to the stress concentration around the hole. Dolan also dembn- 
strated that the endurance-limit-reduction factor is increased 
if the specimens are subjected to corrosion. The theoretical 
value of the stress-concentration factor at a circular hole is 
approximately 4. The lower values obtained in the repeated 
loading tests indicate the beneficial infiuences of local 3 delding 
in reducing the effective stress-concentration factor. 

Neuber,* in investigating the effect of transverse elliptical 
holes in shafts, showed that the ratio of the radius of curvature 
at the end of the major axis of the hole to the size of the shaft is 
an important factor in establishing the stress-concentration 
factor. 

4. Change in Diameter of Circular Shafts , — ^The stress con- 
centration that occurs at a change in cross section may also be 
appreciable\ For example, a small semicircular groove cut 
around the circumference of a circular shaft has a stress-con- 
centration factor of 2.0. That is, the maximum stress at the 
base of the groove is twice the maximum stress in a circular 
shaft without the groove. The maximum stress occurs at the 
bottom of the groove. 

The stress-concentration factor existing at a change of diameter 
in a stepped shaft is dependent upon the diameters of the two 
sections and the radius of the fillet. Values of the stress-con- 
centration factor as determined by Jacobsen^ using an electrical 
analogy are indicated in Fig. 80. The quantity D is the diameter 
of the large section, d is the diameter of the small section, and r 
is the radius of the fillet. The stress-concentration factor Kt is 
based on the maximum stress in the smaller shaft. 

Values of the endurancerlimit-reduction factor Ke for fillets 
as determined by Dolan^ from repeated loading tests were 


tration at Holes and Fillets in Steel Specimens Subjected to Reversed Tor- 
sional Stresses, Univ, Illinois Eng, Expt, Sta. Bull, 293, 1937. 

^Op, cit, 

*Neubbr, N., ‘‘Kerbspannungslehre,” Berlin, 1937. 

» Jacobsen, L. S., Torsional-stress Concentrations in Shafts of Circular 
Cross Section and Variable Diameter, Trans. Am, Soc, Mech, Engrs,, Vol. 47, 
p. 619, 1925. ^ 
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appreciably lower than the values of stress-concentration factor 
obtained by Jacobsen. In Chap. 5 it was noted that the endur- 
ance-limit-reduction factor for axial loading is less than the stress- 
concentration factor for the same member. The stronger 
S.A.E. 3140 steel indicated higher values of than the weaker 
S.A.E. 1020 steel, which also agrees with the findings for axial 
loading. 



r 

a 

Fig. 80. — Stress-concentration factors for stepped shafts. 

As was noted in connection with stress-concentration factors 
for axially loaded members, the factor sjiould be taken into 
account in design if the material is brittle or if the member is 
subjected to impact or repeated loading. For ductile materials 
subjected to steady loading, sufficient plastio yielding can usually 
occur at the points of stress concentration to relieve the stresses 
without causing damage. However, steady loading on a shaft 
is not common. Resistance to fluctuating torsional stress has 
been investigated by M^ore and Kommers^ and by Smith- 
for 3140 steel. Their data indicate that if the specimen contains 
no stress raisers, the material will not fail if the range of stress 
(jSjnmx — Swin) does not exceed twice the endurance limit, 
provided that iSm« does not exceed the torsional yield strength. 

1 Moobe, H. F., and J. B. Kommees, ** Fatigue of Metals,” McGraw-Hill 
Book Company,* Inc., New York, 1927. ^ 

* Smith, J. 0., The Effect of Hange of Stress on the T^^rsional Fatigue 
Strength of Steel, Untv. Illinois Eng, Expt. Sta. Bull, 316, 1939. 
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However, if the specimen contains stress raisers, the allowable 
range of stress decreases as the maximum stress increases. 

76. Plastic Yielding in Circular Shafts. — The equations 
developed thus far in this chapter are based on the assumption 
that the stresses do not exceed the proportional limit of the 
material. If the stresses do exceed the proportional limit, 
the maximum stresses are less and the angle of twist is greater 
than the values given by the formulas. However, stress may no 
longer be an adequate criterion of safety. 



Fig. 81. — Plastic yielding in circular shafts. 


The relationship between torque and the angle of twist for a 
circular shaft stressed above the proportional limit is dependent 
upon the shape of the stress-strain diagram. The stress-strain 
diagram for low-carbon steel in shear may be idealized as indi- 
cated in Fig. 81a for strains up to several times the elasticity. 
If it is assumed that a radius before twisting remains a radius 
after twisting, which may be verified experimentally even within 
the plastic range of stress, the unit strain is proportional to the 
distance from the center. 

For values of the maximum strain not exceeding the elasticity, 
the conventional analysis applies. If the maximum strain 
exceeds the elasticity, the cross section may be considered to be 
composed of two portions as shown in Fig. 816, a central circle 
of radius Vy to which the conventional analysis applies and an 
outer ring, all elements of which are stressed to the yield point 
in shear Sy, The torque developed by the entire cross section is 

T = Jj"' So(2Trp)p dp + Sy{2Tp)p dp 


(159) 
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However 

Hence 


P tv 

T = M* f pi dp + 2irSy I P* dp 

Jo J Ty 

= 2rS«^+?^"(c»-r«) 

= ^ (4c* - r») 


From the geometry of the shaft it is evident that 

VyB = yyL 

in which yy is the elasticity. Then 

" GB 


(1696) 

(159c) 

(160) 

(160a) 


The radius Vy to the plastic boundary may be eliminated from 
Eq. (159c) by substituting its value from Eq. (160a) giving 

(169d) 

as the relationship between the torque and the angle of twist. 

If the material does not have a yield point as indicated in Fig. 
81a, the T-B relationship may still be developed from the stress- 
strain diagram. The general relationship between stress and 
strain may be written as 

== /(tp) (161) 


The resultant torque developed by the entire cross section is, by 
statics, 


T= j^8yi‘^p)pdp 



= 2x fjf(y,)p^dp 


(162) 

From the geometry of the twisted shaft 



pB = ypL 
so 

^ B 

✓ 

(163a) 

(1636) 
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dp = ^ d7p 

(163c) 


Values of p* and dp from Eqs. (1636) and (163c) may be sub- 
stituted in Eq. (162), giving 

r = 2x /jV(7p) ^ \ dy, (162o) 

The limits of integration must be changed to conform to the 
change in variable. The upper limit becomes 7 c, denoting the 
strain at the outside of the shaft, corresponding to the upper 
limit of c for the variable p in Eq. (162). The quantities L 
and e are constant, so they may be taken outside of the integral 
sign giving 

r = JjV(rp)7?dTp (1626) 

As has been noted, ^ the integral in Eq. (162b) is the moment 
of inertia with respect to the stress axis of the area between the 
strain axis and the stress-strain diagram out to the strain 7 c. 

The reverse problem, that of determining the stress-strain 
diagram for the material in shear from a torque-twist diagram 
of a circular bar, may be solved by multiplying both sides of 
Eq. (1626) by {cB/Ly 


or 


r(^y = 2r f\^f{y,)yldy. 


(162c) 

(162d) 


The right-hand side of Eq. (162c) is a function of the upper limit, 
which is equal to cd/L. Hence, both sides may be differentiated 
with respect to cd/L giving 


©■ 




dT 


d{ce/L) 


= 27r-S»c» I r 


(163) 


^ Duget, C., “Limite d^61asticit6 et resistance h la rupture/* Vol. 1, p. 157, 
Paris, 1882. 

Ludwik, P., ‘‘Elemente der Technologischen Mechanik,** Verlag Julius 
Springer, Berlin, 1909. NXdai, A., Plasticity,** p. 126, McGraw-Hill 
Book Company, Inc., New York, 1931. 
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3’’ + (r)3(S« = 

Therefore, the stress at the outside is 


35P + 

S, 


dT 

\L)d{e/L) 

2tc® 


(163a) 


(164) 


The stress at the outside corresponding to a given torque may 
be determined from the T-(d/L) diagram and Eq. (164), noting 
dT 

that evaluated as the slope of the tangent to the 

T-{fi/L) curve at the given torque. The corresponding strain 
at the outside may be determined from Eq. (163a). At the 
ultimate the torque-twist diagram is horizontal, and the slope 
dT 

is zero. Hence, Eq. (164) reduces to 


d{e/L) 


Q _ 

^ 27rc3 


(164a) 


which is ^ of the modulus of rupture, or the value given by the 
ordinary formula for the stress at the ultimate. In other words, 
the modulus of rupture for a circular shaft is 33 per cent greater 
than the true stress at the ultimate, regardless of the shape of 
the stress-strain diagram. 

Stress-strain curves for ductile metals in pure shear have been 
reported by Ludwik.^ The stress-strain curve in shear may be 
determined more directly from torque-twist data by using a thin- 
walled cylinder as the test specimen. 

77. The Sand-heap Analogy. — The relative strength of cross 
sections of various shapes when stressed beyond the yield point 
may be evaluated by the sand-heap analogy, devised by Nddai.^ 
The analogy is based on the assumption that the material has 
the stress-strain characteristics indicated in Fig. 81a. In the 
plastic region the stress is constant (equal to the yield point 

1 hoc. dt 

* NXdai, a., Der Beginn des Fliessvorganges in einem tordierten Stab, 
Z. angew. Math. Mech.y Vol. 3, p. 442, 1923. 

NAdai, a., “Plasticity,” p. 132, McGraw-Hill Book Company, Inc., New 
York, 1931, 
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8y)f and the stress function, which satisfies Eq. (136c), must be 
such that it will have a constant slope in the plastic range. 
Nddai pointed out the fact that sand piled on a horizontal area 
having the same shape as the cross section of the shaft will 
satisfy the conditions for the entire cross section stressed to the 
yield point. The depth of the sand at any point is proportional 
to the stress function at that point, and the volume of sand 
retained on the area is proportional to the resultant torque. 
For example, the volume of the cone of sand retained on a 
circular area of radius c is equal to 

V = (165) 

in which h is the depth of the sand at the center. 

However, the slope is proportional to the stress, so 



Sy = k- 
c 

(166) 

and 

II 

f 

to 

1 

(165o) 

from which 

„ ZkV 

Oy — « 

TTC® 

(166a) 

A comparison of Eqs. (166a) and (164a) gives 



T = 2kV 

(167) 

The constant, fc, may be evaluated from Eq. (166a) 



, XC®/Sy 

37 

(1666) 


For evaluating the torsional resistance of an area that is partly 
in the plastic range and partly in the elastic range, a combination 
of the membrane analogy and the sand-heap analogy is useful. 
The sand-heap analogy may be applied to cross sections contain- 
ing holes, as has been discussed by Prandtl and by Westergaard.^ 
The analogy requires the production of a plateau corresponding 
to each hole in the cross section, the elevation of the plateau 
being equal to the product of the yield point and the shortest 

1 Westebgaard, H. M., Graphostatics of Stress Functions, Tram, Am, 
Soc, Mech, Engrs.j Vol. 66, p. 141, 1934. 
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distance from the hole to the outside of the member. Sadowsky^ 
has described an experimental procedure for producing the 
plateau when the entire cross section has been stressed to the 
yield point. 

Christopherson^ has applied the method of finite differences 
to the solution of the torsion equation, Eq. (136c), and its 
extension into the plastic range. 

PROBLEMS 

197. A shaft is to be made of a steel having a proportional limit in torsion 
of 60,000 p.s.i. If the shaft is to transmit a torque of 8,000 ft.-lb. with a 
factor of safety of 2.00 with respect to failure by slip, determine the weight 
of the shaft per foot length if it is (a) round, (6) square. 

198. Solve Prob. 197 if the shaft is made of duralumin. 

199. A 2,200-hp. airplane engine develops a thrust of 8,800 lb. at 2,500 
r.p.m. Select a suitable material for the propeller shaft and determine the 
size required if the minimum factor of safety with respect to failure by slip 
is to be 4. 

200. What assumption is made in Eq. (119) regarding direction of the 
shearing stress? Is the assumption justifiable? 

201. Determine the maximum allowable torque and angles of twist of a 
2-in. square structural-steel shaft and a 2- by 4-in. rectangular shaft of the 
same material if failure by slip is to be prevented. 

202. Compare the maximum torque that a IJ^- by 3-in. solid elliptical 

shaft will transmit with the maximum torque which a diameter 

circular shaft will transmit if the two are of the same material and if failure 
by slip is to be prevented. 

203. A hollow elliptical shaft has external major and minor axes of 4 and 
2 in. respectively and internal major and minor axes of 2 and 1 in. If the 
maximum torsional stress is not to exceed 20,000 p.s.i., determine the 
maximum torque that may be applied to the shaft. 

204. Develop the stress function for an elliptical shaft and evaluate the 
maximum stress and the angle of twist in terms of the dimensions, G and the 
torque. 

206. With the aid of the stress function developed in Prob. 204 describe the 
warping that occurs when an elliptical shaft is twisted. 

206. Develop the stress function for an equilaterally triangular shaft as 

* “ ^ 

in which a is the altitude of the triangle. 

The origin is at the centroid, and the x axis passes through one vertex. 

1 Sadowsky, M. a., An Extension of the Sand-heap Analogy in Plastic 
Torsion Applicable to Cross Sections Having One or More Holes, Trans. 
Am. Soc. Mech. Engrs.f Vol. 63, p. A-166, 1941. ^ 

* Christopherson, D. G., A Theoretical Investigation of Plastic Torsion 
in an I-Beam, Trans. Am. Soc. Mech. Engrs.^ Vol. 62, p. A-1, 1940. 
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207. With the aid of the stress function for a triangular shaft given in 
Prob. 206 plot a curve showing the variation in shearing stress along one 
edge of the cross section. 

208. With the aid of the stress function in Prob. 206 determine the 
location, magnitude, and direction of the maximum shearing stress developed 
in a steel equilaterally triangular shaft for which a = 2 in. when it is twisted 
through an angle of 0.1 radian in a length of 10 in. 

209. Determine the stress function for a rectangular shaft. 

210. From Eq. (140b) what can be said regarding curvatures of the mem- 
brane? Is this conclusion valid? 

211. Construct a set of lines of shearing stress for a torsional member 
having a circular cross section and a set for a member having a cross section 
in the form of an equilateral triangle. 

212. The circular calibration membrane obtained in conjunction with the 
surface mapped in Fig. 70 had a diameter of 4 in. and center elevation of 
0.280 in. The total volume displaced under the two films was 50 cc. 
Determine the maximum stress developed in the T section by a torque of 
1,000 in.-lb. The total depth of the T section was 4 in. 

213. Compare the torque that ten l-in.-diameter circular rods will trans- 
mit (acting independently) with the torque that can be transmitted through 
a member having a rectangular cross section 1 by 10 in. The maximum 
stress is to be the same in both cases. 

214. Determine the equivalent polar moment of inertia for each of the 
cross sections given in Fig. P-214. 



216. What is the maximum torque that a standard 2- by 2- by J^-in. 
structural-steel angle will transmit without inelastic action? Neglect 
stress concentration. 
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216. Determine the approximate torque to which the bulb angle in Fig. 
P-216 may be subjected without inelastic action. The material is 24S-T 
aluminum alloy. 


OJSBin.diam. 


I 


-0.063in. I 
! 




0.625in: 
Fiq. P-216. 


217. Determine the approximate maximum allowable torque to which 
each of the sections in Fig. P-214 may be subjected if the maximum 
allowable shearing stress is 15,000 p.s.i. Determine the angle of twist in 
a 4-ft. length. 

a. Assume that the radius of all fillets is ample to prevent stress concen- 
tration. 

6. Assume that the radius of the fillet in (6) is H in. 

The material is duralumin. 

218. A rectangular tube with a wall thickness of 0.060 in. and outside 
dimensions of 4.00 in. by 2.00 in. is made of structural steel. 

o. Determine the maximum torque to which it may be subjected if inelas- 
tic action is to be avoided. 

b. Determine the maximum torque if the tube is split longitudinally. 

c. Determine the angle of twist in a 6-ft. length for (o) and (6). 

219. The section shown in Fig. P-219 is subjected to a torque of 100,000 
in.-lb. For what thickness of center web (CD) will the stress in CD equal 
zero? 


B D F 


*-0.07Zin. 

*■ 0.072 fn. 

— r 
1 
• 
i 

0.020m. 

0.036/n. 0.04Sin. 

1 

1 


✓ 

1 

fi.030m. 

^O.OJOin. 

1 

i 


C 

E 

10 fn. -9. 

20/a - 



• , Fig. P-219. 

220. The cross section of the wing shown in Fig. P-220 is to carry a torque 
of 260,000 in.-lb. Determine the maximum stress if 
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a. The nose section alone is effective. 

b. The nose section is not effective due to cutouts. 

c. Both sections are effective. 



^ — 45 

I. L^Shh-./^ 



A-990 

^ t--a020in;KZ^ 

i-0.03Qin.'\ 

t=0Jmn. 

< 44in, — ^ 


f»0,0J6/h. 

3 


Fia. P-220. 


221. A torsional member with a square cross section 10 in. on each side 
has a wall thickness of 0.120 in. If the maximum shearing stress, stress 
concentration neglected, is not to exceed 10,000 p.s.i., how much will the 
box be strengthened torsionally by subdividing it into four 5-in. square 
sections by inserting 0.040-in. thick webs? 

222. A 2-in.-diameter stainless-steel shaft is turned down to a 1-in. 
diameter for a portion of the length. If a fillet with a 0.10-m. radius is used, 
to what maximum torque may the shaft be subjected? 

223. A structural-steel shaft is designed for a torque of 10,000 ft. -lb. with 
a factor of safety of 2.00 with respect to failure by slip. Approximately 
how much permanent twist will result if the torque is accidentally increased 
to 26,000 ft.-lb.? 

224. Construct the probable torque-twist diagram for a 2-in.-diameter 
structural-steel rod if the stress-strain diagram has the idealized shape 
indicated in Fig. 81a with a yield point of 24,000 p.s.i. 

226. Develop an expression for the maximum possible torsional resistance 
of a bar having a rectangular cross section, assuming that the idealized 
stress-strain diagram indicated in Fig. 81a is valid. 

226. Compare the maximum possible torsional resistance of a bar having 
a square cross section with the resistance of the rod which may be inscribed 
in the square. 

227. Develop the torque-twist relationship for a circular rod made of a 
material having a parabolic stress-strain diagram. 
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Stresses 

78. General Considerations. — As has been indicated previously, 
the force system acting at a given cross section of a member may 
be resolved into (1) a force normal to the section, and acting 
through the centroid, producing axial loading (discussed in 
Chap. 5); (2) a force lying in the plane of the cross section, 
producing cross shear (discussed in Chap. 9) ; (3) a couple lying 
in the plane of the cross section, producing torsion (^scussed 
in Chap. 7); and (4) a couple lying in a plane normal to the 
plane of the cross section, producing flexure or bending (dis- 
cussed in this chapter). 

A state of pure flexure is said to exist if the resultant of the 
force system acting at each transverse cross section normal to 
the axis of the member is a couple lying in a plane normal to the 
transverse plane. The corresponding stresses developed in the 
member are flexural stresses. 

The conventional formula for flexural stresses S = Mc/I is 
based on several assumptions similar to those involved in the 
formula for torsional stresses in circular sections. 

1. Statics 

a. The resultant of the external forces is a couple that lies 
in, or is perpendicular to, a plane of symmetry of the 
cross section. 

b. The beam is in equilibrium. 

2. Geometry 

c. The longitudinal axis of the beam is straight. 

d. The beam has a constant cross section throughout its 
length. 

e. A plane section that is normal to the longitudinal axis 
of the beam before the beam is bent remains plane after 
the beanf is bent. 

/. The beam bends without twisting. 
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3. Properties of the Material 

g. The material of which the beam is composed is homo- 
geneous and isotropic. 

A. The stresses do not exceed the proportional limit of the 
material. 

The idealized loading conditions required by the flexure formula 
are essentially realized in the center portion of a beam supported 
at the ends and carrying two equal and symmetrically placed 
loads. Usually, a given section in a beam is subjected to cross 
shear as well as bending. That condition does not affect the 
values of the flexural stresses as computed by the flexure formula, 
but it will result in principal stresses greater than those computed 
by the flexure formula for most points in the cross section. 
In general, the maximum normal stress will be unaffected by the 
cross shear unless the beam is abnormally short. 

However, if the bending moment is accompanied by either a 
normal force or a torsional moment, the maximum normal stress 
may be much larger than that given by the flexure formula. 
The derivation of the elementary flexure formula will be reviewed, 
following which, special cases in which assumptions (a), (c), 
(d), or {h) are not valid will be considered. 

79. Derivation of Elementary Formula for Flexural Stresses. 

1. Statics . — The usual derivation of Mc/I for the idealized 
case starts with assumptions (a) and (6). 

If the beam is in equilibrium, the moment of the external 
forces must equal the resultant moment developed by the 
flexural stresses. The moment equation of equilibrium written 
with respect to the neutral axis gives 

M = j^Syyda (168) 

Equation (168) cannot be integrated directly since Sy is not 
constant. Its relationship to y must be determined from geom- 
etry and the material. 

2. Geometry . — From assumption (e), which is based on observa- 
tion, it follows that the total strain at any point in the section is 
proportional to the distance y of that point from the neutral 
axis or axis in the cross section on which the normal stresses 
are zero. If the axis of the beam is straight (assumption c), 
the unit strain is proportional to y, and 
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€o 


y 

c 


(169) 


in which €y is the unit strain at the point a distance y from the 
neutral axis 

€o is the unit strain at a reference point located at a 
distance c from the neutral axis. 

3. Properties of the Material , — If assumptions {g) and {h) 
are valid, stress is proportional to strain throughout the cross 
section and Eq. (169) may be written in terms of stress as 


So ■” c 


(169a) 


in which Sy is the stress at any point 

So is the stress at the reference point at a distance c 
from the neutral axis. 

4. Combination , — The variable Sy in Eq. (168) may be replaced 
by its equivalent, from Eq. (169a), giving 


M = ^ da 

c Jo 


(168o) 


However, the integral of y^ da is defined as the moment of inertia 
(with respect to the neutral axis) ; hence 


c y 


(170) 


The location of the neutral axis may be established by writing 
the force equation of equilibrium in the direction of the longi- 
tudinal axis of the beam. If there is no resultant axial load 
on the beam, assumption (a). 



(171) 


Again Sy may be replaced by Soy/c, from Eq. (169a), giving 


So 

c 



2/ da = 0 


(171a) 


For this to be true the integral of y da must be equal to zero; 
hence, the neutral axis must be a centroidal axis, i.c., it must 
pass through the centroid of the cross section. 

If the resultant of the external longitudinal forces is not zero 
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but is equal to F„, Eq. (171o) becomes 

^ f^y da = F„ (1716) 

c Jo 

However, by definition of the centroid 

y da = yA (171c) 


in which y is the distance from the axis of reference (the neutral 
axis) to the centroid. 


Then 

II 

(171d) 

and 

. F c 
^ A So 

(171e) 


SaC 

So 

(171/) 


in which Sa is the average (Fn/A) stress on the cross section. 

80. Direction of the Neutral Axis. — In Eq. (168) it was 
assumed that the external moment M lies in a plane perpendicular 
to the neutral axis. If the plane of the external moment is 
not perpendicular to the neutral axis the term M in Eq. (168) 
must represent only that component of the moment which does 
lie in a plane perpendicular to the neutral axis or the cosine of 
the angle between the plane of the moment and a plane per- 
pendicular to the neutral axis must be included. It is therefore 
necessary to determine not only the location of the neutral axis 
but also its direction with reference to the plane of the external 
moment. As is shown in the following article, the neutral axis 
is perpendicular to the plane of the moment if the latter contains, 
or is perpendicular to, an axis of symmetry of the cross section. 

81. General Solution. — A. more general solution for the 
stresses in a beam not subject to assumption (a) is outlined by 
Hardy Cross. ^ The development starts with the geometrical 
condition that a plane transverse section before bending remains 
plane after bending. The longitudinal displacement w of any 
point in the cross section can be expressed as the equation of a 

^ Cross, Hardy, The Column Analogy, Univ, Illinois Eng. Expt. Sta. 
Bull. 215, 1930. 
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plane 

w — a-^rhx + cy (172) 

in which a, h, and c are constants 

X and y are coordinates of the point with reference to 
arbitrary x and y axes. 

The equation for the total strain developed between two trans- 
verse planes will have the same form. In addition, if the beam 
is straight, so that the two transverse planes are parallel, and 
if the stresses do not exceed the proportional limit of the mate- 
rial, the stress at any point in the cross section may be expressed 
as 

S = a' + b'x + c'y (172a) 

The three constants a', 6', and c' may be evaluated by writing 
three equations of equilibrium. From the force equation of 
equilibrium the external normal force Fn must equal the resultant 
normal force developed on the cross section. Hence 

n = (173) 

= a' da + b' X da + c' y da (173a) 

if the X and y axes are taken as centroidal axes, Eq. (173a) 
reduces to 

Fn = a'A 
or 

a' = (1736) 

The moment equation of equilibrium, written with respect to 
the centroidal x axis, gives 

Sy da (174) 

a' y da + V xy da + c' y^ da (174a) 
= VPxy + C'lx (1746) 

in which M* is the component of the external moment with 

respect to the x axis 

Pry is the product of inertia with respect to the x and 
y axps 

/* is the moment of inertia with respect to the x axis. 
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Similarly, the moment equation of equilibrium written with 
respect to the centroidal y axis gives 

My = h'ly + (175) 


The constants V and c' may be obtained by solving Eqs. (1746) 
and (175) simultaneously. 


h' = 


Mylx — MJPxy 
Ijy - Ply 

/ ““ ^^yP xy 

" Uy - Ply 


(176) 

(177) 


The stress at any point in the cross section may be found by 
substituting the values of a', V, and c' from Eqs. (1736), (176), 
and (177) back into Eq. (172a). The complexity of the resulting 
expression may be reduced by selecting the x and y axes so that 
in addition to being centroidal axes they are principal axes.^ 
Then the product of inertia is equal to zero, and the constants 
6' and c' are 


li 

(176o) 

ii 

(177a) 


These values, together with the one for a', given in Eq. (1736), 
may be substituted back into Eq. (172a) giving 



MvU ^ MuV 

__ ^ __ 
* V ■‘t* 


(1726) 


in which the subscripts u and v denote the moments of inertia 
or components of moments with respect to the principal axes 
{u and V axes) passing through the centroid of the cross section, 
and u and v denote the coordinates of the point with reference 
to the u and v axes. 


1 A principal axis of inertia of an area (for any point in the plane of the 
area) is an axis with respect to which the moment of inertia of the area 
is a maximum or a minimum. There is a pair of principal axes for every 
point in the plane of the area. The axis with respect to which the moment 
of inertia is a minimum is always at right angles to the axis of maximum 
moment of inertia. An axis of symmetry is always a principal axis. Prin- 
cipal axes will be denoted as u and i; axes, and the moments of inertia with 
respect to them as and Iv respectively. 
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If the beam is subjected to pure bending Fn = 0, and if the 
plane of the external moment is perpendicular to one of the 
principal axes of the cross section (say the u axis), Eq. (1726) 
reduces to 



(172c) 


which agrees with Eq. (170). Hence, the elementary formula 
S = Mc/I is subject to the limitations indicated. 

It will be noted that Eq. (1726) may also be developed by the 
principle of superposition. That is, if all stresses are below the 
proportional limit, the resultant normal stress at a point in a 
beam is equal to the sum of the normal stress and the flexural 
stresses produced by the bending about each of the principal 
centroidal axes. 

Since the neutral axis is the line in the cross section on which 
the normal stress is zero, its position may be deduced from Eq. 
1726). The equation of the neutral axis is 



MyU 

TT 



(178) 


If the beam is subjected to pure flexure Fn == 0, and 


MyU —MuV 

Iv 


(178a) 


The angle between the plane in which the resultant moment 
lies and one of the principal axes (say the v axis) may be desig- 
nated as as shown in Fig. 82. The angle between the u 
axis and the neutral axis is designated as a. Then from Eq. 
(178a) 


lu^V ] 

I^Mu u 


(1786) 


L 

Y tan = 

Iv 

tan a = 


— tan a 
— tan /3 


(178c) 

(178d) 


The minus sign indicates that if the plane of the load lies in 
the first and third quadrants with respect to the u axis, the 
neutral axis lies* in the second and fourth quadrants (and vice 
versa). Two conclusions may be drawn from Eq. (178d) : 
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1. That the neutral axis is not perpendicular to the plane 
of the loads unless the plane of the loads is perpendicular to one 
of the principal axes (through the centroid). That is, a will not 
equal zero unless B equals zero. The deviation of the neutral 



axis may be considerable. For example, for a 2- by 12-in. 
rectangular cross section, lu = 288 in.^ and = 8 in^. Then if 
the angle B is only one degree 

tan a = (0.01746) 

0.62856 

a = — 32 deg. 

2. That the ordinary flexure formula is not valid unless the 
plane of the loads is perpendicular to one of the principal axes 
(through the centroid). For the flexure formula M == IS/c to 
hold, the angles a and B must be equal, Eq. (174a). 

For this to be true, both ot and B must equal zero unless 
lu = Iv) which is a special case. For the condition of pure 
bending Eq. (1726) becomes 

s = ^ + ^ (172d) 

J-v *u 

The quantity Iv may be eliminated by substituting its value from 
Eq. (178d) giving 


MuU tan a , MuV 
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= ^ (-M tan a + ») 

— 

In COS a 

in which c is the distance from the neutral axis to the point under 
consideration. 

82. Evaluation of Stresses. — Several procedures are available 
for the evaluation of stresses in a beam subjected to unsym- 
metrical bending ^ i,e,, bending in which the plane of the moment 
is not perpendicular to a principal axis. If the principal cen- 
troidal axes cannot be determined readily, any convenient pair of 
centroidal axes may be used, the constants 6' and c' determined 
from Eqs. (176) and (177) and the stresses evaluated from Eq. 
(172a). However, if the principal centroidal axes are evident 
by inspection, as they frequently are, or can be determined, the 
evaluation of stresses is somewhat simplified. Two methods 
are available. 

Method 1. — ^The angle that the neutral axis makes with one 
of the principal axes may be found from Eq. (178d). With the 
angle a. known the distance c of the point from the neutral axis 
may be found and the stresses evaluated from Eq. (172g). 

Method 2. — ^The moment may be resolved into two com- 
ponents Mu and Mv each lying in a plane perpendicular to a 
principal axis through the centroid. The stress due to each 
component of the moment may be computed separately by the 
ordinary flexure formula S = Mc/Ij and the two stresses added 
algebraically. • 


(172/) 

( 172 ( 7 ) 


Illustrative Problem , — A 2- by 2- by H-in. angle with legs horizontal and 
vertical is used as a cantilever beam 4 ft. long. Determine the maximum 
flexural stress due to a vertical load of 80 lb. at the free end. 

Method 1. — The cross section of the beam is shown in Fig. 83. One 
principal axis through the centroid is the axis of symmetry and is taken as 
the u axis. The other principal centroidal axis (the v axis) is perpendicular 
to the u axis. Therefore the angle ^ is equal to —45 deg. The values of 
/x, I Vi Iv may be obtained from a handbook as ^ ly ^ 0.19 in.^, and 
Iv ■■ 0.077 in.^. Since the polar moment of inertia with respect to the 
longitudinal centroidal axis is constant 


/u “b /v “ /x "f* /y 
lu + 0.077 - 0.19 + 0.19 
/« « 0.30 in.* 


(a) 

(ft) 
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and 


tan a 


-0.30(- 1.000) 
0.077 


+3.90 


« « +75°37' 


(c) 


The neutral axis will therefore be in the position indicated in Fig. 83. 
The load is in the first and third quadrants, and the neutral axis passes 
through the second and fourth quadrants. The maximum stress on the 
cross section will occur at the corner B because that point is at the greatest 



distance from the neutral axis. The c distance from the neutral axis to B 
may be determined from the geometry of the figure as 1.03 in. 

Equation (172^) may be solved for the stress, giving 


Sb 


MuC 

I ti cos d 


(d) 


At the fixed end of the beam M = 80(48) =* 3,840 in.-lb., and 


„ 3,840(0.707)(1.03) 

“ 0.30(0.24841) 

=* 37,400 p.s.i. 


ie) 


provided that the proportional limit of the material exceeds 37,400 p.s.i. 
The stress will be tension for the beam in the position indicated. 

Method 2. — The moment may be resolved into two components, each of 
which lies in a plane perpendicular to one of the principal centroidal axes. 
Each component is 3,840(0.707) = 2,720 in.-lb. The stress at point B is 


Sb 


MuV , MvU 

sss - 4 - 

h I, 

2,720(1.33) 2,720(0.^ 

0.30 0.077 

- 12,000 + 25,400 

— 37,400 p.s.i. 


(/) 

(H) 


as before. 
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83. Direction of Deflection. — ^The deflection of a beam that is 
subjected to a moment which does not lie in a plane perpendicular 
to a principal axis may be evaluated by resolving the load into 
components in the directions of the principal axes, determining 
the deflection due to each of the components and adding the 
components of deflection vectorially. If the beam has the same 
end condition with respect to each of the principal axes, the 
resultant deflection will be perpendicular to the neutral axis and 
not in the direction of the load. For example, if a cantilever 
beam carries at its free end a load that makes an angle with 
the V axis, the components of deflection are 


Vv = 


Vu = 


P cosjgL^ 

3Eh 

P sin jg 

3Eh 

PL^ /cos jS , sin 0 


h ) 


(179a) 

(1796) 

(179c) 


The direction of the deflection with respect to the u axis is 

yv cos piv 


tan <l> = 


yJu sin p 

Iv 1 

lu tan 13 


(180a) 

(1806) 


A comparison of Eq. (1806) with Eq. (178d) shows that 


tan <l> = 


-1 
tan a 


(180c) 


Therefore, ^ = a — 90 deg., or the direction of the resultant 
deflection is 'perpendicular to the neutral axis. 


Illustrative Problem . — Determine the deflection of the free end of the 
beam in the problem of Art. 82 if the beam is steel. 

Solution . — The deflection in the v direction, perpendicular to the u axis. 


is 


Vv * 


PyL^ 

dElu 

80(0.707) (48)« 
3(30)10®(0.30) 


(а) 

(б) 


=0.23 in. 


Similarly, the component of the deflection in the u direction is 
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‘ (c) 

' Kj 
CO 

0 

80(0.707) (48) » 

“ 3(30)10*(0.077) 

i.d) 

— 0.90 in. 


The resultant deflection is 


2/r = 

(e) 

= V'(0.90)» + (0.23)‘ 

« 0.93 in. 

(/) 


The direction of the deflection with reference to the u axis is given by 


Hence 


tan ^ — 

2 /« 

0.90 
= 0.256 

0 = 14®23' 


(/i) 


which is at right angles to the neutral . axis. The beam will 
deflect as shown in Fig. 84. It will be noted that the beam has a 



Fig. 84. — Deflection of angle used as cantilever beam with vertical load. 

horizontal component of deflection as well as a vertical com- 
ponent even though the load is vertical. 

84. Flexural Stresses beyond the Proportional Limit. — The 
flexure formula for symmetrical bending, Eq. (170), was derived 
on the basis of the assumption that stress and strain are pro- 
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portional. If the proportional limit of the material is exceeded, 
the formula is no longer valid. However, the relationship 
between the stress and the moment in a beam may be determined 
if the flexural stress-strain characteristics of the material in the 
beam may be assumed to be similar to the tensile or compressive 
stress-strain characteristics. Assumptions (a) to {g) as given 



€ e S 

(a) (b) (c) 


Fiq. 86. — Distribution of strain and stress in a beam above the proportional limit. 

in Art. 78 may still be considered valid. Assumption (e) may be 
verified experimentally. Instead of assumption (/t), the rela- 
tionship between normal stress and normal strain may be 
represented by the general equation 

S = /(€) (181) 

Figure 85a illustrates a possible stress-strain relationship. 

Since experimental evidence shows that a plane section before 
bending remains plane after bending, even after plastic action 
is taking place, the unit strain on a cross section of a beam is 
proportional to the distance from the neutral axis, as shown in 
Fig. 856. Hence, Eq. (169) is valid in the plastic, as well as 
the elastic, range of stress. The stress distribution, obtained 
by combining Figs. 856 and 85a, will be as shown in Fig. 85c. 
Since assumptions (a) and (6) are still valid, the resisting moment 
developed by the cross section is still given by Eq. (168) 

M = SyV da (168) 

= f^^/Myda (182) 


If the value for y from Eq. (169) is substituted in Eq. (182), 
there results 




/(«.)«» da 


(182o) 



/(«y)6, dx dy 


(1826) 
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The term dy may be replaced in Eq. (1825) by its equivalent 
obtained by differentiating Eq. (169). 


dy == —dey 


(169c) 


. fxi r,i 

M = -j I I /(«»)«v dx dty (182c) 

^0 J XI J €1 

If the beam is rectangular in cross section with a width b and 
depth 2c 


26c2 
M = — ^ 


f{€y)€y d€y 


(182d) 


It is evident that j*"" fi€y)ey d€y is the first moment with respect 

to the strain axis of the area under the portion of the stress- 
strain diagram between the origin and c©. From a given stress- 
strain diagram either an ikf-€ diagram or an MS diagram may be 
constructed. 

Equation (182d) may also be written as 


2bc^A€ 


(182e) 


in which A is the area under the stress-strain diagram to the 
maximum stress (or strain) at the outside fiber 
6 is the strain at the centroid of the area A. 

If the maximum stress does not exceed the proportional limit 
the area A will be triangular and 


2bc^HSo6,%€o 


(182/) 

(182g) 


which agrees with the result obtained by the ordinary flexure 
formula, Eq. (170). 

The location of the neutral axis may be determined from Eq. 

(171). 

Syda^^O (171) 

The stress Sy may be expressed in terms of € from Eq. (181), 
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and da may be expressed in terms of dx and «». Then Eq. (171) 
becomes 

- / \ f{ty)dxdey = 0 (183) 

€o J Xi J 

if the beam is rectangular, Eq. (183) reduces to 

I” fi^u) dey = 0 (183a) 

and if the stress-strain characteristics are the same in tension and 
compression, the neutral axis will be at the centroid. 

86. Stress Concentration in Beams. — In the development of 
the preceding formulas for flexural stresses it was assumed on 



the basis of experimental evidence that a plane section before 
bending remains plane after bending. This assumption is not 
valid at a change in cross section; hence, the flexure formula is 
limited to beams of constant cross section. Any deviation from 
the conditions upon which the flexure formula is based usually 
results in a maximum stress greater than that given by the 
flexure formula; i.c., stress concentration generally occurs. 

The stress-concentration factor for a region of high flexural 
stress may be defined in several ways, but it is most convenient 
to define it as the ratio of the maximum stress developed by the 
stress raiser to the maximum stress at that cross section computed 
by the flexure formula, assuming that the stress raiser is not 
present. For example, a comparatively high stress will exist 
at point A near the hole in the beam of Fig. 86 when the beam is 
bent. The stress-concentration factor is 


Kt^ 


Sj, 

Mc/I 


(184) 


in which / is computed on the basis of the gross cross section. 
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In general, experimental methods have been used for, the 
evaluation of stress-concentration factors for beams because of 
the difficulties involved in the mathematical analysis of all but 
the simplest cases. The experimental methods described in 
Art. 46 may be applied to beams as weU as to axially loaded 
members. 

The photoelastic technique is the most sensitive and generally 
gives values of the stress-concentration factor practically equal 
to those obtained by mathematical analysis. Otherwise, the 



Fig. 87. — Stress-concentration factors for elliptical fillets in beams. 


experimental methods tend to give values of the stress-con- 
centration factor less than the value that is obtained by mathe- 
matical analysis because they are not affected by a slight initial 
yield of the material at the point of maximum stress. Thus, 
the values of stress-concentration factor obtained experimentally 
depend upon the characteristics of the material used in the test 
and the precision with which failure was noted. This is in 
accordance with the fact previously noted that the importance of 
the stress-concentration factor is dependent upon the character- 
istics of the material in the member. 

Figure 87 gives values of the stress-concentration factor for a 
few specific cases of elliptical fillets^^ in beams having constant 
thickness but an abrupt change in depth. The curve for a 

^Bbrkey, Donald C., Reducing Stress Concentration with Elliptical 
Fillets, Proc. Soc. Exptl. Stress Analysis f Vol. 1, No. 2, p. 56, 1943. 
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circular fillet is included for comparison. Neuber‘ made an 
analytical investigation of the effect of hyperbolic notches, 
grooves, and holes upon stress concentration. Figures 88 and 
89 give his values of the stress-concentration factors (based on 
the net, or minimum, cross section) for wide members containing 
hyperbolic notches or grooves. In his analysis Neuber assumed 
the members to be of infinite width, so the stress-concentration 
factors must be based on the net, rather than the gross. 



P 

Fiq. 88. — Stress-concentration factors for hyperbolic notches in flat beams. 

cross section. In Fig. 90, also from Neuber ^s data, the stress- 
concentration factors for flexural stresses in a plate containing 
a hole are based on the stress at the edge of the hole. Values 
of the stress-concentration factor in Fig. 91 are from data by 
Frocht.^ 

For some cases of stress concentration the point of maximum 
stress is subjected to a condition of biaxial stress. For example, 
in a cylindrical beam containing a circumferential groove, the 
longitudinal stress at the base of the groove is accompanied by 
a circumferential stress of like sign. The magnitude of the 
circumferential stress is dependent upon Poisson's ratio and the 
magnitude of the longitudinal stress. Neuber 's data (Fig. 

^ Neuber, H., ‘^Kterbspannungslehre,” Berlin, 1937. 

* Frocht, M. M., Factors of Stress Concentration Photoelastically 
Determined, Tram. Am. Soc. Mech. Engrs., Vol. 57, p. A-67, 1935. 
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89) show that for a range of dimensions and a Poisson's ratio of 
0.30, the circumferential stress is approximately one-third of 
the longitudinal stress. The fact that the stress condition at the 
critical point is biaxial requires the use of an appropriate theory 



of failure in making strength calculations. The tendency of the 
circumferential stress is to strengthen the material or to reduce 
the effect of the stress concentration. 

The ratio of the static strength of the member without the 
stress raiser to the static strength of the member containing 
the notch, groove, or hole may be called the strength-reduction 





0.02 0.03 .0.04 005006 0.08 0.10 0.20 0.30 0.40 0.50060 080 1.00 


Fig. 91. — Stress-concentration factors for notches in beams. 
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Table VII. — Endurance-limit-beduction Factors Determined f^iom 
Round Specimens in Reversed Bending* 


Material 

Treatment 

60" 

notch, 
f =0.40 

60" 

notch, 

S“0.60 

Square 

notch 

Trans- 

verse 

hole^ =» 
0.10 

S.A.E. 1020 steel 

Rolled 


1.41 

1.17 


S.A.E. 1045 steel 

Cold drawn 
Normalized 
Quenched and 
tempered 


1 


2.53 

1.60 

3.15 

S.A.E. 2330 steel 

Drawn at 
1100'^'. 

2.55 

i 

i 



S.A.E. 3140 steel 

Hot rolled 
Quenched and 
tempered 


! 

j 


2.06 

2.90 

S.A.E. 4130 steel 

Normalized 
Drawn at 

1.70 

2 15 

1 

1 



S.A.E. 4140 steel 

1 

1 

2.15 



Stainless steel 


2.42 



Ni-Cr steel 

Annealed 

Cold drawn 

B 

ilH 

1 


Gray cast iron 




1.18 


Moly. cast iron 




1.41 


Mall, cast iron 




1.52 


Wrought iron 




1.47 


Brass 



2.00 



A1 alloy 17S-T 



1.25 



A1 alloy 24S-T 


2 00 
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Averaoi! Values of K, fob Low-cabbon Steel in Reversed Bending 


Nonuniformity 

Factor 

Nonuniformity 

Factor 

Square corner 

2.0 



Sharp V-thread 

3.0 

Concentric groove 


Whitworth thread 

2.0 

T> “ 

2.0 

U.S. standard thread 

2.5 


1.6 

Lathe finish 

1.2 

T) * ^ ° 

1.2 

Grinding wheel finish 

1.05 

5 -=2.0 

1 ^ ^ 


p — radius at bottom of notch or groove. 

D — diameter of specimen. 

h — depth of notch. 

d — diameter of hole. 

* Data from 

Proc. Am. Soc. Test. Mat., 1934-1941. 

Sbbly, P. B., “Advanced Mechanics of Materials,” John Wiley & Sons, Inc., New York, 
1932. 

Timoshbnko, S., “Theory of Elasticity,” McGraw-Hill Book Company, Inc,, Now York, 
1934. 

The numerical relationship between Ks and Kt is dependent not 
only upon the geometry of the stress raiser, which controls the 
relative magnitudes of the biaxial stresses, but also upon which 
theory of failure is presumed to apply. 

A number of determinations of the endurance-limit-reduction 
factor Ke have been made for flexural members. Some of them 
are shown in Table VII. As would be expected, the values of 
Ke are lower than the corresponding values of Kt and depend 
upon the material as well as upon the geometry of the stress 
raiser. 

86. Beams of Two Materials. — In some types of construction 
beams composed of two or more materials, fabricated to act 
as a unit, are desirable. For example, in a reinforced concrete 
beam the steel provides the necessary resistance to tension that 
the concrete lacks, while the concrete supplies other desirable 
characteristics. The two materials act together as a unit, so 
that in a beam of constant cross section a transverse plane 
section may be assumed to remain plane during bending. The 
total strain is proportional to the distance from the neutral 
axis, and if the beam is straight, the unit strain is proportional 






Art. 86] 


FLEXURE 


213 


to the distance from the neutral axis. Hence, Eq. (169) applies, 
and the distribution of unit strain is as indicated in Fig. 926. 
However, because of the difference in moduli of elasticity of the 
two materials the stress will not be proportional to the distance 
from the neutral axis. In addition, the concrete on the tension 
side of the neutral axis is assumed to develop no stress because 
of the low tensile strength of concrete. As a result, the dis- 
tribution of stress throughout the depth of the reinforced-con- 


ir ir ir ir 



(a) ( b) (cJ (cL) 

Cross Section Distribution of Strain Distribution of Stress Transformed Cross Section 
Fig. 92. — Beam of two materials. 


Crete beam is about as indicated in Fig. 92c if the stresses do not 
exceed the proportional limit. 

The expression for stress in the stiff er material at a distance y 
from the neutral axis may be developed from the geometrical 
condition of Eq. (169) by multiplying numerator and denomina- 
tor of the left-hand side by the modulus of elasticity of the 
stiffer material. 


€o-B' C 


(185) 


or 


^ y 
^ouE c 


(185a) 


in which n is the ratio of the moduli of elasticity n = E'/E, 
Then 



(1856) 


If the plane of the moment is perpendicular to the neutral axis 
the moment equation of equilibrium with respect to the neutral 
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axis, Eq. (168) gives 


M 


-L 

C jo 


Sly da' 

« r A* 

da — - / y^{n da') 
c Jo 


Syy da + 

A 


(186) 

(186a) 


It is evident that the two integrals in Eq. (185a) may be com- 
bined into a single integral if the portion of the area occupied 
by the stiffer material is imagined to be replaced by an area n 
times as great (but at the same distance from the neutral axis) 
of the less stiff material. The imaginary cross section in which 
the stiffer material is replaced by a greater area of the less stiff 
material is known as the transformed cross section and is illus- 
trated in Fig. 92(d) for the reinforced-concrete beam. Then 
Eq. (186a) will reduce to 


M = 


SJt 


c 


' (1866) 


in which So is the stress in the less stiff material 

It is the moment of inertia of the transformed cross 
section with respect to the neutral axis. 

The stress in the stiffer material may be found from Eq. (1856), 
Z.6., it is n times the stress in the less stiff material at the same 
distance from the neutral axis. 

The position of the neutral axis of the transformed cross section 
may be located by the same procedure that was used for the 
ordinary beam — the resultant of the normal forces acting on the 
cross section equals the external normal force. If the cross 
section is subjected to pure bending and the neutral axis is, 
or is perpendicular to, an axis of symmetry 

Sy da + SI da' = 0 (I87a) 

y da + ff y{n da') = 0 (1876) 

If the transformed cross section is used, Eq. (1876) reduces to 
ff‘yda=^0 (I87c) 

Hence, the neutral axis passes through the centroid of the 
transformed cross section. 
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87. Curved Beams. — The general flexure formula, Eq. (1726), 
was derived on the assumption that the beam is straight. If 
the longitudinal axis of the beam is curved, and if a plane section 
before bending remains plane after bending, the unit strain 
will not be proportional to the distance from the neutral surface 
as in the straight beam. For example, if a short length. Fig. 
93a, of the curved beam indicated in Fig. 936 is cut by radial 




Fig. 93. — Geometry of a curved beam. 


planes, the plane ends AB and CD are assumed to remain plane, 
and CD may be regarded as shifting to C'D' with respect to AB 
when the beam is bent. The total strains CC' and EE' at equal 
distances from the neutral axis are equal, but the unit strain 
along CC' is greater than along EE' because the gage length AC 
on the inside is less than the corresponding length FE on the 
outside. Consequently, the unit stress is higher on the inside 
than on the outside and in order to equalize the total tensile 
and total compressive forces, the neutral axis shifts from the 
centroid of the cross section toward the inside. It is evident 
that the ordinary straight-beam theory is not valid for a curved 
beam. 

Two methods for evaluating stresses in curved beams will be 
developed. The first is the Winkler-Bach theory,^ the second, 

1 Winkler, E., Form-Aenderung und Festigkeit gekrummter Korper, 
Zivilingenieury Vol. 4, p. 232, 1858. 

Winkler, E., ‘^Die Lehre von der Elastizitat und Festigkeit,*^ Prague, 
1867. 
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discussed in Art. 91, is a procedure based on the transformed cross 
section. The two methods give identical results, and both assume 
that the curvature is restricted to one plane, the plane of the 
external moment. 

88. Winkler-Bach Theory for Curved Beams. — Equation (168) 

M = SyV da (168) 

is valid for the curved beam as well as for a straight beam. 
However, it cannot be integrated unless a relationship can be 
established between Sy and y. The necessary relationship may 
be obtained from geometry and the properties of the material In 
Fig. 936 the radial section CD is assumed to rotate to the position 
C'D' with respect to the radial section AB with the neutral 
axis at an unknown location 0. The original angle between the 
sections AB and CD is designated as 0, When the beam is 
subjected to a pure moment, section CD rotates with respect to 
AB through the angle dB to the new position C'D'. As long as a 
plane radial section before bending remains plane after bending, 
which may be verified experimentally, the total strain ey on any 
fiber at a distance y from the neutral axis is proportional to the 
distance y 



The unit strain €y is equal to the total strain ey divided by the 
length over which the strain occurs, which is (i2 + 2/)^, 


_ (/2 + h)y€h 

** (ie + y)h 


(189) 


in which R is the distance from the center of curvature to the 
neutral axis. 

If the material is homogeneous and if the proportional limit 
is not exceeded, the stress at a distance y from the neutral axis is 


o _ (/2 + b)ySh 
{R + y)h 


(190) 


The force acting on a differential area da at a distance y from the 
neutral axis is dF = Sy da. If a condition of pure flexure pre- 
vails, the force equation of equilibrium gives 




{R + h)ySi, 
{R + y)b 


da = 0 


(191) 
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The quantities (R + b), b, and St are constant, 
may be written 

jR + b)Si y da _ 

b Jo R + y 

or 


y da 

0 R -h y 


= 0 


so Eq. (191) 
(191a) 

(1916) 


Equation (1916) determines the location of the neutral axis. 
The evaluation of the integral for specific cross sections is dis- 
cussed in Art. 89. From Eq. (190) and the moment equation of 
equilibrium with respect to the neutral axis 

M = 1"*^ S„y da 

there results 

(R -H b)St r y^ da 
6 Jo R -\r y 


(168) 

(192) 


Equation (192) may also be written as 


M = 


{R + b)S, ^ (R + b)SbR y da 
6 jo ^ ^ 6 Jo R + y 


(192o) 

(1926) 


However, from Eq. (1916) the second term is zero. Hence 


or 


= + ^ [\da 

0 Jo 

(192c) 

^iR+^h)S.Ay 

(192d) 

Mb 

(R + b)Ay 

(193) 

Mb 

RoAy 

(193a) 


in which f?# is the radius of curvature at a distance 6 from the 
neutral axis. From Eqs. (193a) and (190) it follows that, in 
general. 


' - 

’* (R -F y)Ay 


(1936) 
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In Eqs. (193a) and (1936) the denominator corresponds to the 
moment of inertia in the ordinary flexure formula. It is evident 
that the denominator decreases for points toward the inside 
surface of the beam and increases for points toward the outside 
surface. Hence, from the neutral axis to the inside the stress 
increases more rapidly than the normal linear variation, and 
from the neutral surface outward the stress increases less rapidly 
than the normal linear distribution. The stress variation is as 
indicated in Fig. 94. 



89, Location of Neutral Axis in Curved Beams. — iThe determi- 
nation of the location of the neutral axis in a curved beam 
involves the solution of Eq, (1916) for y. This operation cor- 
responds to the solution of 

y da = 0 

for the straight beam. From Eq. (1916) it is evident that the 
location of the neutral axis is dependent not only upon the shape 
of the cross section, as in the straight beam, but also upon the 
radius of curvature of the neutral surface at the section under 
consideration. Just as in the case of the centroid, the integral 
in Eq. (1916) must be evaluated separately for each different 
shape of cross section. 

For a rectangular cross section of thickness t and depth 
(radially) of a + 6 (Fig. 93), Eq. (1916) becomes 


This integrates to (dropping t) 
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6-. + jeiog(|^) = o 

which may also be written as 



in which d is the depth of the section (a + b) 

Ro is the radius of the outer surface (72 + b) 
Ri is the radius of the inner surface (72 — a). 

Then 

d 

^ log (Ro/Ri) 


(194) 


(194o) 


(1946) 


in which R is the unknown radius of the neutral surface. With 
R known, the distance o or 6 may be determined from Ri or 
Ro, locating the neutral axis. 




Fig. 96. — Subdivision of cross section of curved beam. 


If the cross section of the curved beam consists of a series of 
rectangles with sides parallel and perpendicular to the plane of 
the loads, as indicated in Fig. 95, the radius of the neutral axis 
may be determined as 

* ^ log l(Roi/Rii)HRo 2 /Ri 2 )HRoi/Rizy ' . . . (fto«/i?.-)‘*] 
in which A is the total area of the cross section 

U,t 2 ,U . • . tn is the width of the successive rectangles 
Roh Roz . . . Ron is the outside radius of the 
successive rectangles 
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Rii, Ra, Ris . . • Rin is the inside radius of the suc- 
cessive rectangles. 

90. Modification of Stress Formula. — The formula for stress 
in a curved beam, Eq. (1936), may be modified to the form 


o KJfCo 

Od j 

and 

cr KiMCi 


(193c) 

(193d) 


in which J is the moment of inertia of the cross section with 
respect to the centroidal axis 
Co is the distance from the centroidal axis to the outside 
d is the distance from the centroidal axis t6 the inside 
Ko and Ki are correction factors. 

K --L- 

' RoA^ 

= 

R,^ 

- 

RiV 

Values of Ko and Ki for beams of rectangular and elliptical cross 
sections are given in Fig. 96 for a range of values of R/c in which 
R is the radius of the neutral surface. 

For values of R/c greater than 10, the stresses as computed by 
the ordinary flexure formula will be within 10 per cent of the 
values given by the curved-beam theory. 

91. Stresses in Curved Beams by the Transformed Cross 
Section. — ^Application of the Winkler-Bach theory to beams hav- 
ing cross sections other than those considered in Art. 90 becomes 
involved owing to the difficulty of locating the neutral axis by 
Eq. (1916). Hardy Cross^ has described the use of the trans- 
formed cross section in evaluating stresses in a curved beam 
having any cross section. 

The transformed cross section is developed by dividing the 
width X of the beam at each point by the radius of curvature 

1 Opo cU.f p. 195. 


(194a) 

(1946) 

(194c) 

(194d) 
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* ~R + y 
da' = a:' dy 
_ da 
~ R + y 


(195) 

(196) 
(196o) 



Fig. 96. — Values of Kq and K% for stresses in curved beams. 


In addition, the flexural stress Sy at any point in the transformed 
cross section is 

= (/? + y)Sy (197) 

Hence, from Eq. (190) 


c/ — (E + h)ySh 


(197a) 



(1976) 


which is the same linear stress distribution that occurs in a 
straight beam. It follows that the neutral axis of the curved 
beam passes through the centroid of the transformed cross section 
and that the stresses in the transformed cross section may be 
determined from 



(197c) 


in which ilf ' is the moment of the external loads with respect to 
the neutral axis of the transformed cross section 






222 


ADVANCED MECHANICS OF MATERIALS [Chap. VIII 


2 /' is the ordinate of the point under consideration 
with reference to the neutral axis of the transformed 
cross section 

I' is the moment of inertia of the transformed cross 
section with respect to the neutral axis. 

The stresses in the original cross section are obtained from Eqs. 
(197c) and (197). It may be shown by a procedure parallel 
to that followed in Art. 81 that the general flexural-stress equa- 
tion, Eq. (1726), applies to the transformed cross section if a 
combination of axial loading and unsymmetrical bending exists. 

The centroid of the transformed cross section may be located 
by taking moments about the center of curvature. By definition 


R' = 


+ y) da^ 
fda' 



(198) 

(198a) 


c. 

in which K' is the radius of the centroid of the transformed cross 
section 

A' is the area of the transformed cross section 
A is the area of the original cross section. 

Equation (198a) locates the neutral axis of the curved beam if 
there is no resultant normal force acting on the cross section. 

The moment of inertia of the transformed cross section with 
respect to an axis through the center of curvature of the beam 
is, by definition 

lo = /(fl + VY da' (1986) 

= /(/? + 2 /) da (198c) 

= RA (198d) 


in which R is the radius of the centroid of the original area A, 
From the parallel-axis theorem, the moment of inertia of the 
transformed cross section with respect to its centroidal axis is 


= /. - A'iR'Y 

(198e) 

-RA-^ 

-RA 

(198/) 

II 

1 

(198flr) 


Hence, all of the required properties of the transformed cross 
section may be determined from its area and the area and location 
of the centroid of the original cross section. 
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Deflections 

92. General Considerations. — The deflection of a beam is 
entirely a matter of geometry. The strains that occur over any 
differential length cause, or are caused by, a relative rotation 
of the transverse planes at each end of the length. Each rotation 
is accompanied by a change in slope, resulting in a relative 
transverse displacement of the two ends of the differential length. 
The relative deflection of one end of a finite length wth respect 
to the other is the algebraic sum of the relative displacements 
throughout the finite length. 

Because of the importance of being able to predict the deflec- 
tion of a flexural member, several tools have been developed for 
the purpose of evaluating deflection in terms of the loads or 
moments and the properties of the beam. Five of the most 
important are 

1. Double integration. 

2. Area moments. 

3. Conjugate beam. 

4. Castigliano's theorem. 

5. Virtual work. 



Each represents a slightly different interpretation of the 
relationships that may be developed from a consideration of the 
statics, geometry, and properties of the material of the beam. 

Figure 97 represents a portion of a bent beam. The two 
transverse sections AA and BB, which were originally parallel 
and a distance Ax apart, remain straight but rotate with respect 
to each other when the beam is bent. The change in angle of 
section BB relative to A A is designated as <l>. That is, <l> is 
the slope of the beam at section BB, since AA is assumed to 
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remain fixed. Therefore, if the deflection of BB relative 
is designated as hy 

Ax dx 
y ^ 4>dx 

From Fig. 97 and the assumption that a plane section before 
bending remains plane after bending, it is evident that the unit 
strain at a distance y from the neutral axis is 


to AA 

(199) 

(199a) 


CD' 

= ^ 
Ax 


( 200 ) 

(200o) 


If the stresses do not exceed the proportional limit 


Sy 


Eipy 

Ax 


and if the flexure formula is valid 


M E(l> 

I ^ Ax 


(200b) 


(200c) 


Hence, the total angle change occurring between two sections A 
and B is 


f^Mdx 

A El 


(200d) 


which may be combined with Eq. (199) to give 


dx^ El 


( 201 ) 


Equation (201) is the basic differential equation for the 
deflection of a beam due to flexure. It is subject to all of the 
limitations of the flexure formula and, in addition, is limited to 
small deflections. 

93. Double Integration. — The double-integration procedure 
consists in substituting the general expression for the moment 
at any point in thp beam into Eq. (201) and integrating. If 
the moment is a function of x and not of y, the integration may 
proceed directly. The resultant expression for y will contain 
two constants of integration, which may be evalup.ted from 
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known conditions of slope or deflection at given points on the 
beam. The procedure is described in detail in most textbooks 
in elementary mechanics of materials. 

If the beam is subjected to axial loading as well as transverse 
loads, the moment is a function of the deflection y as well as a:, 
and the integration of Eq. (201) becomes somewhat more 
involved. 

94. Area Moments. — In 1869 Greene^ published two theorems 
pertaining to beams. 



1. The rotation at point B relative to point A is equal to the 
area of the M/EI diagram between A and B, 

2. The deflection of point B with respect to a tangent at 
point A is equal to the moment, with respect to an axis at jB, 
of the area of the M /El diagram between A and B. 

The first theorem follows directly from Eq. (200d). The 
validity of the second may be shown from the construction in 
Fig. 98. The line AB is bent at several points, and the deflec- 
tion of point B from a tangent at A is 

B 

j/ = ^ (202) 

A 

If the angle changes, 4 ) 1 , are due to moment, they may be evalu- 
ated in terms of the moment from Eq. (200d). Hence 

f J\^X dx /f%t\n \ 

y = ja ~w- 

1 Greene, C. E., Michigan Technic, 1869. 
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It is evident that the right-hand side of Eq. (202a) is equal to 
the moment, about 5, of the area under the M/EI diagram 
between A and fi, thus proving the second theorem. 

Mohr^ showed by means of force and string polygons that the 
deflection at any point in a simple beam may be found by treat- 
ing the M/EI diagram of the beam as a load on a second simple 
beam of the same span as the first. The moment at any point 
in the second beam is equal to the deflection at the corresponding 
point in the original beam. This may also be shown by express- 
ing the loading on a beam in terms of the moment. From 
statics 


Therefore 


w = 
V = 

d^M 

dx^ 


dx 

(203) 

dM 

dx 

(203a) 

= V) 

(2036) 


A comparison of Eq. (2036) with Eq. (201) shows the analogy 
between load and moment. 

Greene’s theorems are particularly useful for cantilever beams, 
while Mohr’s method is better adapted to simply supported 
beams. The area-moment procedure is generally considered 
preferable to double integration when the deflection at a single 
point is wanted, when the beam carries a number of concentrated 
loads, or when the moment of inertia of the beam varies. The 
double-integration procedure has the advantage of giving the 
equation of the elastic curve instead of the deflection at a single 
point. 

96. Conjugate Beams. — Muller-Breslau^ and Westergaard® 
have generalized the area-moment procedure, making it appli- 
cable for any condition of support. In each case the M/EI 
diagram for the original beam is imagined to be the load on a 
second beam, known as the ^‘conjugate beam,” having the same 

' Mohr, O., Beitrag zur Theorie der Holz-und Eisenconstruktionen, Z, 
Arch, Ing,’-Ver, Hanover, 1868. 

* MtyLLER-BBESLAU,*H., Beitrag zur Theorie des Fachwerks, Z. Arch.- und 
Ing.-Ver. Hanover, Vol. 31, 1885. 

* Westergaard, H. M., Deflection of Beams by the Conjugate Beam 
Method, J. Western Soc. Engineers, Vol. 26, 1921. 
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span as the original beam. It follows from Eqs. (2036) and (201) 
that moments in the conjugate beam are equal to deflections 
in the original beam and from Eqs. (199) and (203a) that the 
shear in the conjugate beam is equal to the slope of the original 
beam at the corresponding point. 

The conditions that the supports of the conjugate beam must 
satisfy are established. 

1. A simple support on the original beam (at which there 
may be slope but no deflection) requires shear, but no moment, 
at the corresponding point on the conjugate beam. Hence, 
the conjugate beam must be pinned at that point. 



Fig. 99. — Beam for development of Castigliano’s theorem. 


2. A fixed end on the original beam (at which there is zero 
slope and zero deflection) requires zero shear and zero moment 
at the corresponding point on the conjugate beam. This 
requirement is satisfied by a free end. 

3. A free end on the original beam (at which there is both slope 
and deflection) must be matched by a fixed end, with both shear 
and moment, on the conjugate beam. 

Other conditions may be established in like manner. The 
idea of the conjugate beam may be extended to frames and other 
structures in which the primary cause of distortion is bending. 

96. Castigliano’s Theorem. — Castigliano’s theorem states that 
if several forces act upon a structure, the displacement of the struc- 
ture in the direction of one of the forces is equal to the partial 
derivative of the total internal strain energy of the structure 
with respect to that force. 


dP 


== y 


(204) 


The theorem may be derived as follows. If a force P is applied 
to a member such as the beam in Fig. 99, the work done by the 
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force on the beam for stresses below the proportional limit is 

U = }4Py (205) 

in which y is the deflection (in the direction of the force) of the 
point at which the force is applied. If an additional force dP 
is applied at the same point, the increment of deflection is dy 
and the additional work dl7 is 

dU = P dy + y^dP dy (206a) 

The total work done on the beam is, from Eqs. (205) and (205a), 

C/ + d?7 = + P dy + y^dP dy (2055) 

However, if the two forces P and dP are applied at the same time 
the total work is 


j7 + dC/ = i4(P + dP){y + dy) 

= + KP dy + }4dP y + 3.^dP dy (205c) 

Since the total work done must be independent of the order of 
application of the forces, the value of the total work from Eq. 
(205) equals that given in Eq. (206c). Hence, 

}4Py + P dy + KdP dy = 3^Py + }4P dy + J^y dP 

+ yidP dy (205d) 

from which 

P dy = ydP (205c) 

However, P dy may be expressed in terms of dU, from Eq. (205a), 
neglecting differentials of the second order 


dU ^Pdy 

If dC7 is substituted for P dy in Eq. (205c)', there results 


and 


dU = ydP 

dU A\ 

^ = 2/ (205/) 


If several forces are involved, the deflection in the direction 
of one of the forces is equal to the partial derivative of the work 
with respect to that particular force, and Eq. (205/) reduces to 
the form given in the statement of the theorem, Eq. (204). 

The use of Castigliano^s theorem requires the evaluation of 
the work or strain energy in the beam. For the condition of 
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pure flexure, the work is done in bending the beam. The Xvork 
done by a moment or couple is equal to one-half the couple times 
the angle of twist. 

U = ^M<l> (206) 


However, <t> may 
(200d). Then 


be evaluated in terms of the moment from Eq. 


U = 
y = 


M^dx 
A 2EI 


dPjA 2EI 


(206a) 

(204o) 


If no concentrated load acts at the point where the deflection 
is desired, a “dummy load” may be placed at the point, included 
in the moment and the strain energy, and finally equated to zero 
after the strain energy is differentiated. 

Castigliano’s theorem may be extended to evaluate displace- 
ments due to torsion and to axial loading. 

97. Virtual Work. — The process known as virtual work or 
single integration may be developed from Eq. (204a) by per- 
forming the differentiation before the integration. 


M{dM/dP) dx 
El 


(2046) 


The quantity dMfdP is the rate of change of moment at any 
point due to a change in the load P at the point where the 
deflection is desired. It is therefore equal to the moment due 
to a unit load at the point where the deflection is desired, but 
the moment due to a unit load is a function of x. Hence, if 
the origin is at the point the deflection of which is to be deter- 
mined, Eq. (2046) reduces to Eq. (202a), which may be integrated 
directly if the moment is constant or is a function of x. 

The process, which was described by Clark Maxwell in 1864 
and by Otto Mohr in 1874, is sometimes called the Maxwell- 
Mohr method. 

98. Comparison of Methods. — Each of the procedures outlined 
and others that have been developed have their advantages and 
disadvantages. The mathematical operations involved in some 
are identical with operations involved in others. In those cases 
the distinction is only one of interpretation of the individual 
steps, and the apparent advantage of one method over another 
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may lie solely in the relative degrees of familiarity that the user 
has with the various processes. However, one real difference 
exists: the double-integration procedure gives the equation of 
the elastic curve; the other processes here outlined give only the 
deflection at a point, although they may be manipulated to 
give the equation of the elastic curve. 

No single problem can give a fair comparison of methods. 
The following simple illustrative problem is included only to 



Fig. 100. — Deflection of a beam. 


indicate the procedure to be followed in each case and is not 
intended to be used in comparing the relative diflSculty of the 
methods. 

Illustrative Problem . — Determine by each of the procedures outlined the 
deflection at the end of a uniform cantilever beam carrying a concentrated 
load at the end 

Solution . — Regardless of the procedure to be used, the first step is to make 
a sketch, indicating pertinent dimensions and showing the axes. A suitable 
sketch is indicated in Fig. 100a. A free-body diagram of a portion of the 
beam is drawn for aid in evaluating the moment at a distance x from the 
origin. * « 

1. Double Integration . — The moment at a distance x from the origin is 
evaluated as —Px. This value may be substituted directly into Eq. (201) 
and integrated. 
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The constant of integration may be evaluated from the condition that the 
slope is zero at the fixed end {x « L). 


A second integration gives 

Ely == 

When a? « L, y « 0. Hence 


Cl 


PL* 

2 


Px^ 

6 


PLH 


+ C, 


C2 « 


-PL* 

3 


The equation of the elastic curve is, therefore 

= Z. 

^ EI\ & 2 3 ) 


The deflection at the free end x 


V 


0 is 

“ 3EI 


The negative sign indicates a downward deflection. 

2. Area Moments, — The moment diagram, as shown in Pig. 1006, may be 
sketched directly from the loading diagram of Fig. 100a, and since the beam 
has a uniform cross section, the Ml El diagram will be as shown in Fig. 100c. 

From Greene's second theorem the moment of the diagram about point B 
(the free end) gives the deflection of B from a tangent at A. Since the 
tangent at A remains horizontal, this is the desired deflection. 

-PL^ 

“ 3EI 

3. Conjugaie Beam, — ^The original beam is indicated in Fig. 101a, and the 
conjugate beam, loaded with the Ml El diagram, is shown in Fig. 1016. 
In accordance with the discussion in Art. 95 the free end of the beam becomes 
a fixed end in the conjugate beam, and vice versa. The deflection of B is 
equal to the monent at B\ hence 

-PU 
““ 3E1 

4. Castiglianols Theorem, — The strain energy in the beam is found from 
Eq. (206a) and the expression for the moment at any point in the beam. 
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Fig. 101. — Conjugate beam. 


U « 


{—Pxy dx 
Jo 2EI 

QEI 


Then from Eq. (204a) 

PL^ 
y ~ 3EI 


The deflection is in the direction of 
the force with respect to which the 
derivative was taken — downward. 

5. Virtual Work . — From Eq. (202a) 
and the fact that M = —Pa; 


y 


r L —Pa;* dx 
Jo El 
-PL^ 

ZEI 


PROBLEMS 

228 . A rectangular cantilever beam 3 in. wide and 8 in. deep carries a 
concentrated load of 600 lb. at a point 4 ft from the fixed end. The line of 
action of the load is perpendicular to the longitudinal axis of the beam and 
lies in a plane making an angle with the vertical. Plot a curve showing the 
variation in maximum stresses with /3. 

229 . A hollow rectangular beam is made up of 0.040-in.-thick duralumin 
sheet. The over-all depth of the beam is 12 in., and the width is 24 in. 
Determine the maximum bending moment that the beam can resist without 
the stress exceeding 20,000 p.s.i., if the plane of the moment is (a) horizon- 
tal, (6) inclined 5 deg. with the horizontal. 

230 . A rectangular timber beam of constant cross section is to be used as a 
16-ft. cantilever. The beam is to carry an inclined uniform load of 60 lb. 
per ft. over its entire length, the plane of the loads making an angle of 30 deg. 
with the bottom of the beam. If the maximum flexural stress is not to 
exceed 1,000 p.s.i., and if the beam is to have a minimum weight, determine 
the optimum dimensions of the cross section. 

231 . A beam 2 in. wide and 12 in. deep is designed to carry a vertical load. 
In construction the beam is inclined one degree. Determine the percentage 
difference that the inclination makes in the maximum stress. 

232 . A 2- by 2- by K-in. structural aluminum angle is used as a cantilever 
beam. Determine the maximum load that may be applied 10 ft. from the 
fixed end if the maximum flexural stress is not to exceed 20,000 p.s.i. The 
load is applied parallel to one of the legs of the angle. A =» 0.94 in.*, 
$ ss y sss 0.68 in., A/mfn 0.39 in., kxx — kyy — 0.60 in. 

233 . The Z section shown in Fig. P-233 is to be used as a simply supported 
beam on a span of 6 ft., and is to carry a concentrated load of 1,200 lb. in the 
direction of the y axis at a distance of 2 ft. from one end. i Determine the 
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direction of the neutral axis and the magnitude of the maximum stress. 
A = 6.27 in.*, k^x = 1.91 in., kyy = 1.29 in., k„ « 0.73 in. 



234. A beam 6 in. wide and 12 in. deep carries a 2,400-lb. load at the 
center of a 10-ft. span. The load lies in a vertical plane, but its line of 
action makes an angle of 30 deg. with the vertical. Determine the flexural 
stresses at each corner of a section 4 ft. from the left end. Locate the 
neutral axis. 

236. Solve Prob. 234 if the beam carries an additional load of 800 lb. in a 
transverse plane 7 ft. from the left end. The line of action makes an angle 
of 45 deg. with the vertical, its horizontal component opposing the horizontal 
component of the 2,400-lb. load. 

236. A cantilever beam 96 in. long is 12 in. deep and 6 in. wide. Deter- 
mine the minimum force applied at the end in a plane normal to the longi- 
tudinal axis that will cause a maximum flexural stress of 2,400 p.s.i. in the 
beam. 

237. A steel member 1 by 2 in. in cross section is used as a beam 6 ft. 
long. At each end the beam is supi>orted by a bearing perpendicular to the 
2-in. faces. The bearing permits rotation about an axis parallel to the 
1-in. faces and may be assumed to prevent any rotation about an axis 
parallel to the 2-in. faces. The beam carries at mid-span a transverse load of 
400 lb. The line of action of the load passes through the centroid of the 
cross section and makes an angle of 30 deg. with the 2-in. faces. Determine 
the maximum stress and deflection of the beam. 

238. Determine the magnitude of the moment required to produce a* 
maximum unit strain of (a) 0.001 and (6) 0.002 in a 1-in. square steel rod if 
the material has a stress-strain diagram similar to that shown in Fig. 85a, 
and a proportional limit of 39,000 p.s.i. 
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239 . A H-in. thick steel strap changes in depth from to 2 in. What 
minimum radius of fillet should be used if the maximum stress is not to 
exceed 1,200 p.s.i. under a moment of 188 in.-lb.? 

240 . A circular steel member contains a circumferential groove which 
reduces its diameter to 2 in. The radius at the bottom of the groove 
is in. If the maximum allowable stress for the material under conditions 
of axial loading is 24,000 p.s.i., determine the maximum moment to which 

the member may be subjected according to the max- 
imum-shearing-stress theory of failure, 

241 . Determine Kt for the member of Prob. 240 
according to the Hencky-von Mises theory of failure. 

242 . Determine the maximum stresses in the steel 
and in the concrete of the beam of Fig. P-242 due to 
a bending moment of 40,000 ft.-lb. 

243 . Design a suitable cross section for a reinforced 
concrete beam which is to develop a resisting mo- 
ment of +240,000 in.-lb. with a maximum allowable 
stress of 20,000 p.s.i. in the steel and 800 p.s.i. in the 
concrete. The width is to be one-half of the depth 
of the steel from the top of the beam. 

244 . Develop the relationship between the moment and the stresses in a 
beam of rectangular cross section if the modulus of elasticity in compression 
is n times the modulus in tension. Assume that all stresses are below the 
proportional limit. 

246 . Develop the relationship between the moment and the stresses in a 
beam of rectangular cross section if the stress-strain relationship is iS^ = iCe* 
in both tension and compression. 

246 . Determine the maximum stress developed in the press of Fig. P-246 
due to a load of 75,000 lb. 
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Fig. P-242. 



Fig. P-246. 
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247 . A l-in.-diameter steel rod is bent into an arc having an inside radius 
of in. To what maximum moment may the rod be subjected if the 
stress is not to exceed 20,000 p.s.i? 
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248. A curved member of rectangular cross section in. thick and 2 in. 
deep has an inside radius of 3 in. Locate the neutral axis and plot a curve 
showing the distribution of stress throughout the 2-in. depth if the member is 
subjected to a moment of 3,000 in.-lb. 

249. Derive a general expression for the location of the neutral axis of a 
curved beam of circular cross section. 

260. A curved beam of trapezoidal cross section has two sides per- 
pendicular to the radius to the center of curvature. Derive a general expres- 
sion for the location of the neutral axis. 

261* Are Eqs. (198a), (198d), and (198^) correct dimensionally? Explain. 

262. A beam of constant cross section and length L is fixed at the left end 
and is supported on a spring at the right end. The beam carries a uniform 
load of q lb. per ft., and the modulus of the spring is k lb. per in. Determine 
the equation for the elastic curve of the beam. 

263. What must be the modulus of the spring in Prob. 252 if the deflection 
of the beam at the middle is the same as it is at the right end? 

264. Determine the elastic-curve equation for a beam carrying no load 
but subjected to equal moments at the ends. Why is this not the equation 
of a circle? 

266. A beam fixed at both ends carries a concentrated load at one of the 
third-points. Draw the moment diagram and determine the maximum 
deflection, using an appropriate method. 

266. An inverted-L frame is fixed at the lower end of the vertical member 
and carries a uniform load of q lb. per ft. on the horizontal member. The 
moments of inertia of the vertical and horizontal members are and Ih 
respectively. Determine the deflection of the outer end of the horizontal 
member. 

267. A temporary framed dam is supported by vertical 6-in. I beams at 
12.5 lb. per ft., which are embedded in concrete at the base and are free 
at the top. The beams are placed 6 ft. o.c. and extend 10 ft. above their 
fixed bases. Deteimine the deflection of the top of the beams when the 
water level is even with the top. Use Castigliano's theorem. 

268. Determine the deflection of the top of the beams of Prob. 257 when 
the water depth is 8 ft. 

269. A l-in.-diameter rod is bent into the form of a quarter circle with a 
10-in. radius. One end is securely fixed with the rod held in a horizontal 
plane, and a vertical load P is applied to the free end. Using Castigliano’s 
theorem, determine the vertical component of deflection of the free end. 

260. A cantilever beam of length L carries a uniform load of q lb. per ft. on 
the outer half. Determine the deflection of the free end using any appro- 
priate method. 

261. Show how Castigliano^s theorem may be used for developing the 
equation of the elastic curve of a simple beam carrying a uniform load. 

262. Can Prob. 261 be solved by virtual work? 
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99. General Considerations. — In the preceding chapters there 
have been discussed methods for the evaluation of stresses in 
members when the resultant force system is (a) an axial force, 
which produces direct tension or compression; (6) a couple 
Ijdng in a plane perpendicular to the transverse plane, producing 
flexural stresses; and (c) a couple lying in the transverse plane, 
producing torsional stresses. The purpose of this chapter is to 
consider the stresses developed in a member by a force lying in a 
plane perpendicular to the longitudinal axis of the member. The 
force will be called a cross-shearing force, and the stresses 
developed will be called cross-shearing stresses or longitudinal- 
shearing stresses, depending upon whether reference is being 
made to the stress on a transverse plane or a longitudinal plane. 

Cross-shearing forces are always accompanied by bending 
moments, producing flexural stresses as well as cross-shearing 
stresses. In addition, twisting, accompanied by torsional 
stresses, will be produced by cross shear unless the resultant 
shearing force passes through a specific point in the cross section, 
known as the ‘‘shear center. This condition is analogous to 
that of axial loading in which the resultant force must pass 
through the centroid of the section to prevent (or reduce the 
possibility of) bending. However, the shear center is not neces- 
sarily at the centroid of the cross section, as will be shown in 
Art. 102. 

Cross shear is important in beams or other members subjected 
to transverse loads. For the general case of a horizontal beam 
carrying vertical loads, the magnitude of the cross-shearing 
force at any cross section is equal to the ordinate to the shear 
diagram at that section. The cross-shearing force induces 
shearing stresses on the vertical transverse plane on which it 
acts and, in additidn, on horizontal planes. At any point in the 
member the magnitudes of the shearing stresses on the two 
perpendicular planes are equal. 

236 
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100. Evaluation of Stresses Due to Cross Shear. — ^The com- 
monly used formula for the evaluation of cross shearing stresses 
(subject to the same limitations as Mc/I, since the latter is 
used in the development) is 

S, = lya'=^ (207o) 

in which S, is the shearing stress 

V is the total vertical shear (from the shear diagram) 

I is the moment of inertia of the entire cross section 
t is the thickness (or width) at the elevation at which 
the stress is desired 

Q is the moment (with respect to the neutral axis) 
of the area of the cross section on one side of the 
section on which the shearing stress is desired. 

Equation (207a) may be derived by evaluating the stress at a 
representative point in the cross section of a member subjected 



to cross shear, such as the channel of Fig. 102a. The channel 
is assumed to be fixed at E and to be carrying a vertical con- 
centrated load at the free end F. The z axis is in the longitudinal 
direction, the x axis is horizontal, and the y axis is vertical. 
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To evaluate the cross shearing stress in the upper flange at 
point Ay for example, a free-body diagram, Fig. 1026, is drawn 
of the element ABDC selected so that the desired shearing stress 
will be acting on one face {AC) of the element. The element 
has a length dz and a width w. 

As is indicated in Fig. 1026 a tensile force Ai is developed on 
the outer end {AC) of the element due to the flexural stress, 
and a similar force developed on the inner end. The force 
N 2 is greater than Ni because the moment, and hence the 
flexural stress, is greater at the inner end. To preserve equilib- 
rium in the longitudinal direction, a shearing force F,* must be 
developed on the vertical cut side {AB) of the element. No 
shearing force can act on the free side CD. 

From the moment equation of equilibrium with respect to a 
y axis, it is evident that the shearing force will induce the 
equal and opposite shearing forces and on the ends of the 
element. From the force equation of equilibrium written in the 
direction of the length of the beam 

F,* ^ N 2 -N 1 (208a) 

or 

Sggt dz = SgWt — SzWt (2086) 

= (S; - Sz)a' 

in which a' is the area over which the forces Ni and N 2 are 
distributed 

Sz and Sg are the average values of the flexural stress produced 
by Ni and N 2 . 

However, if the flexure formula applies, Sz and S, may be evalu- 
ated in terms of the moments at the respective sections, and 


or 


S,.t dz = {M' 


(208c) 


„ _ (M' - M) a'y 

“ dz It 


(md) 


in which M' — ikf is the difference between the bending moment 
at the two ends of the element 
^ is the distance from the neutral axis to the 
centroid of the area on which the forces Ni 
and N 2 act. 
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M' - M 


dz 


(203o) 

(203c) 


in which V is the total vertical shear at the section under con- 
sideration. So 



(207) 


VQ 

It 


(207o) 


As derived, Eq. (207o) gives the value of the horizontal shearing 
stress acting in the vertical longitudinal plane AB of Fig. 102. 



Fio. 103. — Cross shear in web of a channel. 


However, because Sxz = Szx at a point, it also gives the value of 
Sxz at point A or JB, i.e., the horizontal shearing stress acting 
in a vertical transverse plane AC or BD, The value of the shear- 
ing stress, as given by Eq. (207a), is the average value throughout 
the thickness t. If the section is not of constant thickness, the 
maximum stress will exceed the value given by Eq. (207a). 

The magnitude of the horizontal shearing stress (/S*y) on a 
horizontal longitudinal plane, such as a plane through the web, 
may be found by a similar procedure using the free-body diagram 
indicated in Fig. 103. It is evident that the expression for S»y 
will be identical in form with the expression for Szx, Eq. (207a), 
with Q equal to the first moment of the L-shaped area outside 
the cut section, and t equal to the thickness of the web. The 
vertical shearing stress Syt in the vertical transverse plane is 
equal to Szy at any point. 
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Hence, all four shearing stresses Sx» = Szx and Sty = Sy» are 
found by Eq. (207a), with Q = a'^, in which the area a' is 
determined by cutting the cross section at the point where the 
stress is desired, making the cut at right angles to the desired 
component of stress Sxz or Sy», The section on either side of the 
cut may be used for evaluating Q. 

Further consideration of Eq. (207a) shows that the vertical 
cross-shearing stress Sy» in the flanges will be small because Q 



Fig. 104. — Distribution of cross shearing stress in an idealized channel. 


is small and i (in this case the width b of the flange) is large in 
comparison with the thickness of the web. Also, Sxz will be zero, 
in the web. Thus, the only cross shearing stresses of conse- 
quence in any portion of the cross section are those acting 
parallel to the boundary of that portion of the cross section. 

The distribution of shearing stress due to a cross shear of 1,000 
lb. acting on a specific channel is as indicated in Fig. 104. The 
shearing stress is, of course, zero at the outside of the flange, 
point a, and increases directly as the distance from a, since the 
only variable in Eq. (207) is the width w of the area a'. Beyond 
6, the intersection ot the flange and web, the horizontal com- 
ponent of the shearing stress decreases to zero at the outer edge c 
while the vertical component of the shearing stress increases. 
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The vertical component of shearing stress in the web is zero 
at the top d and increases rapidly to e, the intersection of the 
web and bottom of the flange. From e to / on the horizontal 
axis of symmetry, the vertical component of shearing stress 
increases parabolically because both y and a' in Eq. (207) vary. 

For convenience, the shearing stress in the flange is usually 
considered to vary linearly from zero to a maximum at the 
intersection of the center lines of the flange and web. The 
vertical component of shearing stress is assumed to vary para- 
bolically from g to/. If proper fillets are provided, these assump- 
tions are on the safe side, as is the additional assumption that 
there is no vertical component of shearing stress in the flange. 
The values of the shearing stresses shown in Fig. 104 are cal- 
culated as follows: 

^ _ 1,000(0.375) (2.75) (2.8125) 

24.05(0.375) 

= 321 p.s.i. 

^ _ 1,000(0.375) (2.75) (2.8125) 

^ 24.05(0.500) 

= 241 p.s.i. 

The shearing stress at the neutral axis is 

« _ 1,000[0.375(2.50) (2.8125) + 3(0.500) (1.50)] 
24.05(0.500) 

= 406 p.s.i. 

The values of shearing stress calculated by Eq. (207) are 
approximate in that they are based on the assumption that the 
shearing stress is uniformly distributed across the thickness of 
the cut section. In a section composed of rectangular elements 
the assumption is reasonable except in the vicinity of the junction 
of the elements. There stress concentration may be expected. 
For example, in the channel of Fig. 104 the shearing stress cannot 
be uniformly distributed on a diagonal section extending from 
the corner c to the reentrant corner. Since the stress must be 
zero at c, it must be greater than the average at another point 
on the cut section. The magnitude of the stress concentration 
at a reentrant corner may be reduced by increasing the radius 
of the fillet. 

At any point on the boundary of the cross section of the beam 
the resultant shearing stress must be parallel to the boundary, 
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as, for example, on the curved portions of the I beam of Fig. 105a 
or the circular section of Fig. 1056. On the vertical center line 
of the member, the resultant shearing stress must be vertical (for 
bending about a horizontal neutral axis), and on any transverse 
section that cuts the curved boundary such as aa the magnitude 
and direction of the resultant^ shearing stresses vary from point to 
point. For those sections Eq. (207) gives only the average value 
of the vertical component of the shearing stress. 



(a) (b) 

Fig. 106 . — Directions of cross shearing stresses. 


101. Bending without Twisting. — Throughout the preceding 
discussion the assumption has been made that the flexure formula 
applies and that the beam does not twist. The stipulation of 
no twisting involves a definite limitation upon the position of 
the line of action of the external loads (or plane of the external 
moments). For example, in the channel of Fig. 104, the shearing 
stresses in the upper flange are to the left and will produce a 
resultant shearing force to the left as shown in Fig. 106a. The 
shearing force in the web will be down, and the shearing force 
in the lower flange is to the right. The two horizontal shearing 
forces are equal and their magnitude may be determined as the 
average shearing stress multiplied by the area over which it acts, 
or the area under the shearing-stress diagram. Fig. 104, times the 
thickness. 

H = 3^(321) (2.76) (0.376) 

= 165 lb. 

The vertical shearing force V is equal to the area under the 
parabolic portion of the shearing-stress diagram, Fig. 104, 
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V = 241 (5.625) (0.600) + H(165) (5.626) (0.600) 

= 987 lb. 

The diflFerence between V and the external shear of 1,000 lb. 
due to the applied load of 1,000 lb. is the vertical shear carried 
by the flange. Therefore, the assumption that the web carries 
all of the vertical shear is about 1.3 per cent in error. The 



(a) (b) (c) 


Fig. 106. — Resultant shear on cross section of a channel. 


horizontal forces in the flanges form a couple having a magnitude 
of 

C = 165(5.625) 

= 926 in.-lb. 

Therefore, the three forces of Fig. 106a may be represented by a 
force and a couple as shown in Fig. 1066, or the force V and the 
couple C may be replaced by their resultant, a single force V 
as shown in Fig. 106c. The line of action of the resultant force V 
will be at a distance e from the center of the web. The distance e 
may be found by the principle of moments. 


926 

1,000 


0.926 in. 


If the beam is to bend without twisting, the external load P 
must be applied in the same plane as the resultant shearing force 
F. If the load P were applied along the center line of the web, 
for example, it, together with the force F, would produce a 
torsional couple that would twist the beam. Then the value of 
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the maximum shearing stress exceeds that calculated using 
Eq. (207a) because of the presence of torsional shearing stresses 
that will add to the cross-shearing stresses at some points. In 
addition, the maximum normal stresses will exceed those cal- 
culated from Me/ 1 if the beam is restrained from twisting. 

The intersection of the line of action of the resultant shearing 
force determined using Eq. (207a) with the neutral axis locates 
the shear center or point through which the plane of the loads 
must pass if the beam is to bend without twisting. The locus of 
the shear centers along the beam is called the bending axis of 
the beam. If the beam is to bend without twisting, the plane 
of the external moment must contain the bending axis. 

102. The Shear Center. — Since a combination of bending and 
twisting produces uimecessarily large stresses in a beam as well 



Fig. 107. — Cross shearing forces in I beam and channel. 


as undesirable (in most cases) distortion of the beam, the location 
of the shear center of any cross section is of practical importance. 
The location of the shear center of a beam may be determined 
by assuming that the flexure formula is valid and determining 
the location of the resultant shearing force developed on the 
cross section, as was done for the channel in Art. 101. The point 
of intersection of the line of action of the resultant shearing 
force with the neutral axis of the cross section is the shear center. 

For convenience, the beam may be assumed to be loaded as a 
cantilever and the load assumed to lie in a plane perpendicular 
to one of the centr(5idal principal axes of the cross section. If 
the load does not lie in such a plane, it may be resolved into two 
components, each of which lies in such planes, and^the two com- 
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ponents may be treated separately. The principal centroidal 
axis to which the component of the load is perpendicular becomes 
the neutral axis. 

If the cross section has an axis of symmetry, the shear center 
will lie on the axis of symmetry, and if there are two axes of 
symmetry, the shear center will lie at the intersection of the 
axes, which is the centroid. 

Horizontal shearing forces may be developed in the cross 
section of a beam having two axes of symmetry, such as the 
I beam of Fig. 107a. However, they are balanced and do not 
cause the beam to twist when loaded through the centroid. The 
channel of Fig. 1076 will twist when loaded through the centroid 
because the shearing forces are not balanced. 

103. Shear Center of a Channel. — The approximate location 
of the shear center of a channel. Fig. 1076, may be determined by 
the procedure outlined. The force V may be assumed to act 
along the center line of the web, and H may be assumed to 
act along the center line of the flange. The horizontal shearing 
forces H may be evaluated as the average cross-shearing stress 
in the flange, from Eq. (207a), multiplied by the area. 


H = 



(209a) 

(2096) 


in which a/ is the area of one flange 
aw is the area of the web. 

The distance e from the center line of the web to the location 
of the resultant is found by the principle of moments. 


e 


Hh 

V 


y2b 


1 + 


Ow 

6a/ 


(209c) 

(md) 


Equation (209d) indicates that e = 0 for a/ = 0, and e increases 
as the ratio Oa/O'f decreases. In the extreme case of Om/a/ = 0, 
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e — 3^6. That is, the shear center is at the intersection of the 
center line of the flange with the neutral axis. 

104. Shear Flow. — In some problems, particularly those deal- 
ing with thin-webbed beams subjected to both bending and tor- 
sion, it is more convenient to work with the magnitude of the 
shearing force per inch of length along the perimeter of the cross 
section than with the average stress. As was pointed out in 



Art. 72, the magnitude of the shearing force per unit length is 
called the ‘‘shear flow.’’ It is equal to the average shearing 
stress on a section multiplied by the thickness of the section. 
If the beam is subjected to bending only, the shear flow may be 
found by multiplying each side of Eq. (207a) by the thickness L 

= ^ ( 210 ) 

in which q is the shear flow. 

The shear flow is'usually expressed in pounds per inch. Along 
a section of constant thickness the shear-flow is distributed in 
the same way as the average shearing stress. The shear-flow 
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diagram for the channel of Fig. 104 is shown in Fig. 108. The 
value of the shear flow at point g is, from Eq. (210), 

1,000(0.376) (2.75) (2.8125) 

24.05 

= 120 lb. per in. 

The shearing stress /Si in the flange is 

= I = ^ = ^21 p.s.i. 

which agrees with the value given in Fig. 104. The shearing 
stress S 2 in the web is 

- ? - S ■ 

106. Shearing Stresses and Shear Center in Thin-webbed 
Beams. — Unless the span is unusually short, a beam of light- 
weight construction is generally a beam with relatively heavy 
flanges at a maximum distance apart (to be more effective in 
resisting bending) connected by a relatively thin web. With 
such construction and with the load applied so that the neutral 
axis is perpendicular to the line joining the centroids of the 
flanges, the flanges will carry comparatively little shear, and the 
web will offer practically no bending resistance, so the shear 
flow will be virtually constant throughout the web. That is, 
for a beam consisting of two flanges connected by a thin web 
the value of Q in Eq. (210) is the Q of the flange plus the Q of 
the web, but the latter is negligible because of less area and a 
smaller moment arm. Therefore, Q is the same for any point 
in the web, and since V and I are constant, q is constant through- 
out the web. Thus, the shear flow throughout the web is equal 
to the total vertical shear divided by the depth of the beam. 
If the web is straight and at right angles to the neutral axis, 
the maximum shearing stress is approximately equal to the 
average shearing stress obtained by dividing the total vertical 
shear by the area of the web. The shear center will be at the 
centroid. 

If the two flanges are connected by a thin curved web, as 
illustrated in Fig. 109a, the shear center will not be at the centroid. 
The location of the shear center may be determined by the 
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standard procedure outlined in Art. 102. If the bending resist- 
ance of the web is negligible, it is apparent that one centroidal 
principal axis will pass through the centroids of the flanges along 
the line AB. The plane of the loads will therefore be assumed 
to include the line AB, and the neutral axis will be perpendicular 
to AB. Since the bending resistance of the web is negligible, 
the shear flow is constant throughout the web and is equal to 
V/h. Also, the resultant shearing force developed in the web 
must be equal to V and must be parallel to AB to preserve 
equilibrium. 


A 



B 

(a) (b) 


Fig. 109. — Shear flow in thin-webbed beams. 

The position of the line of action of the resultant shearing 
force may be found by taking moments of the shear flow with 
respect to some convenient axis such as one through the point 0. 
The resultant force developed on a length ds of the web is q ds 
and its line of action is tangent to the web. The moment of 
the force with respect to the point 0 is 

dM = qrds (211) 

However 

rds^2da (211a) 

in which da is the area enclosed by lines from O to the ends of 
the element. Then 

dM = 2qda (2116) 

and since q is constant, the total moment developed by the cross 
shear is 

M = 2qA (211c) 

in which A is the area enclosed by the web and the lines OA 
and OB. 
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By the principle of moments 

qhe = 2qA (211d) 

in which e is the distance between the point 0 and the line of 
action of the resultant shearing force, qh. Then 



Therefore, the shear center will be located on the neutral axis 
at a distance e (measured perpendicular to AB) from the point 0. 

K the thin-webbed beam has a closed cross section, as, for 
example, that indicated in Fig. 1096, the shear flow will usually 
be different in the two webs but will be constant throughout 
each web. The total vertical shear will be 

V = qji + qih (212) 

= h(qi + qi) (212o) 

in which qi and q 2 are the values of shear flow in webs 1 and 2 
respectively. As before, a moment equation may be written. 
For the beam shown in Fig. 1096 a center of moments on web 2 
will be convenient. 


M = Ye = 2qiA 


(213) 


A third equation may be obtained from the condition that the 
beam is to bend without twisting. The angle of twist from Eq. 
(158d) is 


TsL 

4A^tG 

However 


(158d) 


T = 2Aq 

Hence 

2Ag'iSiL _ 2Aq2S2L 
4:AHxG ~ AAH^ 


( 214 ) 
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Equations (212a), (213), and (214a) may be solved simul- 
taneously for e, giving 


e 


_ 221-4 
" V 



(215) 

(215a) 


A comparison of Eqs. (215a) and (21 le) indicates the effect 
of the second web in moving the shear center nearer to the 
centroid of the cross section. 

If the cross section of the beam consists of ^veral closed 
sections, the shear flow may be found by writing a series of 
equations similar to Eq. (214), which together with Eqs. (212a) 
and (213) provide sufficient information to permit solving for 
the unknowns. Sections composed of several cells may also 
be solved by successive approximation methods similar to those 
used in torsion. 

If the resultant external shearing force does not pass through 
the shear center, it may be resolved into a force through the 
shear center producing cross-shearing stresses and a couple 
producing torsional-shearing stresses. The resultant shearing 
stress at any point will be the algebraic sum of the two, provided 
that the proportional limit is not exceeded or that buckling or 
other structural failure does not occur. 

106. Secondary Effects. — The shearing stresses in thin-walled 
beams may be sufficiently great to produce compressive stresses 


r P P T i 


L i. I J J 

Fio. 110. — Beam with multiple flange units. 

(at 45 deg. with the maximum shearing stresses) in excess of the 
critical buckling stress, resulting in undesirable distortion if 
not collapse. Buckling stresses are considered in Chap. 11. 
In most cases, stiffeners may be provided to prevent buckling. 
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A phenomenon encountered in multiple-flange beams similar 
to the one indicated in Fig. 110 is called ‘‘shear lag.’^ It results 
in an uneven distribution of flexural stress throughout the 
flange elements and is due to the shearing deformation developed 
in the thin sheet connecting the flange elements. The shear 
flow, shearing stress, and shearing strain in the sheet are higher 
near the web than remote from the web. The unequal shearing 
deformation causes the section remote from the web to “lag^' 
as the beam is bent. The result is that a plane section does not 
remain plane, the flange units near the web are overstressed, 
and those remote from the web are understressed. The same 
effect may occur in a wide-flanged I beam. 

PROBLEMS 

263 . A timber beam 4 in. wide and 8 in. deep carries a uniformly dis- 
tributed load on an 8-ft. span. What must be the ratio of shearing strength 
to flexural strength for the beam to be equally strong in shear and bending? 
What ij? an average value of the ratio for structural timber? 

264 . A symmetrical hollow timber beam has outside dimensions of 6 by 
12 in., inside dimensions of 4 by 8 in., and is simply supported on a 12-ft. 
span. It carries a 3,000-lb. load 4 ft. from the left end. Plot a curve 
showing the variation in shearing stress throughout the depth at a section 
2 ft. from the left end. 

266 . Make a diagram showing the distribution of the shearing stresses 
due to a load of 1,000 lb. in a channel similar to that of Fig. 104, but with all 
dimensions doubled. 

266 . Determine the distribution of shearing stress throughout the canti- 
lever beam indicated in Fig. P-266 if it carries a load of 1,000 lb. at the end. 
All sections are 0.05 in. thick. 



Fig. P-266. 
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267. A beam having the cross section shown in Fig. P-267 is subjected to a 
total vertical shear of 1,000 lb. Make a sketch showing the distribution 
of shearing stress throughout the beam. 



Fig. P-267. 


268. A beam having a cross section in the form of a cross as shown in 
Fig. P-268 is subjected to a vertical load of 1,000 lb. Draw a diagram show- 
ing the approximate distribution of shearing stress in the beam. 



Fig. P-268. 

269. Locate the shear center of a 6- by 6- by 1-in. angle. 

270. Locate the shear center of a 12-in., 40-lb. channel. 



Fig. P-273. 
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271. Determine the location of the shear center of the cross section indi- 
cated in Fig. P-266. 

272. Locate the shear center of the Z section shown in Fig. P-233. 

278. Where is the shear center of the section shown in Fig. P-273? 

274. Locate the shear center of a half ring having a mean radius R and a 
waU thickness U 

276. Draw the shear-flow diagram and locate the shear center of the beam 
shown in Pig. P-267. 

276. A symmetrical thin-webbed beam has two flanges of area a and their 
centroids are a distance h apart. Develop an expression for the percentage 
error involved in computing the maximum cross-shearing stress as V/t h. 

277. Construct the shear-flow diagrams and locate the shear center of 
each of the built-up beams indicated in Pig. P-277. Assume that the sheet 
carries only shear and that the angles carry only direct stress. 



(a) (b) (c) 

Fig. P-277. 

278. Solve Prob. 277 assuming that the sheet can resist tension as well as 
shear but will buckle in compression. 

279. Locate the shear center of the airplane wing section shown in Fig. 
P-220. 

280. A horizontal cantilever beam 6 ft. long is formed from 0.040-in. 
sheet metal to produce a hollow rectangular cross section with a mean width 
of 2 in. and a mean depth of 4 in. The seam that runs the full length of 
the beam is located at the center of the bottom face and is not welded or 
connected in any way. The beam carries a vertical load of 100 lb., applied 
through a bracket at the free end in such a way that the line of action of the 
load is along the center line of one of the vertical sides. Determine the 
maximum shearing stress developed on a cross section 3 ft. from the load 
and indicate its location and direction on a sketch. Neglect stress 
concentration. 

281. A tube with an outside diameter of 4 in. and a wall thickness of 
0.066 in. has a thin longitudinal slit in the wall throughout its length. It is 
subjected to a cross-shearing force of 100 lb., the line of action of the force 
passing through the center of the circle and being perpendicular to the 
diameter through the slit. Determine the maximum shearing stress devel- 
oped by the 100-lb, force. 



CHAPTER X 

INTRODUCTION TO PHOTOELASTIC ANALYSIS 

107 . The Photoelastic Method. — One of the important 
experimental methods that have been devised to aid in the deter- 
mination of stresses in members of complex shape is the photo- 
elastic method. It is based on the effect that the stresses in 
certain transparent materials have upon a ray of light passed 
through the member. The photoelastic method provides a 
rapid qualitative picture of the stress distribution in a member, 
as well as providing quantitative information from which the 
stresses may be evaluated. It is particularly useful in investigat- 
ing the effect of stress concentration. Because of the adapta- 
bility of the photoelastic method to engineering problems it 
has received much attention in the literature, and several books^ 
have been written describing the theory and techniques of 
application. The purpose of this chapter is to offer a preview of 
the subject rather than a complete treatment. 

108 . Anal 3 rtical Representation of Light. — ^Light travels through 
air and other media along straight paths called ^^rays.'^ In a 
given medium the velocity of a ray of light is constant and is 
independent of the color. In a vacuum the speed of light is 
983.571 X 10« f.p.s. (186,284 m.p.s.) 

A number of phenomena associated with light may be explained 
by assuming that a ray of light is propagated as a series of 
transverse waves, which may lie in any or all planes containing 
the ray. The nature of any of the waves is such that the lateral 
displacement of any point plotted against time gives a sine, or 
cosine, curve and may be expressed in equation form as 

y = a sin o)t (216) 

in which y is the displacement at any time t 

a is the amplitude, or maximum displacement of the 
point from its mean position. 

1 CoKEK, E. G., and L. N. G. Filon, “Photo-elasticity,” Cambridge 
University Press, London 1931. 

Frocht, M. M., “Photoelasticity,” John Wiley & Sons, Inc., New York, 
1941. 


254 



Art. 108] INTRODUCTION TO PHOTOELASTIC ANALYSIS 255 


If the amplitude is not zero at zero time, the equation may be 
written as 

y = a sin (a{t — to) (216a) 

in which U is the time at which the amplitude becomes zero. 

A graphical representation of the wave is given in Fig. 1116. 
The quantity w in Eq. (216) may be interpreted by considering 
the sine curve as being generated by a point moving with con- 
stant angular velocity w on a circular path with radius a as 
indicated in Fig. 111a. One cycle is completed for each com- 




Fig. 111. — Analytical representation of light. 


plete revolution of the point; i.e., for the angle (at equal to 27r 
radians. The time required for one complete cycle or vibration 
is the period p, and the distance that the light travels in that 
time interval is the wave length X. The number of cycles com- 
pleted per unit time is the frequency /. From the definitions 
it is evident that 

(217) 

V = /X (217a) 

in which v is the velocity of light. 

The intensity of the light is proportional to the square of the 
amplitude of vibration, and the color is dependent upon the 
frequency. The frequency is 'independent of the medium 
through which the ray is propagated, but the velocity is depend- 
ent upon the medium. Therefore, the wave length varies with 
the medium. The wave length of the visible spectrum in air 
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ranges from 4,000 A for violet^ to about 7,000 A for red light. 
White light is a mixture of other colors in definite proportions. 

109. Polarized Light. — If the vibrations of a light ray are 
restricted to one plane, the ray is said to be plane polarized. 
Light may also be produced in which the wave motion is helical 
with a constant amplitude and a uniformly varying direction 
of polarization. The light is then said to be circularly polarized. 

Several methods are available for converting a ray of light 
into a plane-polarized ray. 

1. Reflection from a plane surface. All rays except those 
vibrating in one plane are absorbed. The glare” reflected 
from a water surface, roadway, or table top is plane-polarized light. 

2. Transmission through a stack of properly oriented glass 
plates. 

3. Transmission through a Nicol prism, consisting of a pair of 
crystals of Iceland spar (calcite) properly cut and cemented 
together. 

4. Transmission through a Polaroid^ element. This is the 
most satisfactory method of polarization for photoelastic pur- 
poses because it provides a large field with comparatively little 
loss of light intensity. About 45 per cent of the incident light 
is transmitted. 

The direction of the intersection of the plane of the polarizing 
element with the plane in which the vibrations of polarized light 
occur is known as the ‘‘axis of polarization.” If a horizontal 
light ray is passed through a polarizing element having a hori- 
zontal axis of polarization the ray that emerges will be vibrating 
in a horizontal plane only. If the ray is then passed through a 
second polarizing element having a vertical axis of polarization 
no ray will emerge from the second unit. If the second unit is 
rotated slightly a component of the ray with a decreased ampli- 
tude will emerge, and if the rotation is continued until the axes 
of polarization of the two elements are parallel, all® of the light 
that passes the first element will be transmitted through the 
second element. 

^ The unit A, called the Angstrom unit, equals 1 X meters. 

2 Polaroid is the trade name for a unit consisting of a film of properly 
oriented crystals cementfed between two glass plates. 

* Assuming that no light is lost in transmission through the element. 
Actually the efficiency of a Polaroid element is about 90 per cent. 
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110. Refraction of Polarized Light. — Certain noncrystalline 
transparent materials, including glass and a number of plastics,^ 
when stressed will resolve an incident polarized light ray into 
two component rays, one in the direction of each of the principal 
stresses. Such materials are said to be double refracting. The 
velocities of the component rays through the material depend 
upon the magnitudes of the principal stresses, the change in 
velocity being proportional to the stress. 

The resolution of a plane-polarized ray is indicated in Fig. 
112a. The original plane-polarized ray, which may be assumed 
to enter the model beam of Fig. 112b at the point M is traveling 



Fig. 112. — Resolution of a plane-polarized ray. 


along a path perpendicular to the plane of the paper and may be 
represented by the vector OA in Fig. 112a. The direction of OA 
is vertical, indicating the direction of the axis of polarization, 
and the length OA represents the amplitude. As the ray enters 
the beam that is stressed, the direction of the principal stresses 
being the u and v directions, the ray OA will be resolved into 
the component rays OB and OC in the u and v directions as 
indicated. Since the length OA represents the amplitude of the 
entering ray, the amplitudes of the two component rays will be 
determined as the lengths OB and OC, 

OB = OA cos a 
OC = OA sin a 

The displacement y of the original plane-polarized ray is, from 

1 The most satisfactory material for photoelastic purposes appears to be 
Bakelite BT 61-893. It is optically sensitive and is easily shaped. Other 
materials have been used with good results. 
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Eq. (216), 

y = a sin o>t (216) 

Hence, the equation for the displacement u of the component in 
the u direction at any time t is 

u = a cos a sin cot (216a) 

and in the v direction 

V = a sin a sin cat (2166) 

while the rays are traveling through the material. If the thick- 
ness of the material is d, the time required for the u component 
of the ray to travel through the material is 

tu = 4- (218a) 

y u 

in which Vu is the velocity of the u component of the ray. 

The component in the v direction will emerge at a different 
time because it will travel at a different velocity, the velocity 
being dependent upon the stress. The time required for it to 
travel through the material is 

^ (2186) 

The equations for the displacement of the component rays 
upon emergence from the stressed material are 

u = a cos a sin (a{t — tu) (219a) 

V = a sin a sin a)(^ — tv) (2196) 

The retardation, or time lag, of one component with respect 
to the other is 

( 220 ) 

- (220a) 

(2206) 

Since V^Vv is approximately constant (approximately 7®), and 
since the change in velocity is proportional to the principal stress, 
the retardation is approximately proportional to the difference 
between the two prihcipal stresses. That is 

= C(S„ - 8 .) 


(220c) 
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If the component rays emerging from the stressed material 
are passed through a second polarizing element (called ‘‘an 
analyzer”) having its axis of polarization at right angles to the 
axis of the original polarizer, each of the component rays OB 
and OC will be resolved into two components as indicated in Fig. 
113. 

The rays OB' and OC' will be transmitted, and the components 
OB" and OC" normal to them are extinguished. The amplitudes 



Fig. 113. — Resolution of double-refracted ray by analyzer. 

of the rays that emerge from the second polarizer are 

OB' = OB sin a 
= a cos a sin a 

= - sin 2a (221a) 

OC' = OC cos C. 

= a sin a cos a 

= ^ sin 2a (2216) 

Therefore the two rays OB' and OC' that emerge from the 
analyzer have the same amplitude, and their equations are 

u' = 3^a sin 2a sin w(^ — tu) (219c) 

v' = 3^a sin 2a sin (a{t — tv) (219d) 

However, they are not necessarily in phase because of the differ- 
ence in the time required for the two components to travel 
through the material. The resultant ray will be the vector 
difference of the component rays. Its equation may therefore 
be written as 

r' = i^a sin 2 q! sin o){t — Q — Ha sin 2a sin o)(t — tv) (222) 

s= Ha sin 2a[sin w(< — tj) — sin w(f — Q] (222a) 
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If tu = tvf the two component rays OB' and OC' emerge 180 deg. 
out of phase as shown in Fig. 114a, and there will be no resultant 
light. If the component rays are partially out of phase as 
shown in Fig. 1146, their resultant will be a vector of the same 
frequency, but of only slightly larger amplitude than either one 
of the components. That is, the transmitted light is weaker 
than the original light. If the retardation is such that the com- 
ponent rays are in phase, a vector of maximum amplitude is 
developed as shown in Fig. 114c. The amplitude of the resultant 



ra) (b) (cj 

Fig. 114. — Effect of relative retardation on resultant ray. 


ray will become zero (there will be no transmitted light) under 
two conditions. 

1. When a = 0, sin 2a — 0. This corresponds to the con- 
dition of the plane of polarization coinciding with the direction 
of one of the principal stresses. Only one component ray will 
emerge from the specimen, and it will be annihilated by the 
analyzer. 

2. The amplitude of the resultant ray will also be zero when 

sin o){t — tu) = sin o){t — tv) (223) 

This condition is satisfied when 

Cji)(t — tu) = w(i tv) 4" 27t!r (223a) 

in which n is any integer. Then 

o){tv - tu) = 2n7r (2236) 

However, the quantity tv — tu was evaluated in terms of the 
principal stresses in Eq. (220c), hence 

coC(>Su “ Sv) = 2n7r 


(224) 
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from which 


-S„ - S, 


2m 

OiC 


(224a) 


or from the relationship between principal stresses and maximum 
shearing stress, Eq. (20), 


_ m 


Sii = 


mrVuVy 

<ji)d 

d 


(2246) 

(224c) 

(224d) 


in which iiC is a constant for the material,^ called the “fringe 
value.” 

Then 


Su - S, 


2nK 

d 


(225) 


From the first condition it is apparent that if the light source 
is made sufficiently large to illuminate the entire specimen, a 
black spot will appear on the projected image of the beam at 
every point for which the directions of the principal stresses 
coincide with the directions of the axes of polarization. The 
locus of these points is a line, known as an “isoclinic.” If 
desired, the isoclinics may be eliminated from the image by 
using circularly polarized light. Figure 115 shows a series of 
isoclinics obtained from a beam carrying a concentrated load. 

From the second condition, it is apparent that no light will be 
transmitted whenever the stresses are such that Eqs. (224d) or 
(225) are satisfied for an integral value of n. Therefore, a set 
of black points will be formed on the image for each integral 
value of n. The loci of the points are lines, known as “fringes,” 
and the number n is the fringe order; hence, the black line cor- 
responding to an n of 1 is called the “first-order fringe,” the line 
corresponding to an n of 2 is the “second-order fringe,” etc. 
The fringes are unaffected by the use of * circularly polarized 
light. A set of fringes for the beam of Fig. 115 is shown in 
Fig. 116. The twelfth-order fringe is at the bottom of the beam 
under the load. 

‘ For bakelite BT 61-893, K is approximately 43 lb. per in. 

\ 
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If plane-polarized white light is used instead of monochromatic 
light, the isoclinics still appear as black lines, but the black 
fringes are replaced by colored bands going through the spectrum 
in regular sequences, each spectrum replacing a fringe. Each 


(ft) 

Fig. 116. — Fringe pattern for a beam carrying a concentrated load, (a) Iso- 
chromatics for entire beam ; (6) enlargement of center portion. {Reproduced by 
permission from * 'Photoelasticity” by Max M. Frocht, John Wiley & Sons, Inc., 
New York.) 

line of a single color is called an ‘‘isochromatic.'^ The appearance 
of the isochromatics is due to the fact that the amount of refrac- 
tion varies with the wave length (color) of the light. The 
white light is therefore broken up into its component colors in 
passing through the model and various colors are annihilated 
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at various stress levels. The colored bands may be used as 
well as the black and white bands in making a stress analysis. 
Current practice favors the use of a monochromatic light source, 
with its resulting black and monochromatic bands, because of the 
difficulty of matching colors for readings in the rainbow pattern. 
Test results^ verify the theoretical conclusion that stress values 
for successive fringes of a given color are multiples of the first 
fringe value. It is also shown that the stress values correspond- 
ing to the first yellow fringe are of the values for the first green 
fringe, and values for the first red fringe are % of the values for 
the first green fringe. 

111. Application to Stress Analysis. — The experimental setup 
requires the following items in the order indicated. 

1. Light source (monochromatic light preferable). 

2. Polarizer. 

3. Quarter-wave plate (unless isoclinics are desired). 

4. Transparent model. 

5. Quarter-wave plate. 

6. Analyzer (axis of polarization normal to polarizer). 

7. Screen or camera. 

The model, carefully prepared from a suitable material and 
annealed to remove initial strains induced by shaping, is placed 
in a frame by means of which loads may be applied as desired. 

At a given point in the model for a given load two observations 
may be made. 

1. The directions of the principal stresses. The directions are 
obtained by loading the model, removing the quarter-wave plates 
and rotating the polarizer and analyzer together until a black 
spot appears at the point. The directions of the principal stresses 
then correspond to the directions of the axes of polarization of 
the polarizer and analyzer. 

2. The magnitude of the maximum shearing stress or the 
algebraic difference between the principal stresses. Before 
load is applied to the model its image will present a uniform 
appearance. As load is applied slowly a band or fringe will 
appear at the point or area of maximum shearing stress, and 
will gradually move as the load is increased. Presently there 
will appear a second-hand, the second-order fringe, corresponding 

^ For example, Frocht, M. M., ** Photoelasticity,” p. 169, John Wiley & 
Sons, Inc., New York, 1941. 
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to double the shearing stress of the first-order fringe. Further 
increases in load will develop higher orders of fringes, the low- 
order fringes moving across the specimen in sequence. The 
relationship between the fringes and the stress depends upon 
the properties of the material of which the model is constructed 
as indicated in Eq. (224). It is evident that a direct evaluation 
of the maximum shearing stress would require the values of n, 
the fringe order; w, which is dependent upon the color of the 
light; Vu and Vv, the velocities of the rays in the model; and d, 
the thickness of the model. Practically, it is easier to use a 
calibration strip of the same material and the same thickness 
loaded in such a way that the shearing stress corresponding to a 
given fringe order may be calculated directly. 

112. Evaluation of Principal Stresses. — As is evident from 
Eq. (226), the fringe value at a given point will permit the evalua- 
tion of the differences of the principal stresses but will not permit 
the direct evaluation of either principal stress unless one of them 
is known. If the point under consideration is at a free boundary 
of the member, one principal stress is zero, and the other may be 
evaluated directly. Also, if the point is at a boundary on which 
a pressure or load of known intensity is applied without shear, 
that pressure must equal one of the principal stresses. 

However, if the point is on the interior, some additional infor- 
mation must be obtained that will yield a value of one of the 
principal stresses or the magnitude of their sum. 

One of the techniques that may be used is that of shear differ- 
ences,^ which is based on the equation of equilibrium of a small 
block of the material. For example, the block A cut from the 
beam indicated in Fig. 117a will be subjected to normal and 
shearing forces as shown in Fig. 1176. 

The equation of equilibrium written in the y direction gives 
(Sy + dSy)t dx — Syt dx + {Sry + dSTy)t dy — Sj dy = 0 (226) 

or 

dSy dx + dSxy dy = 0 (226a) 

If Eq. (226a) is divided through by dx and integrated, there 
results 

• (2266) 

^ Frocht, M. M., “ Photoelasticity John Wiley <fe Sons, Inc., New York, 
1941. 
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in which Sy^ is the stress at an elevation yo 
Syi is the stress at an elevation yi. 
or 

Vl 

Sy. --S,. = ( 226 c) 

yo 

That is, the difference between the normal stresses on two 
parallel planes is equal to the rate of change of the shearing stress 
at right angles to the planes multiplied by the distance between 
the planes. 

To evaluate the normal stresses using Eq. (226c) a straight line 
is drawn across the member through the point at which the stress 


iiiiminiiiiiiiiiiii 


Aandy 


(a) 

Fig. 117.- 


(Syt^dSyH dx 




Syjdy- 


I, 


ISj^y+dS^yHdx 


/Sy:^*dSy^Hdy 


HSy^^^dS^)tdy 


I 

%tdx 

(d) 

-Components of stress in a beam. 


tdx 


is desired. That line defines the y direction. The line is 
divided into an appropriate number of segments, each having a 
length Ay. Next, the shearing stress S^y is evaluated at a short 
distance on each side of the end of each of the segments with the 
aid of Eq. (17) 

= mSu - S,) sin 26 (17) 

= Sij sin 26 


The angle 6 may be determined from the isoclinics, and Sa 
may be evaluated from Eq. (224d). From these values of Sxy 
the quantity dS^y/dx may be determined at the end of each of the 
segments. Then beginning at one boundary where Syo is known, 
successive values of Sy^ may be evaluated at the end of each 
of the segments frpm Eq. (226c). 

An equation similar to Eq. (226c) may be obtained by writing 
the equation of equilibrium in the x direction for the free-body 
diagram of Fig. 1176. 
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Xl 

S„- = (226d) 

J-O 

Thus, a complete analysis of the stress situation in a body may 
be obtained from a photoelastic model. 

113. Extension to Triaxial Stress Situations. — The analysis as 
outlined is applicable to biaxial stress situations. If any stresses 
exist in the planes parallel to the incident light rays, the image 
will be blurred. However, as a result of an observation by 
MaxwelP and the later research of several other investigators 
it has been found that if a model of a suitable material is sub- 
jected to a three-dimensional stress while at an elevated tem- 
perature and the stress is maintained while the specimen is slowly 
cooled, the stress pattern will be ^'frozen^^ in the material. 
The specimen may then be cut into thin slices, which are 
investigated individually by the usual photoelastic technique. 
Extensive investigation has shown that the slicing has no 
appreciable effect upon the stress pattern. 

Weller^ has described an alternate process for the analysis of 
triaxial stress situations making use of the polarization phe- 
nomena accompanying the scatterings^ of a light ray as it 
passes through a transparent model under stress. A modified 
polariscope is used, the model replacing either the polarizer or 
the analyzer. 


PROBLEMS 

282 . The material fringe value of a by -in. -wide tension 

specimen is 43 lb. per in. How much axial load is required to produce the 
third-order fringe in the center portion of the specimen? 

283 . A model beam 0.200 in. wide by 1.200 in. deep is made of bakelite 
BT 61-893. The beam has a span of 9.00 in. and carries a load of 14.4 lb. 
at each of the third points. Sketch the probable fringe pattern for the 
center one inch of the beam. 

284 . A model beam 0.832 in. deep and 0.250 in. wide carries a load of 
100 lb. at the center of a 3.00-in. span. If the load produces 12 fringes at 
the bottom of the beam what is the fringe value of the material? 

286 . A beam 0.675 in. deep and 0.250 in. wide is built of a material having 
a fringe value of 43 lb. per in. If the beam carries a 150-lb. load at the 

1 Maxwell, J. C., Trans. Roy. Soc. Edinburgh^ Vol. 20, p. 87, 1850. 

2 Weller, R., J. Applied Phys., Vol. 10, p. 266, 1939: NcU. Advisory 
Comm. Aeronaut. Tech. Note 737, 1939. 
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center of a 3.00-in. span, at what points should the tenth-order fringe inter- 
sect the top and bottom surfaces? 

286 . A beam 1.000 in. deep and 0.250 in. wide is made of Bakelite having a 
fringe constant of 72 lb. per in. It is fixed at one end and carries a 24-lb. 
load at a distance of 4.00 in. from the fixed end. Sketch the position of 
the isochromatics in the center 2 in. of the beam, indicating dimensions 
and fringe orders. 

287 . Sketch the 45-deg. isoclinic and the 30-deg. isoclinic for the center 
2 in. of the beam of Prob. 286. 

288 . Under what circumstances, if any, will the isochromatic lines be 
equally spaced in a beam? 

289 . A bakelite beam, for which K - 40 lb. per in., is simply supported 
on a 6-in. span and carries a concentrated load of 25.6 lb. 2 in. from the 
left end. Section A is taken at the center of the span, and section B 2 in. 
to the right of A. The width of the beam is 0.20 in., and the depth is 
0.80 in. 

а. Make a sketch showing the position of all isochromatics between A 
and B, Indicate distances. 

б. Indicate the position of the 30-deg. isoclinic between A and B, showing 
in which half of the beam it occurs and its inclination, if any. 

290 . A full-size photoelastic model of a thick-walled cylinder with an 
internal diameter of 2 in. and an external diameter of 6 in. is subjected to 
internal and external pressure sufficient to produce a third-order fringe at 
the inside surface. The polaroid elements are set with their axes of polari- 
zation at 45 deg. with the horizontal. 

а. Show the position of the first-order and second-order isochromatics on 
a sketch and indicate pertinent dimensions. 

б. On a second sketch show the position of the isoclinics, if any. 

291 . A bakelite beam in. thick and 2 in. deep is loaded to simulate a 
cantilever beam 12 in. long with a load at the free end. The load lies in a 
vertical plane but is directed downward at an angle of 60 deg. with the 
axis of the beam. The fourth-order fringe intersects the top edge of the 
beam 4 in. from the fixed end. Where does the third-order fringe intersect 
the top surface? 



CHAPTER XI 

COMPRESSIVE LOADS AND BUCKLING 


114. General Considerations. — In addition to the topics con- 
sidered thus far, which, in general, have dealt with the prediction 
of inelastic action in members acting as structural units, the 
designer is confronted with a series of problems of somewhat 
different type. One of these is the evaluation of stresses in the 
vicinity of concentrated loads. The flexure formula, for ex- 
ample, makes no allowance for the localized stress that is present 
in the vicinity of a concentrated load on a beam or near the 
supports. 

In addition to failure by slip, considered in the preceding 
chapters, a member may fail by buckling, a phenomenon usually 
associated with thin-walled members or slender columns. If 
the critical load for the member is exceeded, over-all bending or 
buckling may occur, materially lowering the capacity of the 
member for resisting load and resulting in structural failure or a 
redistribution of load to other members, if any, in the structure. 
This type of failure is far different from that in which slip occurs. 
In the latter case the member is practically always capable of 
resisting an increased load with little damage other than per- 
manent set. Buckling may occur at a stress well below the 
proportional limit of the material and usually results in large 
distortions. 

A third group of design problems consists in the prediction 
and prevention of localized failures by buckling or ‘‘crippling.” 
Even though the structural member is designed to resist buckling 
as a unit, the action may occur in a small portion or short length 
of the member. As has been mentioned, this type of failure 
may be critical in thin-walled torsional or flexural members 
such as those widely used in modern aircraft construction. 

Although all of these effects are associated directly or indirectly 
with compressive loads, the stress situation is not one of simple 
axial loading but rather a combination of types considered in 
previous chapters. Since these cases involve stress situations 

269 
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more complex than those discussed in the preceding chapters, 
their complete solutions involve the use of the theory of elasticity 
or theory of elastic stability. However, a treatment of advanced 
mechanics of materials would be incomplete without considera- 
tion of some of the results that have been obtained analytically 
and experimentally. 

Concentrated Loads 

116, Point Loads. — An analytical solution^ has been developed 
for the stresses due to a concentrated vertical force acting on the 
horizontal top surface of a large volume of material, as indicated 



Fig, 118. — Stresses due to a point load. 


in Fig. 118. The stresses are distributed symmetrically with 
respect to the z axis and may be evaluated in terms of the 
coordinates x and z and the radius R, which is {x^ + z*)^ 


P\l-2^{ z\ Sxh] 

« - 

2irR^ 

P(1-2m) /z z 1\ 

" 27r x^R xy 

, _ -ZPxz^ 

27rP‘ 

-3Pz^ 

2kR* 


(227a) 

(2276) 

( 227 c) 

(227d) 

(227c) 


These equations may also be written in terms of the angle 6, 
which the radius makes with the z axis. For example, Eq. 
1 Boussinesq, J., Application des potentiels . . . Paris, 1885. 



Art. 116] COMPRESSIVE LOADS AND BUCKLING 


271 


(227e) becomes 




— 3P cos* 0 
2>rR^ 


(227/) 


which indicates that the radial stress varies inversely as the 
square of the distance from the point of application of the load. 

The formulas indicate an infini te stress directly under the load. 
However, the point load itself cannot exist; a concentrated load 
is actually distributed over a finite area instead of acting at a 
point. Equations (227) therefore give results on the safe side. 
If the area over which the load is distributed is known, stresses 
may be evaluated by integration. 



Fig. 119. — Stresses due to a line load. 



Although the equations are developed for a semiinfinite 
elastic solid, they may be applied with reasonable accuracy to 
points near the load in a finite solid. 

116. Line Loads. — If the concentrated load is distributed along 
a line, as across the top surface of the beam in Fig. 119a, the 
stresses may be determined by an application^ of the general 
solution of the preceding article. The stresses are evaluated as 


& - (228.) 

= Srt = 0 (228b) 

These results indicate that if a free-body diagram consisting 
of a half cylinder were removed from the beam, as indicated in 
Fig. 1196, it would be held in equilibrium by the radial stresses 
alone. Equation (228a) satisfies this condition. Other stresses 

^ Flamant, Sur la repartition des pressions den un solide rectangulaire 
charge transversalement. Acad. Sci, Comptes rertdus^ Vol. 114, p. 1465, 1892. 
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are 


S.= 


■2P cos* d 


S,= 


Sy, = 


irz 

— 2P sin^ d cos^ 0 

tz 

— 2P sin 6 cos^ d 

irz 


(228c) 

(228d) 

(228e) 


117. Distributed Loads. — If the load acting on the surface of 
the semiinfinite elastic solid is distributed over a circular area 
of radius a, the vertical component of stress is 

-Pi 


S. = 


ira' 


0 r) 


(229) 


the maximum deflection occurs under the center of the load and is 

(230) 


2P(1 - m') 
^ “■ iraE 


The maximum shearing stress occurs at 2 = 0.638a and is equal 
to one-third of the intensity of the uniform load. 

118. Contact Stresses. — The problem of the stresses developed 
on the surface of contact between two elastic bodies has received 
the attention of many investigators. An analytical solution was 
published by Hertz, ^ showing that the pressure distribution 
between elastic bodies in contact is ellipsoidal. That is, the 
deformations that occur in the bodies are such that in the general 
case the area of contact is elliptical. The pressure distribution 
over the elliptical area is symmetrical, diminishing to zero at the 
edges, forming a semiellipsoid. The volume under the ellipsoid 
is equal to the total load transmitted from one solid to the other. 
The elliptical area of contact is dependent upon the shapes of 
the two surfaces of contact, the moduli of elasticity of the 
materials involved, and the magnitude of the compressive load. 
The semiaxes a and h of the elliptical area may be found from 
3 1 

_ _ / I — I — us \ 

(231a) 


a = m' 


jSP 

\ £J1 J^2 / 

MA + B) 

3P( 

1 - 

< Pi P 2 / 


(2316) 

4(A + B) 

1 Hertz, H. R., CrelWs Journal, Vol. 92, 1881; Hertz, H. R., “Gesam- 
melte Werke,” Vol. 1, J. A. Barth, Leipzig, 1895. 
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in which m and 'E are the values of Poisson^s ratio and modulus 
of elasticity of the two materials 
+ 5 is a constant, determined from 

A + B = w + ^ + (231c) 

\ihi Jti lt2 ^2/ 

in which the R terms are the principal radii of curvature of the 
two surfaces 

m and n are constants, values of which are given in 
Table VIII. 

The constants are functions of an angle $ defined by 


cos 6 = 


A+B 


(231d) 


Values ol A A- B are determined from Eq. (231c) and values of 
B — A from Eq. (231c) 


mi ^ a - b:)’ + " (f. - ii) (a - Si) ^ 

(231c) 

in which yp is the angle between the two planes (normal to the 
plane of contact) containing the principal radii of curvature. 

Table VIII. — Values of Constants m and n * 



With the size of the ellipse determined, the pressure dis- 
tribution and the maximum pressure may be evaluated. The 
latter is 

= S (231/) 


The maximum shearing stress is developed a short distance 
below the surface of contact and is equal to approximately one- 
third of Sc- Numerous analytical and experimental investiga- 
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tions^ have been made with reference to many of the practical 
problems related to this topic. 


GENERAL BUCKLING 

119. Buckling of a Bar under Axial Compression. — If a long 
slender bar of constant cross section is subjected to a pair of 
axial compressive loads and the loads are increased sufficiently, 
the bar will buckle or bend, as indicated in Fig. 120a. The 
minimum load that will cause buckling to occur is called the 



Fig. 120. — Deflection of a strut under axial compression. 


critical load, Per- It may be found by considering a portion of 
the bar as a free-body diagram, as shown in Fig. 1206, and 
applying the equations of equilibrium together with the beam 


equation. 

From the free-body diagram it is evident that a force P and a 
moment M are required to hold the portion of the bar in equilib- 
rium. For small deflections the differential equation of the beam, 
Eq. (201), is valid 


^ M 
dx^ El 


( 201 ) 


1 Wilson, W. M., Tests on the Bearing Value of Large Rollers, Univ. 
Illinois Eng. Expt. Sta. Bull. 162, 1927. 

Thomas, H. R., and V. A. Hobrsch, Stresses due to the Pressure of One 
Elastic Solid on Another, Univ. Illinois Eng. Expt. Sta. BuE. 212, 1930. 
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or 


El 2- -Py 


(232a) 


One solution of this type of differential equation is a trigonometric 
function, and since there are two constants of integration involved, 
one form in which the solution may be written is 

y = A sin kx + B cos kx (2326) 

The value of the constant k may be determined by substituting 
the solution back into Eq. (232a) 

El (—k^A sin kx — k^B cos kx) = —P{A sinkx + B cos kx) (232c) 
Hence 

rw 

(233) 


k= 1^ 


El 

The coefficients A and B are established by the end conditions. 
If the rod is supported so that no deflection occurs at the origin, 
Eq. (2326) shows that B = 0. The deflection is also zero at the 
other end where x = L. Therefore 


0 = A sin 


El 


(232d) 


Equation (232d) indicates that the angle ■\/PL^/EI must be a 
multiple of r. Thus 

(234) 


4 


El 


= TlTT 


or 


P = 


nVEI 

L2 


(234a) 


Therefore, the smallest value of the load that will cause the bar 
to buckle is 

(2346) 


Per = 




For this condition, the deflection at the center x 
Eq. (2326) 


ye = A sin 


I-- 

'VE/2 


L/2 is from 


(232e) 


= .4 sin ^ 
= A 


(232/) 

(232p) 
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Values of n different from unity, in Eq. (234a), correspond to 
different modes of buckling. Equation (2346) is frequently 
rewritten by dividing each side by the area, giving the well- 
known Euler formula^ 



(234c) 


in which {P/A)cr is the critical value of P/A, or lowest load per 
unit area that will cause buckling 
r is the radius of gyration with respect to the 
axis about which buckling will occur (the 
least r, if the rod is equally restrained in all 
directions). 

In addition to all of the assumptions inherent in the use of the 
differential equation of the beam, two end conditions have been 
assumed. 

1. The applied load is axial. 

2. No restraining moments are developed at the ends. 

If the applied load is not axial, it may be resolved into an 
axial load and a moment, so both conditions reduce to the 
assumption that there is no moment at the ends. If a moment 
does exist, it may easily be shown that the critical load may be 
expressed in the form 


/P\ _ 

\A)cr ^ {L/ry 


(234d) 


in which a varies from a value of unity for a pinned end with no 
resistance to rotation to a value of 4 for an end that is com- 
pletely restrained. The degree of restraint actually existing 
in a column or strut depends upon the amount of rotation that 
will be developed at the end. Some rotation will always occur, 
and the upper limit of a is usually assumed to be 2.00. In some 
cases it has been found desirable to incorporate a into the length 
term. For example, ANC-5 Handbook, Strength of Aircraft 
Elements, expresses the column formula in a form equivalent to 


/P\ ir^E 

\Ajer " {L'/ry 

in which L' = L/\/^ 


(234e) 


1 Euler, L., De curvis elasticis, in “Methodus inveniendi lineas curvas 
maximi minimive proprietate gaudentes,” Lausanne, 1744. 
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It will be noted that the left-hand side of the Euler formula 
becomes infinity when the slenderness ratio L/r is equal to zero. 
However, the Euler formula is not valid for small values of the 
slenderness ratio because of its inherent limitation that stresses 
must be below the proportional limit. For values of the slender- 
ness ratio below the range in which the Euler formula does apply, 
a number of formulas have been developed empirically and semi- 
empirically. A number of these are given in Table IV, and since 
they receive considerable attention in elementary courses, they 
will not be discussed here. 

120. Beam-columns. — In many situations struts, or axially 
loaded members, may be subjected to lateral loads that cause 



Fig. 121. — A beam-column. 


bending or tend to promote buckling. This type of member 
has become known as a beam-column.^^ Since the relationships 
among load, moment, and deflection are not identical with those 
in either a beam or a column, a simple case of a beam-column 
carrying one concentrated lateral load will be considered. 
Results for other combinations of loading may be developed 
similarly. 

The member is loaded as shown in Fig. 121a. It will be 
assumed that the lateral load produces bending about the prin- 
cipal axis that has a minimum radius of gyration and that there 
is no end restraint. From the free-body diagram of Figs. 
1216 and 121c it is evident that two equations are necessary for 
evaluating the moment. If the deflections are assumed to be 
small, the basic differential equation of the beam applies, and 

0 < « < a § = -Py - Qa: + ^ (236) 

a<x<L = -Py -Qa + ^ (236) 
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The negative sign is introduced because the y axis is selected in 
the direction of the deflection. A general solution for equations 
of this type may be written as 

y = A sin kx + B cos kx + Cx (237) 

The subscript 1 will be used to designate the terms applying to 
the left of the load, and the subscript 2 to the right of the load. 
From Eq. (235) 

EI{—Aik^ sin kx — J5ifc* cos kx) = P{-Ai sin kx - Bi cos kx 

- Cix) -Qx + ^ (235a) 


It follows that 

<= - ^/r/ <237«) 

( 2376 ) 


The general solution substituted back into Eq. (236) verifies Eq. 
(237a) and also gives 

= (237c) 

The constants Ai, A 2 , 5i, and B 2 may be evaluated from the 
boundary conditions. 

Since y = 0 when a; = 0, = 0, and from y = 0 when x = L 

A 2 sin kL + B 2 cos fcL = 0 (238a) 

or 

B 2 = -A 2 tanfcL (238b) 

Two other boundary conditions are that the slope and'deflec- 
tion as given by the two portions of the beam-column must be 
equal at the load. 

Hence 

£ — = A 2 fc cos ka + A 2 fc tan kL sin ka 

+ ij (239) 


Aifc cos ka + 
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and 

Ai sin ka — 1^ 


from which 


ill 

A* 


= il 2 sin ha — At tan kL cos ka 

+ ^(|-l) (240) 


Q sin k{L — a) 
Pk sin kL 
— Q sin ka 
Pk tan kL 


(238c) 

(238d) 


By substituting the values of the constants into Eq. (237) the 
elastic curve is found to be 


0 < a; < a 
< L 


Vi = 


2/2 = 


Q sin k(L — a) sin kx 
Pk sin kL 

Q sin ka sin k(L — x) 
Pk sin kL 



(241) 

(242) 


Values of deflection, slope, moment, and stresses at any point 
may be obtained from Eqs. (241) and (242). The maximum 
deflection ym will occur at the load when the load is at the center 
of the span 


^ , kL 
“‘“T OL 
2Pk 4P 


(241a) 


Timoshenko* shows that Eq. (241a) can be simplified by making 
the substitution 


However 


which gives 



P = k^EI 
^ WEI 
L* 

_ QZ/* tan u QL^ 

“ Uu^EI IWEI 
_ QL^ r 3(tan u — u) 
~ A8Ei I M* 


(243a) 

(2436) 

(243c) 

(2416) 

(241c) 


‘Timoshenko, S., “Theory of Elastic Stability,” McGraw-Hill Book 
Company, Inc., New York, 1936. 
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The term ‘‘outside of the brackets^’ is the deflection due to the 
lateral load acting alone, so the term “inside of the brackets 
represents a multiplication factor due to the influence of the 
thrust. 

The maximum bending moment at x = L/2 when a = L/2 is 

As before, the term “in brackets’^ is a multiplying factor indicat- 
ing the influence of the thrust. The quantity u may also be 
expressed as a function of the ratio of the axial load to the critical 

axial load, f.e., the load from 
the Euler formula if there were 
no lateral load. If the axial 
thrust is equal to one-half of the 
critical thrust, for example, the 
multiplication factor for deflec- 
tion is equal to 1.967, and the 
factor for moment is equal to 
1.812. As the value of the axial 
load approaches the critical 
value the magnitude of both 
magnification factors ap- 
proaches infinity. 

121. Buckling of Strips by 
End Moments. — If a strip of 
constant (rectangular) cross section is subjected to end moments 
about a longitudinal axis it will twist, and the stresses and angle 
of twist may be found as described in Chap. 7. If it is subjected 
to end moments about the long principal axis of the cross sectiop 
it will bend laterally, and the stresses and deflections piay be 
found by the methods of Chap. 8. However, if it is subjected 
to end moments with respect to the short principal axis of the 
cross section, as indicated in Fig. 122, lateral buckling may occur 
for a value of the moment much lower than the critical moment 
determined from a consideration of the ordinary flexure formula. 
The value of the critical moment Mery or moment that will cause 
lateral buckling to occur, is of importance in thin-walled flexural 
members. 

The critical moment may be evaluated by starting with a 



Fig. 122. — Lateral buckling of a thin 
strip. 
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free-body diagram of a portion of the strip, as indicated in Fig. 
122. It is evident from the geometry of the figure that the 
centroid of the cut section has undergone a lateral displacement y 
and that the cross section has rotated through an angle 6 with 
reference to the original position. 

If the value of the external moment is designated as ilf, the 
component of moment tending to produce bending with reference 
to the u axis of the cross section is 


Mu = Md 


(245) 


It is this moment which is responsible for the lateral displace- 
ment y\ hence 


El 




(245a) 


provided that the assumptions involved in the flexure formula 
are valid and that only small deflections are involved. 

The twist of the section is due to the torsional component of 
the moment, which is 

T = M^ (246) 


However, it was shown in Chap. 7 that the torque may be 
expressed in terms of the angle of twist as 

r = ^ ^ (246a) 

SO 

Equations (245a) and (2466) may be combined by differentiat- 
ing the latter with respect to x and eliminating d'^y/dx^ between 
them. This procedure eliminates the variable t/, giving an 
equation in terms of the two variables B and x 


d^e M^e 

dx^ EIuJeG 


(246c) 


Equation (246c) is a differential equation of the same type 
as the one developed in the derivation of the Euler formula, so 
the solution may be written in the form 

B = A cos kx + B sin kx 


(246d) 
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If the strip does not buckle at the end, d = 0 for a; = 0. Hence, 
A = 0. To evaluate k the remaining term of the general solu- 
tion is substituted back into Eq. (246c). This gives 

* " ylwnjjs 

In addition, the twist is zero at the other end of the strip where 
X = L, So 

0 = B sin kL (248a) 

or 

kL = mr (2486) 

If Eqs. (247) and (2486) are combined to eliminate ifc, there results 


M = 


nir yj El uJ JS 
L 


(248c) 


Hence, Mcr or the least value of M that will satisfy the conditions 
is 


Mcr = 


TT EIuJ eG 

L 


(248d) 


It is apparent that the resistance of a member to this type of 
buckling is increased by using a stiffer material, by increasing 
the torsional rigidity, by increasing the moment of inertia with 
respect to the axis of least moment, and by decreasing the free 
length. For a steel member of thickness t and depth d Eq. 
(248d) reduces to 


Mcr 


9.90 X lOH^d 
L 


(248c) 


In addition to the end conditions that were assumed, Eq. 
(248d) is subject to all of the limitations involved in the elemen- 
tary flexure theory and torsion theory for slender rectangular 
cross sections. Among the assumptions most likely to be 
violated is that of stresses not exceeding the proportional limit. 
If stresses do exceed the proportional limit, the result may be 
expected to be localized failure, rather than general buckling. 

Timoshenko^ shows that if Eq. (248ci!) is extended to I beams, 
it gives values that are too low, because of the increased effect 
of the restraint to warping in an I beam. It has been noted 


^ Op, dt. p. 279. 
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that resistance to warping increases the torsional rigidity of a 
member. 

122. Buckling of Sheets and Panels. — flat rectangular 
sheet of constant thickness, subjected to distributed com- 
pressive loads along two opposite sides and unsupported along 
the other two sides as indicated in Fig. 123a, may be treated 
as an Euler column if the height is sufficiently large in comparison 
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(c) (d) 


with edge loads. 


with the thickness to put the slenderness ratio in the Euler range. 
Hence, from Eq. (234c), 

(P\ 

UAr {a/rr 

y/l2\a) 

-2.85£(i) 

if the top and bottom edges are pinned. The sheet will buckle 
in the form of a sine curve, and the critical unit load is inde- 
pendent of the width b of the sheet. 

However, if the sheet is pinned around all four edges to form 
a panel, the critical unit load is no longer independent of the 
width b and is increased in magnitude. The panel in effect 
consists of a series of parallel vertical columns such as aa in 
Fig. 1236, each of which tends to buckle as the sheet of Fig. 123a. 
However, these columns are restrained from buckling by a 
series of transverse strips such as 66. These transverse strips 


(234/) 

(234^) 

(249) 
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are prevented from deflecting at their ends, and hence, develop 
moments that decrease the tendency of the vertical strips to 
deflect, thereby increasing the critical load for the panel. It 
is evident that the restraint offered by the horizontal strips 
increases as the width h is decreased. 

One approach to the analysis of the panel consists in con- 
sidering each rectangular element of panel, such as c, as a free- 
body diagram and applying the equations of equilibrium. 
In addition to the equations of equilibrium, the geometry of the 
deflected panel and the properties of the material must be con- 
sidered. The resulting relationships may be combined to form 
a differential equation, known as the plate equation' ’ 


d^w . ^ d^w . dMv __ 12(1 — fi^)q 
• dx^ ^ dx^ dy^ ^ Et^ 


(250) 


in which w is the deflection perpendicular to the xy plane, the 
plane of the panel 

q is the unit load acting normal to the panel. 

This equation is somewhat analogous to the torsion equation, 
Eq. (136c), in that a solution that satisfies the boundary con- 
ditions may be used to evaluate stresses, moments, slopes, etc. 
The details of the derivation and application of the plate equation 
are discussed thoroughly in the literature of theory of elasticity.^ 
The results of analyses show that the critical unit load for a 
rectangular panel with pinned edges on all four sides may be 
expressed in a form rather similar to Eq. (249) for the sheet. 



This formula is valid not only for the panel subjected to 
compression as shown in Fig. 1236 but also for bending and 
shear, as shown in Figs. 123c and 123d. Values of K for Eq. 
(249a) are given in Fig. 124 for compressive and shearing loads 

1 Timoshenko, S., ‘‘Theory of Plates and Shells,” McGraw-Hill Book 
Company, Inc., New York, 1940, 

Timoshenko, S., “Theory of Elastic Stability,” McGraw-Hill Book 
Company, Inc., New York, 1936. 

Love, A. E. H., “ Mathematical Theory of Elasticity,” University Press, 
Cambridge, 1906. 

Prescott, J., “Applied Elasticity,” Longmans, Green and Company, 
London, 1924. 
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and in Fig. 125 for bending moments. The curves as shown 
for bending and compression are the lower envelopes of a series of 
parabolic curves similar to those visible at the left end. Each 
curve corresponds to a mode of buckling. For example, the 
first curve of the compression set for all four edges pinned has 



S 

b 


Fig. 124. — ^Values of K for panels in compression or shear. 

its lowest point at a/6 = 1 and corresponds to the panel buckling 
with a single loop in each direction. At a value of a/6 = \/2, 
this curve is intersected by another curve with vertex at a/6 = 2, 
corresponding to the panel buckling in such a way that two loops 
are formed in the direction parallel to the long sides and one 
loop in the transverse direction. 
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The ejffect of altering the edge conditions is also indicated in 
Fig. 124. 

123. Curved Panels in Shear. — ^Analysis supplemented by test 
data shows that the critical shearing stress for a curved panel 



that is a portion of a cylinder may be evaluated as 

Sor = KE + KrE I (24%) 

in which t is the thickness of the sheet 

h is the arc length of the curved sides 
R is the radius of curvature of the panel 
K is the same coefficient as in Eq. (249a) 

K\ is a coefficient equal to 0.10. 

Since the first term of Eq. (2496) is identical with the' right- 
hand side of Eq. (249a), it is evident that the second term 
represents the stiffening effect of the curvature. 

Localized Buckling 

124. Thin-walled Cylinders in Axial Compression. — If a thin- 
walled cylinder or tube is subjected to a pair of axial compressive 
loads, it may buckle as a unit at the critical load as given by the 
Euler formula (if the slenderness ratio is high), or it may fail 
by localized buckling as indicated in the short cylinder of Fig. 
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126. Analytical investigations* have shown that the general 
expression for the critical unit load may be put in either of the 
forms 



(250) 


_ KiE 
- (D/t) 


(260a) 


in which K and Ki are coefficients 

t is the thickness of the material 
D is the diameter of the cylinder 
R is the radius of the cylinder. 

The equations are independent of the slenderness ratio or the 
length, since it is assumed that the length is large in comparison 
with other dimensions. The theoretical value of K varies 
from 0.414 to 0.643, depending upon the type of curve assumed 
in the analysis. A number of experimental investigations have 
been made* on cylinders in compression to evaluate K or Ki. 
The results indicate that the theoretical values of K are high 
and that 1C is a function of D/t. For high values of D/t, the 
actual value of K is only about 0.06, or 15 per cent of the lower 
theoretical K. 

An empirical equation for the critical unit load, as developed 
by Kanemitsu and Nojima,® is 

^ Timoshenko, S., “Theory of Elastic Stability,” McGraw-Hill Book 
Company, Inc., 1936. 

Southwell, R. V., On the General Theory of Elastic Stability, Trans. 
Roy. Soc. London, Ser. A, Vol. 213, 1914. 

Dean, W. R., On the Theory of Elastic Stability, Proc. Roy. Soc. London, 
Ser. A, Vol. 107, p. 734. 

* Wilson, W. M., and N. M. Newmark, The Strength of Thin Cylindrical 
Shells as Columns, Univ. Illinois Eng. Expt. Sta. Bull. 225, 1933. 

Donnell, L. H., A New Theory for the Buckling of Thin Cyhnders under 
Axial Compression and Bending, Trans. Am. Soc. Mech. Engrs., Vol. 56, 
p. 795, 1934. 

Lundquist, E. E., Strength Tests of Thin-walled Duralumin Cylinders in 
Compression, Nat, Advisory Comm. Aeronaut. Tech. Rept. 473, 1933. 

3 Kanemitsu, S., and H. Nojima, Axial Compression Tests of Thin Cir- 
cular Cylinders, Thesis, Calif, Inst. Tech., 1939. 
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The equation was developed from a large number of test results 
of several investigators and includes data from steel, brass, and 
duralumin cylinders. The equation gives satisfactory results 
for values of D/t between 1,000 and 6,000 and values of L/D 
between 0.05 and 1.25. 



Fig. 126. — Localized buckling in thin-walled cylinder in compression. 


126. Thin-walled Cylinders under Uniform External Pressure. 

In Chap. 6 it was noted that the usual formulas for evaluation 
of stresses in thin-walled cylinders due to internal pressure are 
not valid for predicting the external pressure under which the 
cylinder will collapse because of the possibility of buckling occur- 
ring in the cylinder wall. Analyses to determine the critical 
pressure have been made by several investigators using the 
methods of the theory of elasticity. The results may be expressed 
in the form 


Per = KE f ^ 


8 


(251) 
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in which Per is the critical external pressure, or difference 
between external and internal pressures 
iC is a coefficient 

E is the modulus of elasticity of the cylinder wall 
t is the thickness of the cylinder wall 
D is the mean diameter of the cylinder. 

The coefficient if is a function of L/D, D/t, and the end con- 
dition of the cylinder walls. Sturm^ gives values of K for 
external pressure on the sides and on the sides and ends for the 
edges pinned or fixed. For a given D/t ratio values of K plotted 
as a function of L/i2 give a series of curves somewhat similar 
to those given in Fig. 124. The curves become asymptotic to 
K = 2.2 for high values of L/R (100 or more). Sturm^s results 
indicate a value of K of approximately 50(L/i?)~^*®® for small 
values of L/R and for D/t = 20. The magnitude of K increases 
with an increase in the value of D/t. 

Tests made on extruded and on welded cylinders of aluminum 
alloy 3/S gave results in good agreement with the theory. 

126. Thin-walled Cylinders in Torsion. — In a cylinder sub- 
jected to torsion, principal stresses (one tensile and one com- 
pressive) are developed at 45 deg. with the maximum shearing 
stress. If the walls of the cylinder are thin, the compressive 
stresses may cause buckling in the form of waves that spiral 
around the tube throughout its length. The number and angle 
of the waves depend upon the dimensions of the cylinder. 
Figure 127 shows a photograph of a duralumin tube which 
failed by buckling before twisting in two. 

Thin-walled cylinders in torsion have been investigated by 
Schwerin^ and by Donnell,® who showed that the magnitude of the 
critical torsional stress may be evaluated by one of two formulas 
depending upon whether the tube is classified as long or short. 

1 LH 

1. Long Cylinders . — If the value of the quantity — y 

Vl -- iP LI 

is greater than 6.0, the cylinder is classified as a long cylinder 

1 Sturm, R. G., A Study of the Collapsing Pressure of Thin-walled 
Cylinders, Univ. Illinois Eng, Expt. Sta. Bull. 329, 1941. 

2 Schwerin, E., Torsional Stability of Thin-walled Tubes, Proc. Ist 
Intern. Cong. Applied Mech.^ p. 255, Delft, 1924. 

3 Donnell, L. H., Stability of Thin-walled Tubes under Torsion, Nat. 
Advisory Comm. Aeronaut. Tech. Rept. No. 479. 
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and the critical shearing stress is given by Eq. (252o) 


2 . 


Scr = 0.70JS? 



Short Cylinders . — If the value of the quantity 


(252a) 
1 LH 


Vi - 


is equal to 6.0 or less, the critical shearing stress for a tube mth 
pinned edges is 


y/LlD ■ 


(2525) 


If the edges of the tube are fixed, a coefficient of 0.80 instead 
of 0.75 may be used. 



Fig. 127. — Buckling of a thin-walled tube subjected to torsion. 

127. Thin-walled Cylinders in Bending. — For cylinders sub- 
jected to pure bending, Lundquist^ has shown that the modulus 
of rupture may be evaluated by 

Scr = KE (253) 

which is the same form as Eq. (250) for axial compression. 
The value of K is from 30 to 80 per cent higher than the feor- 
responding if for compression. 

128. Noncircular Closed Sections in Axial Compression.— The 
buckling of thin-walled closed rectangular sections has been 
investigated by Lundquist^ who developed the expression for 

1 Lundquist, E. E., Strength Tests of Thin-walled Duralumin Cylinders 
in Pure Bending, Nat. Advisory Comm. Aeronaut. Tech. Note^ No. 479. 

2 Lundquist, E. E., Local Instability of Symmetiical Rectangular Tubes 
under Axial Compression, Nat. Advisory Comm. Aeronaut. Tech. Note No. 
686 . 
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’P\ _ Kt^E (ta\ 
,a)„ 12(1 - tP) \a) 


(264) 


in which o is the long side of the rectangular cross section 
ta is the thickness of the long side 
X is a coefficient depending upon the ratio of the sides 
and the ratio of the wall thicknesses. 

Representative values of K are given in Fig. 128. A square 
section of constant wall thickness, for example, has a value of 



b 

a 


Fig. 128. — Values of K for rectangular tubes in compression. 

K of 4.00. Hence, the allowable unit load for /x = 0.30 is 

(5)_ .3.62^(iy (264.) 

This result agrees with that obtained using Eq. (249u) and Fig. 
124 for the flat panel pinned on all four sides. That is, the effect 
of an adjacent side in the square tube is to provide a pinned 
edge. 

129. Noncircular Open Sections in Axial Compression. — 
Although no general solution is available for evaluating the load 
that will cause localized buckling of a thin-walled open section 
in axial compression, an estimate can be made, based on the 
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results of the preceding article, if the cross section is made up of 
straight-line segments. The critical load may be found for 
each segment separately by treating it as a flat panel with pinned 
or free edges, depending upon whether or not there are adjacent 
segments. The total load that the section will carry may be 
taken as the sum of the loads of the segments. 

For example, an angle with equal legs will carry twice as 
much load as that computed from Eq. (249a) and Fig. 124 
for a flat panel having dimensions equal to those of one leg of the 
angle and assumed to be simply supported on three sides and 
free on the fourth. Similarly, a channel may be assumed to 
consist of three elements: one panel supported on all four sides, 
corresponding to the web; and two panels, supported on three 
sides and free on the fourth, corresponding to the flanges. 

Torsional Instability of Columns 

130. Torsional Failure. — Two types of column failures have 
been considered thus far; one, general buckling in which the 
column bends as a unit, deflecting in a direction normal to the 
axis about which the moment of inertia is a minimum (assuming 
equal end restraint in all directions) ; and second, localized failure 
in which a relatively small portion of the column crushes, fails 
in compression, or buckles. Thin-walled open sections are 
subject to failure by torsion, in which the axial compressive 
load causes the center portion of the column to rotate with 
respect to the ends. The critical stress depends upon the 
torsional rigidity of the cross section and is sufficiently high for 
closed sections that this type of failure need not be considered 
for them. 

Under the action of the compressive load some bending qf the 
column will normally occur. Since the bending moment depends 
upon the deflection, it varies along the column, reaching a 
maximum value at the center for a uniform cross section. How- 
ever, a variation in moment is accompanied by cross shear, since 
V = dM/dx. The shearing force may also be evaluated from 
the load on the column and the slope at the given section. The 
cross shearing forces thus developed are distributed throughout 
the cross section, as tiescribed in Chap. 9. 

For example, if a channel is used as a column and loaded 
eccentrically as indicated in Fig. 129a, the channel will tend to 
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bend about the x axis, or axis of symmetry. As shown in Fig. 
1296 the force system acting on a cross section at some distance 
from the end may be resolved into a normal force Fn, a cross 
shearing force Q, and a moment M, The cross-shearing force 
is directed along the y axis of Fig. 129a. Owing to the difference 
in moment between two sections a short distance apart, shearing 
forces are developed on the cross section as shown. However, 
the resultant of these three shearing forces in the flanges and 



Fig. 129. — Shearing forces in open-section columns. 


web must pass through the shear center. Hence, the resultant 
shearing force that acts through the shear center, and the cross- 
shearing force Q that acts along the y axis produce a couple 
as shown in Fig. 129c. This couple tends to twist the column, 
and if the torsional resistance is sufficiently lo\v, torsional 
instability will result. 

If the column is eccentrically loaded along the x axis, as shown 
in Fig. 129d, so that bending about a y axis occurs, the resultant 
of the shearing forces will still pass through the shear center 
but will be acting along the x axis. - In addition, the cross- 
shearing force Q will be acting along the x axis, so that no couple 
will be produced and no twist will occur. 
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131. Critical Stress for Torsional Instability. — Analyses to 
determine the critical stress have been presented by Wagner,^ 
by Lundquist and Fligg,^ and by others. The results may be 
expressed as 



GJe + 


ECbt 


(255) 


in which Ip is the polar moment of inertia of the cross section 
with respect to the axis of rotation (normally the 
shear center) 

Cbt is the so-called torsion-bending constant. 

The torsion-bending constant is a property of the cross section 
and is defined by 


= j I ^ (256) 


in which w is the circumferential warping, which may be evalu- 
ated from 


w 



(256a) 


in which du is a differential length of wall cross section 
r is the radius arm of du. 

The torsion bending constant Cbt is evaluated with respect to 
the shear center, or center of rotation. For a thin-walled 
channel it is equal to 


Cbt = Y 2 •+ + 3c)] (257) 


in which a is the distance between flanges 
t is the wall thickness 
b is the flange width 

c is the distance from center of rotation to the center 
of the web. 

Lundquist and Fligg also discuss the torsional stability of 
open sections when used as stiffeners for sheets. The effect 
of the attached sheet is to move the center of rotation and may 
materially affect the torsional rigidity. 

^ Wagner, H., Torsion and Buckling of Open Sections, Nat. Advisory 
Comm. Aeronaut. TecK Mem 807, 1936. 

2 Lundquist, E. E., and C. M. Fligg, A Theory for Primary Failure of 
Straight Centrally Loaded Columns, Nai. Advisory Comm. Aeronaut. Tech. 
Kept. 682, 1936. 
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PROBLEMS 

292. Determine the principal stresses developed at a point a distance R 
from a point load acting perpendicular to the plane surface of an infinite 
half solid. 

293. Verify the fact that Eq. (228a) satisfies the equilibrium condition for 
the free-body diagram of Fig. 1196. 

294. A beam 6 in. wide and ^12 in. deep carries a 4,800-lb. load at the 
center of an 8-ft. span. Determine the principal stresses and the maximum 
shearing stress at a point 2 in. below the top of the beam and 1 in. to the 
right of the center. Assume the load to be a line load across the width of 
the beam. 

295. A load of 1,000 lb. is transmitted through a 3^-in. -diameter ball 
bearing operating in a race 4 in. in diameter. Determine the maximum 
stress developed. 

296. A telescoping strut is composed of a 1-in. steel tube in. thick 
which slides inside a 1 34-in. steel tube 0.120 in. thick. When locked in the 
extended position, play at the connection permits a lateral center defiection 
of 0.10 in. Determine the maximum permissible axial load. Each tube 
has an effective length of 36 in. when extended. 

297. A beam-column carries a uniform load over its entire length. De- 
velop the equation of the elastic curve. 

298. Plot curves showing the variation in the multiplication factors for 
deflection and moment in a beam-column, Eqs. (241c) and (244), with the 
ratio of the axial load to the critical axial load. 

299. Show what differences, if any, would result in the development of 
Art. 120 if the y axis were taken in the direction opposite to the deflection. 

300. Verify Eq. (244). 

301. In the development of the expression for the critical buckling moment 
in a strip. Art. 121, both the torsion theory for rectangular members and 
the flexure theory were used. Can all of the assumptions involved in each 
be valid simultaneously? Discuss briefly. 

302. Compare the relative effectiveness of steel and duralumin strip in 
resisting buckling due to end moments on the basis of (a) equal dimensions, 
and (6) equal weights. 

303. How much will the use of a high-strength steel instead of structural 
steel increase the resistance of a thin-walled member to buckling? 

304. A duralumin panel 0.040 in. thick is 4 ft. high and 2 ft. wide and is 
pinned on all four edges. 

o. Determine the maximum compressive load that it will support. 

6. Determine the maximum compressive load that could be supported 
by the same amount of material fabricated into a circular rod 4 ft. 
long. 

306. Determine the approximate load that the duralumin panel of Prob. 
304 would carry if it were fabricated into a cylinder 4 ft. long. 

306. Determine the maximum axial load that any standard size of tin 
can would be expected to carry. 
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307. A long structural-steel tube 12 in. in diameter has a wall thickness of 
0.072 in. Determine 

a. The maximum safe internal pressure. 

b. The maximum safe external pressure. 

308. Determine the maximum torque that a 2-in. by 0.058-in. duralumin 
tube will transmit if it is 

a. 24 in. long. 

b. 48 in. long. 

309. A rectangular tube 6 ft. long is fabricated from 0.040 in. thick 
duralumin sheet and has a cross section 2 by 4 in. Determine the axial 
compressive load which it would be expected to carry if it is fabricated as 

a. An open section with a longitudinal slit at one corner. 

b. An open section with a longitudinal slit down the middle of one of the 
4-in. sides. 

c. A closed section. 



ANSWERS TO PROBLEMS 


8. + a/I + ^haEfWL below proportional limit 

6. 17.4 29 . S» = 0, Snt = 1,260 p.s.i. 

32 . 0xn = 30 deg., 70 deg. 36 . = 3,200 lb. per in. 

42 . Su = 6,830 p.s.i., S, = —4,830 p.s.i., Sn = 5,830 p.s.i., Bxu - —15.5 
deg. 

46 . Su = -6,260 p.s.i., S, = 10,250 p.s.i., Sa = 8,250 p.s.i., = -7.0 

deg. 

61 . (a) Sii = 9,250 p.s.i., (5) S<f = 9,000 p.s.i. 

62 . Su — 9,110 p.s.i., Sv = —9,110 p.s.i., Su = 9,110 p.s.i. 

73 . (a) 0.0002875, (6) 0.0004125 76 . 0.000379, -0.000179, -7.0 deg. 

83 . eu = 0.00112, 6, = -0.00039, = -16.3 deg. 

101 . Change in volume is 0.0024 cu. in. , 

106 . (a) (b) (c) 0.50 107. Ee, = 0.743S. for m = 0.30 


114. E = 2.67G 

121. Su = 33,470 p.s.i., S, = —1,660 p.s.i. 

122. Su = 14,400 p.s.i., S, = 2,400 p.s.i., Su = 7,200 p.s.i. 

131. 1.20 in., 1.04 in., 1.26 in. 

132. (o) 3.66 in., (6) 3.93 in., (c) 3.83 in. 

wy 

135. Maximum shearing stress 143. d = doe^^ 

160. 2,780 lb. 163. 2.0 

163. (a) 17.90 in. 166. 26,100 p.s.i. 

176. Sr = 6,750 p.s.i. 190. 30,500 p.s.i. 


197. (a) 17.2 lb. per ft., (6) 20.7 lb. per ft. 

201. Square, 33,400 in,-lb., 0.00124L; Rectangular, 78,800 in.-lb., 0.000898L 


204. S = 2aW0/(a2 + 

216. 3,440 in.-lb. 

231. 10.5 per cent 
239. 0.15 in. 

264. Maximum = 420 p.s.i. 

280. 15,990 p.s.i. 282. 64.5 lb. 


214. (a) 0.0534 in.^ 

218. (a) 18,700 in.-lb., (6) 282 in.-lb. 
236. 1,610 lb., e « 63.8 deg. 

247. 1,750 in.-lb. 

271. e = 0.37 in. 

286. 0.435 in. from end 


289. Second-order fringe intersects top and bottom midway between A 
and Bu 


297 
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